CEDIMES Scientific Seminar at Dorodnicyn Computing Centre

Séminaire scientifique de la Institut CEDIMES dans le Centre
d'informatique de nom Dorodnicyn

Hayunsiii cemunap nacruryra CEDIMES B Bl PAH

http://www.ccas.ru/cedimes/seminar/

PAH

CEDIMES-Russie occidentale
Moscow

Vol. 1 No. 2 2015


http://www.ccas.ru/cedimes/seminar/

CEDIMES Scientific Seminar at Dorodnicyn Computing Centre /
Edited by Nicholas Olenev — Moscow: CEDIMES-Russie occ., Vol. 1,
No. 2, 2015. - 84 p.

Electronic publication http://www.ccas.ru/cedimes/seminar/

Séminaire scientifique de la Institut CEDIMES dans le Centre
d'informatique de nom Dorodnicyn / Edité par Nicolas Olenev —
Moscau: CEDIMES-Russie occ., Vol. 1, No. 2, 2015. — 84 p.

Hayunbiii cemunap unctutyra CEDIMES B BIL[ PAH / Tlox pexn.
H.H. Onenéra — M.: CEDIMES-Russie occ., Vol. 1, No. 2, 2015. —
84 c.

Main subject
""Modeling of Social and Economic Systems™
Moscow, Russia. July 2 - December 29, 2015.

Théme principal
" Modélisation des systémes sociaux et économiques"
Moscou, Russie. 2 juillet - 29 Décembre, 2015.

I'maBHas Tema
"MoaenupoBaHHe COLNATbHO-IKOHOMHYECKUX CHCTEM
Mocksa, Poccus. 02 urons - 29 nexabps 2015 r.

"

© CEDIMES-Russie occidentale, 2015


http://www.ccas.ru/cedimes/seminar/

Editorial Council

Chief Editor
Nicholas Olenev, director of CEDIMES-Russie, occ.

Deputy Editor
Nina Slanevskaya, honorary director of CEDIMES-Russie, occ.

Executive secretary
Stanislav Sorokin, CEDIMES-Russie, occ., www2013@ccas.ru

Editorial board
Nina Aprausheva Professor CEDIMES-Russie, occ., Ph.D.

Sergey Arsenyev Obraztsov, Professor of CEDIMES-Russie, occ.,
Professor of Cambridge University, Ph.D.

Leonid Grigoryev, professor CEDIMES-Russie, occ., Professor of RSU
PTT them. Gubkin, Prof. Dr.

Vasily Dikusar Professor CEDIMES-Russie, occ., Prof. Dr.

Alexander Tyulenev, professor CEDIMES-Russie, occ., Ph.D.


mailto:www2013@ccas.ru

PenaknmoHHBIN COBET

I'naBHbIN pexakTop
Onenés Hukomait Hukomaesny, nupexrop CEDIMES-Russie, occ.

3amMecTUTEb IJIABHOIO PeIaKTOpPa
CnaneBckass Huna MuxaiiioBHa, moueTHbidi gupekrop CEDIMES-
Russie, occ.

OTBeTCTBEHHBIIl CeKpPeTaph
Copokun  CranucnaB  Bukropormu, CEDIMES-Russie, occ.,
www2013@ccas.ru

B PerakumoHHAasi KOJJIETUs
Amnpaymesa Huna Hukomnaesna, mpodeccop CEDIMES-Russie, occ.,
K.(b.-M.H.

ApcenbeB-O0pasioB  Cepreii  Cepreeuu, mnpodeccop CEDIMES-
Russie, occ., mpodeccop KemOpumkckoro yHuBepeuTera, K.¢.-M.H.

I'puropres Jleonun HMeamosuu, mpodeccop CEDIMES-Russie, occ.,
npodeccop PI'Y Hul” um. U.M.['yOkuHa, 1.¢.-M.H.

Jukycap Bacunmii Bacunseuy, npodeccop CEDIMES-Russie, occ.,
npodeccop, 1.¢.-M.H.

TroneneB Anekcannp BacunbeBuu, mpodeccop CEDIMES-Russie,
0CC., K.3.H.

latpoB Anarosnuit Bukroposuy, npopeccop CEDIMES-Russie, occ.,
npodeccop Barl'V, n.¢.-m.H.


mailto:www2013@ccas.ru

Editorial
Nicholas Olenev

CC FRC CSC RAS, CEDIMES-Russie occ., PFUR, MIPT, Moscow,
Russia, nolenev@mail.ru

The second issue of the journal is opened by a paper of the
Dorodnicyn Computing Centre, FRC CSC RAS scientific staff Nina
Aprausheva and Stanislav Sorokin devoted to solution of a task on
probability of an optimum assessment of the hidden parameter of
Gaussian mix. This important paper introduces new mathematical
methods in modeling of social and economic systems. It is possible to
use Gaussian mixes in particular for a clustering on stratus of the
population distributed on levels of income and education. An attentive
reader can find new applications for the stated theory.

In building of mathematical models for social and economic
systems a solution of optimum control problems is widely used.
Generally these tasks contain state-control constraints. Main researcher
of CC FRC CSC RAS Professor Vasily Dikusar states an irregular
maximum principle problem with state-control constraints.

A part of issue is allocated to students only started their
scientific research. Student of PFUR Nail Sadekov presents a paper
devoted to study an economic model of Bulgaria, and student of MIPT
Polina Sherstobitova states an economic model of Australia.

My own paper finishes the issue, it is devoted to an evaluation
of real sector for modern economy of Greece on the basis of an original
vintage capital model.

The second issue as the first one is devoted to 60th anniversary
of the Dorodnicyn Computing Centre (CC FRC CSC RAS since June
of 2015) and to 55th anniversary of PFUR that are noted in 2015.
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CJi0BO penakropa
H.H. Onenés
BI] ®1l] 1Y PAH, CEDIMES-Russie occ., PV/IH, MOTHU(I'Y),

Mockesa, Poccus
nolenev@mail.ru

Bropoii BeIMycK >XypHajla OTKPBIBA€T CTaThid COTPYAHHUKOB
Breruncnutensnoro nentpa uMm. A.A. JlopognuusiHa OUL 1Y PAH
Huner HwuxonmaeBHsl AmpaymeBoit u CranucmaBa Bukroposmua
CopoknHa, TIOCBAIICHHAs PEIICHUIO 33Jadyd O  BEPOSTHOCTH
ONTHMAJbHON OLIEHKH CKPBITOTO TapamMeTpa IayccoBoil cmecu. ITo
BaXKHasl CTaTbsi IO BHEIPEHHIO HOBBIX MAaTEMATHYECKHMX METOJOB B
MOJIEIMPOBAHNE COMUAIBHO-9KOHOMUYECKMX CHCTEM. I'ayCcCOBBI cMecH
MOKHO HCIIOJIb30BaTh, B YaCTHOCTH, JUIS KJIACTEPU3ALUMHU 1O CTpaTam
HaCeJICHUs, PacIpelleIeHHOTO TI0 YPOBHSIM JI0XoJa M 00pa3oBaHUs.
BuuMarenbHBI 4YUTAaTE€db MOXKET HAWTH HOBBIE PUMEHEHUS
U3JI0)KEHHOU TEOPUU.

[Ipu mnocTpoeHuM MaTeMaTHYECKUX MOJAENeH CcoIuaabHO-
9KOHOMHYECKHX CHCTEM IIHPOKO HCIONB3yeTCA pEIIEHUE 3aaad
ONTUMAJILHOTO yHpaBieHus. B oOmieM ciyyae 3T 3afaud copepxar
CMEIIaHHble orpaHuueHus. I'yaBHBIA HaydHbId coTpyaHuk Bl UL
NY PAH mnpodeccop Bacunmuit BacunbeBnu J[lukycap wusnaraer
HEPETYJSIPHBIM MPHHLOMIIA MAaKCHMyMa IS 3aJadd CO CMEHIaHHBIMU
OTpaHHYEHUSIMHU.

YacTtp  BBIyCKa MpeNOCTaBiieHAa CTYJEHTaM  HEIaBHO
MPUCTYNHUBIIUM K HAy4HOH aedrenbHOCTH. B crathe crynenta PYIH
Hanng XanumoBnya CangexoBa H3II0KEHBI PE3YNbTaThl UCCIIECIOBAHUS
MoOJeN 3KOHOMUKH bonrapuu, a B cratbe ctyaeHTkn MOTU [lonunsl
Anexcannposssl [llepcToOMTOBOM — MOZIET 3KOHOMUKH ABCTpaIIUH.

3aBepmiaeT BBIIYCK MOS CTaThs, IIOCBSIIEHHAs OLIEHKE
pEaIbHOTO CEKTOpa COBPEMEHHOW HKOHOMHKM I'pennn Ha OCHOBE
OpUTHHAJIFHOW TUHAMHYECKOW MOJETH IPOM3BOICTBEHHBIX (HOHIIOB,
I pepeHInPOBAHHBIX 10 MOMEHTaM CO3JaHuUsI.

Taxke kKak ¥ TepBBIN, BTOPOW BBIYCK MOCBsieH 60-netuto
BI] PAH (BI] ®UI] UY PAH c wutous 2015) u 55-neruro PY]IH,
otMeudaeMbix B 2015 roxy.
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00 onTUMAaJILHOM OLIEeHKe MapaMeTpa rayccoBoil cMecH,
BbluncasieMoii no EM-aiaropurmy

H.H. Ampaymesa, C.B. Copoxun

BI] ®UI] 1Y PAH, Mockea, Poccus
plat@ccas.ru (H.H.A.), www2013@ccas.ru (C.B.C.)

Paccmotpena 3amaua o BeposTHOCTH P onTUMaiIbHOM
OLICHKH TIapaMeTpa rayCCOBOH CMECH, IMOIYy4aeMoOl Mo
EM-anroputMy npu ciaydalHbIX HadalbHBIX YCIOBHSX.
HccnenoBanack cMech C paBHBIMH KOBapHallMOHHBIMHU
MaTpHUIIaMU u Pa3IUYHBIMH CPEAHUMH.
OKCIIEpUMEHTAIBHO YCTaHOBJIEHO , YTO 3Ta BEPOSITHOCTH
3aBUCUT OT TakuX (PaKTOpOB, Kak: Pa3MEPHOCTh
MPOCTpaHCTBA P, O0OBEM BBIOOPKM N, PACCTOSHUS
Maxananobuca pijs, 1<s, i,s€{1,2, ..k}, wumcmo
KOMIIOHEHT cMecH K, 3ajiaBaemasi TOYHOCTh BBIYHMCIICHUI
€. Jlnst moObIX KOHEUHBIX 3Ha4YeHWi P U K mpu Ooibmmx
sHayeHusx N = n(p, kK, pis) ¥ pis = Pis(p,n, k) Bemmunna
BepositHocTd P = P(p, n, pjs, K, €) MoxkeT 6b1TH > 0.5.

KiroueBble cJj0oBa: TrayccoBa CMECh, HEHU3BECTHBII
napameTp pacnpenenenus, EM-anroput™, ciydailHble
HayaJbHBIE YCIIOBHS, BEPOSITHOCTh ONTHUMAJIHON OLICHKH.

Sur optimale estimation des paramétres de mélange de gaussiennes
calculée par 1'algorithme espérance-maximisation

Nina Aprausheva (CC FRC SCC RAS, Moscou, Russie, plat@ccas.ru),
Stanislav Sorokin (CC FRC SCC RAS, Moscou, Russie,
www2013@ccas.ru)

Cet article présente un probléme de probabilit¢ P pour
optimiser l'estimation des paramétres de mélange gaussien
obtenu par algorithme EM pour des conditions initiales
aléatoires. Le mélange avec des matrices de covariance
égales et support différent est étudiée. Il a été établi
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expérimentalement que cette probabilité est fonction de
facteurs tels que: la dimension de p, taille de 1'échantillon
n, les p is de distance de Mahalanobis, ou pjs, i <'s,
i,s € {1,2,...k}, le nombre de composantes de le mélange
k, donnée par la précision des calculs €. Pour toutes les
valeurs finies de p et k pour les grandes valeurs de
n =n(p,Kk pis) et pis = pis(p,n, k) la valeur de la
probabilité P(p, n, pjs, K, €) peut étre > 0,5.

Mots-clés: mélange de gaussiennes, parameétre inconnu de
la distribution, l'algorithme EM, les conditions initiales
aléatoires, la probabilité de l'estimation optimale.

On optimal parameter estimation of Gaussian mixture calculated
by the expectation—-maximization algorithm

Nina Aprausheva (CC FRC CSC RAS, Moscow, Russia, plat@ccas.ru)
Stanislav Sorokin (CC FRC CSC RAS, Moscow, Russia,
www2013@ccas.ru)

The paper presents a problem of probability P for optimal
parameter estimation of Gaussian mixture obtained by EM
algorithm for random initial conditions. The mixture with
equal covariance matrices and different medium is
investigated. It was established experimentally that this
probability depends on such factors as: the dimension of p,
sample size n, the Mahalanobis distance p;s, Where i <'s,
i,s € {1,2, ...k}, the number of components of the mixture
k, given by the accuracy of calculations €. For any finite
values of p and k for large values of n = n(p, k, p;s) and
Pis = Pis(p,n, k) the value of the probability P =
P(p, n, pis, K, €) can be > 0.5.

Keywords: Gaussian mixture, unknown parameter of
distribution, EM algorithm, random initial conditions,
probability of optimal estimation.
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Bo 6cém mupe me npoucxooum nuuezo
maxoeo, 8 uém He OblIo Obl BONIOUEHO
Kakoe-iubo Npasuno MaKCuMymd uiu
MUHUMYMA.

Jleonapo Diinep

BBeagenne

IIpy WCHONB30BAaHMM TayCCOBBIX CMECEH B  KadyecTBe
anmpoKcUMaTopa B Pa3IU4YHBIX 00JacTsIX HAyKd M TMPaKTHKU
HEOOXOIUMBI aJrOPUTMBI IJISi BBIYHMCICHUS HE TOJBKO MX MOJ, HO U
napaMeTpoB pacHpenciIeHus] Mo NaHHOH BblOOpke. [y ompeneneHus
MapaMeTpoB CMECH HCIOJIB3YIOTCS M3BECTHBIE KIACCUYECKHE METOJIBI
(MOMEHTOB, MaKCHMyMa HpPaBIONOA00HS, MHHEMYMa )°, HAMMEHBIIIHX
KBaJpaTOB, TMHEHHOIO NPOrPaMMHUPOBAHUS U Ap.), MOAU(DHUKALIMN 3TUX
METO/IOB U peaau3yIoLe UX nporpaMmsl. JlocTaTouyHo nmoaHsIi 0030p
3THUX METOJIOB IPEJCTaBJICH B paborax [1, 2], B KOTOPBIX OTMEUEHO,
YTO HaAWOOJbIIEe YHCIO MYONUKAIMA TOCBSIICHO HCCIIEAOBAHHIO
OJIHOMEPHBIX CMecCeil.

Pemenue 3amaum ompezaeneHHus mNapaMeTpPOB MHOTOMEpPHOU
CMeCH OCBEIICHO B JHTepaType ciabee, MO 3TOW TeMe CleAyeT
oTMeTuTh paboTel [3-7]. Hns pemieHus 3agad anmpoOKCUMAIMH U
pacrio3HaBaHusi 00pa30B YaCTO MCIIOIb3YIOTCS CMECH IBYX BUIOB:

1) KOMIIOHEHTBI CMECH Pa3NUYAIOTCs CPEJHUMH 3HAYEHUSIMU

U1, Uo, -5 U U KOBAPUALIMOHHBIMU MAaTpULAMU X1, 2o, ..., X;
2) KOMIIOHEHTHI MMEIOT paBHBbIE KOBapHAIIMOHHBIE MAaTPUIIBI
2 =2,i=1,2,..,k, u paznuunbie CpeHUE 3HAYCHHUS U1, Uz, ..., Uj-

Jia BBIYHMCIIEHUS] ONTUMAIBHBIX OIIEHOK I1apaMeTpPOB TaKHX
cMmeceil HanbOonee 3(PQEKTUBHBIM M YacTO HCHONB3YEMBIM SBISIETCS
EM-anroput™m (amroputm [les-lllnesunrepa), Oasupyromuiicss Ha
METOJIe MaKCHMaJbHOIO IpaBaonoaodus [5, 6]. Mbl orpaHuuuMcs
paccmoTpeHueM  EM-anroputmMa s cMeCH  BTOPOTO  BHJA.
LenecooOpa3HOCTh UCIIONIB30BAHUS 3TOW MOJENH 00yCIIOBIIeHa KakK €€
YCTOHYHMBOCTHIO K HAPYIICHUSAM MPEINOI0KEHNI 0 HOPMAIbHOCTH, TaK
M TIOJTHOTOW CHCTEMBI TayCCOBBIX (YHKIMA B TPOCTPAHCTBE
Ly(—o0,00), 4YTO TMO3BOJSIET ANMPOKCHMUPOBATh TAKOW CMECHIO
JIOCTAaTOYHO MUPOKHH KJ1acc pacupenenenuii [8, 9].



B psine coBpeMeHHBIX paboT CO CChUIKaMH Ha MEPBOMCTOYHHK
[5] ormedaercs, WTO BEpPOSTHOCTH P TOJXy4YeHHS ONTHMAaIBLHOTO
peuienuss 1o EM-anroputMy pe3ko TagaeT ¢ yBEJIMYCHHEM
Pa3MEpHOCTH BBIOOPOYHOTO MPOCTPAHCTBA P MPH CIIyYaiiHOM 3aJaHUU
HavyanbHbIX  ycioBuid.  Ho ~ pe3ympraTbl ~ MHOTOYHCIICHHBIX
OKCIEPUMEHTOB ~ IMOKa3ajiH, YTO BEPOATHOCTH P 3aBHCHT OT
Pa3MEpHOCTH MPOCTPAHCTBA P, OT paccTossHui MaxanaHobuca pjg, | <
s, i,s € {1,2,...,k}, 00b&Ma BBIOOPKH N, TOYHOCTH BHIYMCIICHHH £ W
qyucia KOMIOHeHT cMecu K. Ha ocHOBaHMM aHamm3a pe3ysbTaToB
9KCIIEPUMEHTOB MOJYYCHO YTBEPKICHHE.

Ipu k=2 gna moOOH pa3sMEpHOCTH  BBIOOPOYHOTO
IPOCTPAHCTBA P CYHIECTBYIOT Takue uncia p, = p(k,p), no = n(k, p),
go (0< gy <1078), uro mpu Beex pis > Py, N =1y 0<e<eg
BeposiTHOCTE P > 0.5.

Kpome  TOoro,  CKOpPpEKTHpOBaHO  MpaBWIO  BbIOOpa
ONTHUMAIBHOTO PELICHHs M3 MHOXECTBA MOJYYCHHBIX, YUHTHIBAOIICE
YaCTOTy MOSIBICHUSI KaKIOTO PEIICHUS] TPH CIydallHbIX Ha4albHbBIX
YCIIOBHSIX.

JIisi rayccoBOW CMeCH C pa3iIMYHBIMUA KOBapHALMOHHBIMH
MaTpULaMd ¥ Pa3IHYHBIMH CPEIHMMH 3HaueHUsMH EM-anroputm
IIPUMEHUM IIPpU YCIIOBUM OIPAaHUYEHHOCTH CHMU3Y JAMCIIEPCUH BCEX
npu3Hakos [5, 10],

ai(is) =>c>1, =12, ..,p, p=1, s=12,..k,

|V o~

k

P — Ppa3MEepHOCTh BBIOOPOYHOTO NPOCTPAaHCTBAa, k — YHUCIO
KOMIIOHEHT CMECH.

1. IlocTanoBKAa 3a1a4u

[Ipenmoaraercs, 4To JaHHAs BEIOOpKA
XM = (X, X5, ..., X}, (1.1a)

X] = (le,sz, ...,x]-p), i < p <o, ] =1,2,..,n, (11b)

MIPEJICTaBISIET COO0H pearn3alliio HEKOTOPO HEMPEPHIBHOW P-MEpHOI
CIy4allHOM BEJIUYUHBI 1) = (771;772' ey r]p) C IJIOTHOCTBIO BEPOSATHOCTH
f(X,0), xoropas ¢ IOCTaTOYHONW TOYHOCTBIO AIIPOKCHMHPYETCS
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TUIOTHOCTHIO BEPOSITHOCTH KOHEYHOW TayCCOBOM CMECH C W3BECTHBIM
YHCIIOM €€ KOMIIOHEHT K,

_P k
2m) 2 ey s
f(X,H)z( )1 znie SX-pu)EH(x lh)’ (1.2)
1212 =1
0 = (Uy, oy ooy Uiy 2, 01, T, vee, Te—1), (1.3a)
k
2<k<ow, m>0, Znizl. (1.3b)
i=1

TpebyeTcss HalTH ONTHUMAIBHYIO OIIEHKY BEKTOPHOTO mapamerpa 6 B
(1.3a) ¢ menblo MCTONB30BaHMS €€ B PEIICHUM KOHKPETHOM 3amadu
(ammpocumariuu, kaaccudukarmu u ap.). Ha ocuosanuu (1.3a), (1.3b)
JUIS 9MClia KOMIIOHEHT S mapaMeTpa 6 mpd H3BECTHOM 3HAYCHHH K
uMeeM QopMyIIy:

+1
s=—p(p2 )+pk+k—1. (1.4)
Jlns naHHOM BBIOOPKHM C IUIOTHOCTHIO BepositHocTH f(X,0) B (1.2)

sorapumMudeckas GyHKIUs npaBaonoaoowms In L(X ), 9) MMeeT BUJI;

InL(x™,0) =

n k
n n e Vs (xi—w) 15
—%ln(Zn)—zln|2| +Zln [Znie F(Xj—w) =7 (X =) . (1.5)
= L=

st ymobcTBa BEKTOpHBIN NTapaMeTp 6 3amnuiieM B BUJIE:

9 = (91, 92,...,95). (16)
Torma  cucreMa  ypaBHEHHUH  MPaBIOMNOIOOHS  ONPEACSACTCS
paBEHCTBaMHU:

dInL(x™,0)
———==0, i=12,..5. 17
26, 0, i=12,..5 1.7
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Cnenys I'. Kpamepy u C. P. Pao [11, 12] MBI Ha3piBaeMm
OYEHKOU MAKCUMATbHO20 NPABOON0000US UTU OYEHKOU MAKCUMATIBHOZO0
npagoonooodust 8 WUpokom cmuicie no mepmurorozuu 1. Kynoopgha
[13], moboe pewenue cucmemvr ypasuenuii npasdonododbus. B
OTHOIIEHWH OIEHOK MaKCHMAIbHOTO IPaBAOMNOI00US H3BECTHO, YTO
MIPH TOBOJIFHO CIIA0BIX YCIOBHAX PETYISAPHOCTH (DYHKIMH TUIOTHOCTH
BEPOSATHOCTA CPEIM MHOXKECTBA PEIICHUN CUCTEMBI ypaBHEHHI
MPaBIOTIO 00U {51}, l=1,2,..,u, cymecrByer ONTUMAIBHOE
pereHue éopt, COCTOSITENILHOE, ACHMIITOTUYCCKH J(PPEKTUBHOE W
aCHMITTOTHYECKH HOpMasibHOe [13-15]; Takoe pemieHne eauMHCTBEHHO,
U B HEM (DYHKIUS TPABIOIONO0US UMEET JTOKATBHBIA MAKCUMYM.

layccoBa cMech ¢ pPaBHBIMH KOBapHAIIMOHHBIMU MAaTPHUIIAMU
YIOBJIETBOPSIET YCIOBUSAM PETYISIPHOCTH, CHOPMYITHUPOBAHHBIM B [14-
18], mpu KOTOPBIX CpPeAM MHOXKECTBA PEUICHHWI CHUCTEMBl ypaBHEHHIA
MPaBIONO00HS {éi, i= 1,2,...,u}, CYIIECTBYET OJHO ONTUMAJIbHOE
pelenne éopt, Y B HEM MaTpuLa

02 InL(X™,8,p)
00,00,
OTPHUIIATENIFHO ONpefeNieHa 10 BEPOSATHOCTH, T. €. (QYHKIHS
MpaBIoONOA00us pu 6 = éopt MeEEeT JIOKANbHBIN MaKCHMYM.

, Lg=12,..5, (1.8)

2. Onucanue EM-anropurma

Cucrema ypaBHEHUI NPaBJONOI00HS 1.7 npu
UCIOJIb30BaHUKM  BBIPAXKCHHI allOCTEPHOPHBIX BEPOSATHOCTEH IS
KOKIOH TOYKH BBIOOPKH X;,

1 _ ,
e 2K )T (X )
p.. = (2.1)
Y X r1(x
klnez(JMS) (1”5)
i=12,..k j=12,..,n
MPUBOINTCS K BUAY [5]:

1 n
m=="Py, (22)
j:
XXl
i = e (2.3)
g Pyt

12



n k

r= Z Z(X,- — ) (X — )Py (2.4)

j=1i=1
Ecau BBecTH 0003HAUCHUS
a=2'u+t, i=12..,k (2.5a)
1 )
bi S —Euil_lui + In TT; +v, = 1,2, ey k, (25b)
rae Tu V — TPOU3BOJIBHBIE BEKTOP U CKajsip COOTBETCTBEHHO, TO

¢dopmymsr (2.1) Hpe,Z[CTaBI/IMLI B BHIIC:

l] — 1/2 (as— I.)X i+bs— bl (26)

i=12,. k j=12,.

N3 BeIpakeHUH (2.6) CIEeNyeT, 4TO HapaMeTpLI Ty Uiy I =
2,..,k, 2, B (22)— (2.4) sBusrorcs yHKOMAMU a;, b;, =
2,..,k, Xj, j =1,2,..,n. Torna ypasnenus (2.5a) (2.5b) obpazyior

ps ypaBHEHUH 0011ero BUaa:
al = d)i(ai, bi;XllXZI ...,Xn), i= 1,2, ey k,
=1,b-(al-,bi;X1,X2, n) i = 12 k
Ecnu BbIOpaHbl HavanbHbIC 3HAYCHUS a(o) b(o)
I/ITCpaTI/IBHI)II/I mpouecc:

a? = ¢ (af VbV Xy, Xp, o X)), 1= 12,0k,

b“) =i (@ X Xy X)), P =12,k

rue a(t), bl-(t) — 3HaYeHHWs TMapamMeTpoB &, b; Ha t-om miare

uTepatuBHOW mpoueaypsl. Ilo BeIOpaHHBIM HadalbHBIM 3HAYEHHSIM
o, p©®

, TO MOXHO 3aJaTh

, 1=1,2,..,k, ompenensem 3HaYEHHS aNlOCTEPHUOPHBIX
BEPOSITHOCTEH P( )y mapamMeTpoB CMecH (n(o), Mlo) 20 i=12,. k)
mo dopmydam (2.6) u (2.2) —(2.4) COOTBETCTBEHHO. I[anee,
MOJIyYCHHbIEC 3HAUYCHUS {n(o), ,ulo); Z(O), i =1,2,..,k} ucnons3yrorcs
JUIST BBIYUCIIEHUS Pl§ ), i=12,...,k, j=12,..,n, no dopmynam
(2.5a), (2.5b), (2.6) u 1. a. Tokazano [19], uro mocIEeROBATETBHOCTD
uTepanuit

60 = (n,u0,20, i=12,.. k), t=12,., 2.7)
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CXOJUTCSA K PEIICHUIO CUCTEMBI YpaBHEHHI MpPaBIONOA00HS, KOTOPOES
SIBJISIETCSI TOYKOM JIOKaJbHOTO MAaKCHMyMa WIH CEIJIOBOM TOYKOU

(GYHKUIUH TPaBIOIIOO0HS.

S S .
[Ipu pa3mTUYHBIX HAYATBHBIX YCIOBUSIX a(()i), b((n.), i=12,..k,

s=12,..,20(k—1), nana oaHOH BBIOOPKHM MOTYT TOJY4YaThCs

pa3iIn4yHbIC peuICHuA CHCTCMBI ypaBHCHI/Iﬁ HpaBI{OHOHO6I/IH.

S . o
Hauanpabie 3HAYEHUS BEKTOPOB a(()i) 3agacM CIIy4anHbIMH, a

S
rapaMeTpbl b(()i) HaXOJMM W3 PAaBEHCTB:

() _ () ¢
bs = —(a$). %), (2.8)
nojiarasi, YTo THIEPITIOCKOCTH, Pa3IeIIONIe KOMIIOHEHTHI CMECH,
a;X +b; =0, i=12..k, (2.9)
MPOXOJIAT Yepe3 OOIIUI EHTP TSHKECTH BEIOOPKH, TOUKY
n
-1
X==) X; ,
nZ j (2.10)
j=1
u Toraa B (2.8)
)?(i) :)?, l = 1,2,...,k, (211)

1160 Yepe3 K Touek UCXOAHON BHIOOPKH, B3ATBIX CIIydaiHBIM 00pa3oMm,
U TOT1Ia

Xo=%, Jje{12,..,n}, i=12.,k (2.12)
OxkoHyanmne UTEPATUBHOUN MPOLEAYPHI oIpeeIrsieM
HEPABCHCTBAMMU:
max{|a§t) — aft_1)|} < e, (2.13a)
i
max{[p® b P <e  i=12,.,k (2.13b)
L

t t
TJIe &, & — MaJble MOJOKUTEIbHBIC YHCIIA, af ), bi( )

bIX MApaMCTPOB CMECHU Ha t-om miare.

— 3Ha4yeHwus I-

3. O BepoSITHOCTH MOJTYy4YeHHS ONTHMAJIBLHOTO pPelIeHust

Hus k = 2 Beipaxenus (2.6) IpeIcTaBUMbI B BUJIE:

1
P = , , Py
YT +exp(an + b) &

=1-Py, j=12,..,n, (3.1

14



rae

a'=2"u; —p),
@) (3.2)

1
b= > 27 — 27 p) + ln(
T

Bo wmuormx pabotax, Hanpumep B [5, 20], yTBepKmaioch, dHTO
nocienoBaTeNnbHOCTh  uTeparuii  EM-anroputma  cxomutes U3
HavanbHOM Touku (dg, by) K ONTHMAIILHON OIIEHKE ((’iopt, Eopt), ecin
YTOIl MEKIy BEKTOpaMH Qg, dopt < 45° M 4YTO €cium BEKTOp dg
3a1aéTcs CIOy4aitHO, TO BEPOATHOCTH TOTO, YTO OH JISKHUT BHYTPH yTia
B 45° ot dgpe paHa 0.076 npu p =5, 0.01 mpu p = 10, 0.001 mpu p =
15, 0.0002 mpu p = 20. Ho 3T0 yTBepxaeHHE HE MOATBEPAWIH
pe3yabTaThl SKCIIEPUMEHTOB, NpeAcTaBiIeHHbIE B [19].

HOnst K = 2 ypaBHEHHE THUIEPIUIOCKOCTH, pa3IelIsIoIeit
KOMIIOHEHTBI ~ cMecH  (IMHEHHOW  JUCKPUMHUHAHTHOM  (DyHKIHH
®umepa), umeet Buna [21]:

_ 1 1 1 o,
X2 (up —py) + E(.ulz Yy — 127 ) + In (E> =0. (33

U3 Beipaxennii B (3.2), (3.3) ciemyer, 4To BEKTOp @ ecTh
HOPMajhb K THIEPIUIOCKOCTH B ypaBHeHuu (3.3), a ckamip b —
CBOOO/IHBIH YJICH 3TOr0 YPaBHECHUSI.

[Ipu mpoBeieHNN 3KCTIEPUMEHTOB B JBYMEPHOM IPOCTPAHCTBE
OBIJIO OOHApY)KEHO, YTO TpH CIy4allHOM 3aJlaHUM MHOMKECTBa
HaYaJIbHBIX BEKTOPOB,

Ay = {api, i=12,..,19} (3.4)
Cpemu ero S3JEeMEHTOB MOXKET OKa3aThbCsi aBapUHHBIA BEKTOP dj,
JIeKaINN B aBapuitHON OKpecTHOCTH A, BEKTOPA g, OPTOTOHAIBHOTO
MpSIMOM, TPOXONAIIEH uepe3 TOUKH [y U [Up. OJTa IpaMas JeNuT
HCCIIeyeMyI0 BRIOOPKY Ha JIBE TPYIIIBI, HE SBISFOIIHECS Kiaccamu. Ha
puc. 1 m3o0paxeHa 3Ta cutyanus, fl;, fl, — OIIEHKH CPETHUX 3HAYCHUN
STUX TpYI, AaBapuiiHasg OKPECTHOCTh A, 3amTpuxoBaHa. Jlus
CKaJISIPHOTO MPOU3BEICHHS BEKTOPOB 8ot 1 M = [y — [, IMEET MECTO
PaBEHCTBO:
(aort: m) = 0. (3.5)

OKCIIepUMEHTHI, TPOBENEHHBIE HAa MOJENBHBIX BBIOOPKHUX,

MOKa3anHu, 4TO eclu Qg € A,, TO NOCIENOBAaTENBbHOCTh HTEpaLuil
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CXOOUTCA K OLEHKE MAaKCHMAIBHOTO mpapjpomogodus 6,, He
SIBJISIEOLICICS] ONTUMAJIbHOM.

N3 pe3ynbTatoB 3KCHEPUMEHTOB CHEAYET, YTO AJIS Ka)XAOou
BBIOOPKM CYIIECTBYET MHOXKECTBO aBapUIHBIX HAYaIbHBIX BEKTODPOB,
JEKAIINX B OKPECTHOCTH BEKTOPAa &g, OPTOTOHAIBHOTO BEKTOPY
m = U, — Y. YTOI, KOTOPBIH 00pa3yeT KaKIblii aBapUIHBIN BEKTOP
a, C MOJOXKUTENBHBIM HampaBieHueM ocu OX;, o0o3HaUMM uepes [,
MHOECTBO TaKHX YIJIOB — uepes B,

B = {Ba}- (3.6)

Puc. 1

I/ICCJ'IG,Z[OBaJ'II/ICL BLI60pKI/I C mapamMeTpamMu:
#1 = (0,0), _ (6.25 1) a=(010), m =0.5,
u, = (10,10), 1 1/’ b =-50, m=(10,10).
O6Hapy>KeHO, uToO AUaMCTp MHOKECTBa B YMCHBIIACTCA  IIPU
YMCHBIICHUU TOYHOCTHU BLI‘iI/ICJ'IGHI/Iﬁ, nopu  yBCIMYCHUHA 06”béMa
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BEIOOPKH U paccTostHus MaxanaHoOnuca Mexy KOMIOHEHTaMH, O YEM
CBUJICTENLCTBYIOT JaHHbIe Tabmui 1, 2.

Tabmuna 1

I'panrwuier O1eHKa BEPOSATHOCTH

O0béM  TouHOCTH  aBapHifHOT ronagaHus BEKTOpa

HuameTtp -
BEIOOPO  BBIYHMCIICHU o ap B aBapuitHOE
N MHOECTB

K i MHOKECTBa a MHOeCTBO B

n &1= & B TEOMETPU CTaTHUCTH

B Ipajgycax -yeckas ~ -ueckas
0.01 [131. 143] 12 0.07 0.06
100  0.002 [132, 137] 5 0.03 0.04
0.0002 [132, 133] 1 0.005 0.00
0.01 [129, 134] 5 0.03 0.06
600 0.002 [130, 134] 4 0.02 0.04
0.0002 [132, 133] 1 0.005 0.00

s Bcex BbIOOpOK TaOu. 1 paccrosHue MaxananobOuca paBuo 10.
Jannsie Tabm. 2. momy4yeHsl o BeiOopkaM 00wsEMa 100, &1, = &, = 0.002.

Tabauna 2
YacroTa
Paccrosnue TouHOCTB Huamerp T'parmuuer nonaaaHus
MHO>XECTB  MHOJKECTB
MaxaiaHoOuC  BBIYMCIIEHU a a BEKTOpa g
a u B
p &= & B B MHOECTB
B Ipajycax B Tpajgycax 0B
10 0.002 4 [130, 134] 0.02
0.0002 1 [132, 133] 0.005
5 0.002 33 [122, 155] 0.19
0.0002 28 [122, 150] 0.15
4 0.002 18 [122, 140] 0.1
0.002 57 [115, 172] 0.32
3 0.0002 55 [113, 168] 0.30
108 55 [113, 168] 0.30
0.002 43 [109, 152] 0.24
2 0.0002 35 [107. 142] 0.20
10°° 32 [107, 139] 0.17
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W3 pe3ynbTaToB 3KCIEpUMEHTOB, MTPEICTABIEHHBIX B TaOIUIaX
1 u 2, cnexyer yTBEp)KJIEHUE.

YrBepxkaenne 1. Jns k=2 EM-amroputm  gaér
ONTHMAIBHYIO OIICHKY IapaMmerpa cMecH O, eciu yrol Yy Mexay
HAYaIbHBIM BEKTOPOM Qo M BEKTOPOM |1, — |, MIIM BEKTOPOM [, — |,
MeHbIe 45°.

Pucynkn 2 m 3 AeMOHCTPUPYIOT yMEHBIICHHWE JhaMeTpa
aBapuMHOrO  MHOXecTBa A, C  YBEIMYEHUEM  pPaCCTOSHUS
MaxananoOuca, 4YTO MPUBOIUT K YBEIMYCHUIO BEPOSTHOCTH
MOTyYeHHUs] ONTHUMAIIBHON OIEHKU éopt IIpH  CIy4ailHOM 3aJaHuH
HayYaIbHBIX BEKTOPOB &p.

Xo A

Puc. 2
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Puc 3

B Tabn. 3 naHel 3HaUYEHUS YacTOTHI P, TOMAJaHus CITyd4aifHOTO
BEKTOpa &8y B aBapUiHOE MHOXXECTBO A, ag € A,, B 3aBUCHMOCTH OT

PasMepHOCTH

BBEIOOPOYHOTO

HPOCTPAHCTBA

pacCcTodHuA

Maxamanob6wuca p. [lyis Bcex BEIOOPOK 3T0# Tabmuipel K =2, 1y = 0.5, X
=1, &1 =& =1078, m= (d, d, ceey d)

Pa3zmepHocTh
BBIOOPOYHOTO
MIPOCTPAHCTBA

p
2

Paccrosnue
MaxananoOuca

p

2
4

19

O0BéM
BBIOOPOK
n

400
400

Tabmuna 3
P, — gactoTa
ITOITaTaHNs
BEKTOpA 8y B
aBapHiiHOE
MHOYECTBO A,
0.04
0.00



10 400 0.00

2 400 0.20

4 4 400 0.00
10 400 0.00

2 400 0.89

10 4 400 0.52
10 400 0.14

14 400 0.08

2 800 0.55

10 4 800 0.30
10 800 0.12

14 800 0.06

W3 naHHBIX 5TON TaOMUIBI CIelyeT, YTO NPH (PUKCHPOBAHHBIX
3HaYeHUSAX N M p YacTOTa IONMAJAHUS CIy4yallHOro BEKTOpa &g B
aBapuifHOE MHOKECTBO P pacTéT NpH yBEIMYEHHHM Pa3MEpPHOCTH
BEIOOpOYHOTO mpoctpancTBa P. Tak, maa N = 400 u p = 4 umeem: P =
0.00 mpup=2up =4, P=052npu p=10. Ognaxo, P = 0.14 npu
n=400,p=10,p= 10Hﬁ=0.06np1/1n:800,p:14, p = 10, Tak 9TO
B 3TOM Cllyyae BEPOSITHOCTH IIOJIyYCHHS ONTHMAJIbHOTO PELICHUS >
0.86, uTO MPOTHBOPEUUT yTBEPKIAEHUSIM B [5, 20].

Ha ocHoBanuu aHanusa gaHHbIX Tabj. 3 CleAyeT yTBEepKACHHUE.

YrBepiknenue 2. Jlns K=2 us Kak[aoil pasMEepHOCTH
BBIOpOYHOro TpoctpaHcTBa P (1 < p < ) CyIIeCTBYIOT Takue 4ucia
ny =no(p), po = pPo(d), (Po=4), &, (0<&<10"°), uro mpu n>ny,
p>po, €< & BEPOATHOCTh P, TomajaHus CoydaiiHOro BeKTOpa 8y B
aBapuiiHoe = MHOkecTBO < 0.5, a BEpOATHOCTh  IOIYYEHHS
onTUMaJbHOTO pewenus no EM-anropurmy > 0.5.

B HekoTophIX ciy4asXx MOXKHO YBEIHYHUTh BEPOATHOCTH
HOJTy4eHHs] onTUMajbHOro pemenus. st K = 2, eciii U3BECTHBI, XOTSI
Obl MpUONMKEHHO, 3HAYEHUS U U Uy, TO CIy4YalHBIA HavYaJbHBIA
BEKTOP 89 = (o1, Aoz, - .-, Agp) MCTIONB3YETCS B HTEPATUBHOIT POy pe
JIUIIB TIPU YCIIOBUH, YTO YIOJ Y MEXKIy HUM U BEKTOPOM M = Uy—piq, M
= (Mg, My, ..., My) MeHsIe 45°, T. €.

An1M+ + AnoMMo + -+ Ap,, M 1
|agimy + agom, 0™ | >—>0.707106.
|ag|Im| V2

cosy =
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Ecnu 3Havyenus [y M |, HEU3BECTHBI, TO UX OLUEHKH MOXHO TOJIyYHTb
10 HCXOTHOHM BBEIOOPKE METOAAMH KJIacTep-aHaIH3a. )
Jlnst k > 3 ata pekomenganus 3pexTuBHa 1y BeKTopoB M =

mi—ij, 1<j,i=1,2, ..., k-1, j=2, 3, ..., K, B curyanuu, Korna sce
CPEIHHE 3HAYCHHUS [Uq, [y, ..., U JEKAT B BEPIIMHAX BBIIYKIOTO
MHOTOYTOJIbHUKA P-MEpHOTO MPOCTPAHCTRA. YpaBHeHust

rHHepHﬂOCKOCTeP'I, pasaciaromux KOMIIOHCHTBI CMECH, HUMCIOT BUI
[21]:
-1 1 -1 ' 7
X2 (wj — ) _E(ﬂj + )27 (1 — ;) +1n <n_1> =0, (38)
i>i, j=23,..k  i=12 . k-1
Tak kak npu p < 2 JBYXKOMIIOHEHTHASI CMECh YHUMO/AJIbHA U
OIITUMAJIBHBIC OLCHKHU MaKCHUMAJIbBHOTI'O HpaBILOHOI[O6I/I$I UMCHOT

Oomnpiroe cmemieHne [5], TO BO MHOTHX CIIy4asx pas3IeisaTh TaKyko
CMeCh Ha COCTABIISIONINE KOMITOHEHTHI HELIeJIeCO00pa3Ho.

4. IIpaBuya BbIOOpa ONTHMAJIBLHOTO PelIeHus

W3BectHo [15], uTo B MHOTOMEpHBIX HpocTpaHcTBax (P=>2)
CUCTEMa ypaBHEHMI NPAaBIOMOAOOMs IS BBIOOPOK MajbiX OOBEMOB
(n< 80) ¢ HebompImuM paccTosiHneM Maxanganobuca (pis< 3, 1 #5S, |,
s=1, 2,..., k) umeer, Kak mpaBUIIO, HECKOIBKO pemieHuii. M Torma
BEIOOP OINTHUMAIIEHOTO PEIIeHHUS éopt W3 MHOXECTBA TOJYYEHHBIX
pelieHnit  ABIsSeTcs He TpocToi 3amadeid. CraHAapTHOE TPaBUIIO
oTpezeNieHNs] ONTHMAIBLHOTO pelIeHusT (ONTUMAIbHBIM pelleHHeM
CUHTATh TO, B KOTOPOM JIOTapupM (PYHKIIUH MPaBIOMOAO0US WMEET
HauOoblliee 3HaueHue [5, 22]) oka3bIBaeTCsd HE BCErJa BEPHBIM.
OKCIEPUMEHTHI MOKA3aIM, YTO 3TO MPABWJIO BEPHO MPH JOCTATOYHO
OonbpIoM 00BEME BHIOOPKH N, 3aBUCAIIEM OT PACCTOSHHUHA MEXIy
KOMITOHEHTaMH, Pa3MEPHOCTH IIPOCTPAHCTBA, YHUCIIa KOMIIOHEHT CMECH,
JIUCTIEPCUI CITy4alHbIX BEJTUYHUH.

Jus KaXkIou BEIOOpPKH ONTHUMAJIBLHOM OLIEHKOM
MAaKCHUMAJIbHOI0 NPaBI0NOA00US éopt €CTEeCTBCHHO CUUTATh Ty
OIICHKY M3 MHO>KECTBA MOJIYYEHHBIX OLIEHOK

{6, i=12.,u} (4.1)
3HAYCHHMST KOOPJMHAT KOTOPOW OJMke K HCTHHHBIM 3HAYCHHSIM
KoopAuHAT mapamerpa 6. Ilpm pa3paboTke mnpaBuiia BBIJCICHUS
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ONTUMAJILHOTO pelIeHUs] U3 MHOXKecTBa (4.1) MBI MCXOIWIN W3 TOTO,
YTO  HEKOTOpylo HWHPOpMamuio 00  ONTHMAIBHOCTH  OIIEHOK
MaKCHUMaJIbHOTO MPaBAONOAOOHS MOTYT JaTh YacTOTHI MX IMOSIBICHHUS
IpU ciay4daliHOM 3aJaHMM HadainbHBIX ycnoBui [19, 23]. Tak kak
MpoIecC MakCUME3aluu Jorapudma (QyHKIUH TPaBIOIOA0OHS
lnL(X (n>,9) B EM-anroputme HadyuHaeTcs IpU  CIy4alHBIX
HAYaJIbHBIX YCJIOBHUSX, TO YacTOThl IONYyY€HHs PEIICHUH YypaBHECHHMH
NpaBIONOJ00HS B CEUIOBBIX TOUYKAaX M TOYKAaX Pa3lIWYHBIX JIOKAJIHHBIX
MakcuMyMoM (yHKIum In L(X ("),9) HE [OJDKHBI OBITh PaBHBIMHU.
BronHe BO3MOXXHO, YTO TpH CIy4YalHBIX HayallbHBIX YCIIOBHAX
PENKUMH, OIUHOYHBIMU PEIICHUSMHU SIBJIAIOTCS CEIJIOBBIE TOUYKU HIIH
HEYCTOHYMBBIC JIOKaJbHBIE MaKCUMYMEBI, a Haubojee BEPOSTHBIMA —
TOYKH CaMbIX OOIIMPHBIX JIOKAJbHBIX MaKCHMYMOB, B OKPECTHOCTSIX
KOTOPBIX KOHLEHTPUPYETCS HauOONblIee YUCIO TOYEK JaHHOU
BbIOOpKU. IlosToMy mansi BbIOENCHHS ONTHMAJIBHOTO pELICHUS U3
MHOKecTBa (4.1) 1enecooOpa3HO YYUTHIBATH HE TOJIBKO 3HAYCHUS
In L(X (n),g)’ HO M 4acTOTy IIOJy4EHHs] KAKIOILO pELICHUS Vi,
i=1,2,...,U, 0pu CIy4aiiHOM 33JaHUN HAYaIbHBIX YCIOBHI (HE MEHEe
20  pa3). Ha  ocHOBaHMM  pe3ynbTaToB SKCIEPUMEHTOB

c(hopMyJIMPOBaHbI MPaBHJIa BBIJICIICHUS ONTUMAJIBHOrO perieHus [19,
23].
1) OnrumanbubiM  pemenneM O, U3 MHOKECTBA
nosrydeHHbIX (4.1) cautats TO, 71 KOTOPOTO HMEET MECTO PaBEHCTBO:
Oopt = arg miax v; In L(X(”),HL-) , 1=12,..,u. 4.2)

2) OnTHMAJBHBIM peleHueM éopt CUHTATh TO, KOTOPOE
UMEET HanOOJIbIIYI0 YaCTOTY MOSIBJICHUS MPU MHOTOKPATHOM 3aJaHUH
CJTy4aifiHOTO Ha4YaJIbHOTO BEKTOpPa y.

MHOTOoYHCIIEHHbBIE SKCIIEPUMEHTBI, MPOBEAEHHBIE HA BHIOOPKAX
mis k=2, p=2,3,4,n=40, 81, 200 moATBEpANIH, UTO MPEIIaracMBbIe
MpaBWja BBIICICHUS ONTUMAJIBHOTO PEIICHUS TOYHEE H3BECTHOTO
npaBua;

éopt = arg miax In L(X(”),éi) , 1=12,..,u (4.3)

Pe3ysibraThl IKCIEPUMEHTOB, MOAPOOHO omucanHbix B [19, 23],
MoKasanu, 49ro mnpu p=4, Nn=>40 pemeHus, AaBaeMble IBYyMS
npaswiamu (4.2) u (4.3), cCOBaaaroT.
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5. HexoTopsle pe3yabTaThl IKCepuMeHTOB s k > 3

Pe3ynbrarhl AKCIEPUMEHTOB, MPOBEASHHBIX HAa MOJICIBHBIX
BeIOOpKax mns k>3, k=3, 4,..., 11, nokasanu, 4TO HTEpPaTHBHAS
npouenypa EM-anroputma HOpUHUMIMANBHO HE OTJIMYAETCS OT €€
yacTHOro Buaa (K = 2) 1 9TO B 3TOM CUTyaIliy BO3MOKHBI BAPUAHTHI

1) BBIOOPKH Pa3aeNioTCs Ha 3aJaHHOE YKCII0 KiaccoB K,

2) BHIGOPKHM Ppa3JeIAIOTCA HA YHMCIO KIacCoB Kk, MeHbIlee
3aaHHor0 K, mpuuéM cpemu BBIACICHHBIX KJIaCCOB MOTYT OBITh
WCTHHHEIE,

B Tabn. 4 pmaHel 3HAYEHWS YacTOT YJA4HOTO BEIOOpa
HayadbHBIX BEKTOPOB aps, S=1, 2,..., U, mm1 K=3 u k=4 mpu
pa3IMYHBIX 00BbEMax BBIOOPOK N W Pa3NUYHBIX PACCTOSHHAX
Maxanano6uca. IlapameTpsr MOJIETEHBIX BRIOOPOK UMENN KOHKPETHBIE

3HAYCHHUA:

6.25 1
2= ( )’ = (0,0), pp =(0,dy), w3z =(dy0),

1 1
‘Ll4:(d3,d3), T[i:l/k, i:1,82,...,k, k:3, k:4, 1= &2
=10",
nepeMeHHsle  O;  ONMpeAeNsUIMCh 1O  33JaHHOMY  PACCTOSHHIO
Maxamanobuca pi; oT 1-if xKoMmoHeHTHl g0 i-H, i=2, 3, 4, pfi =
(i — )2 (= )
Tabmuua 4
Yucno O0BéM Paccrosanue Onenka BepOATHOCTH
KJIACCOB  BBIOOPKHU Maxanonobuca YAQUHOTO BLIGOpa
K N pui=2,3,4 HaYaJIbHBIX BEKTOPOB
A, S=1,2,...,20
600 20 0.90
400 20 0.87
3 1001 4 1.00
400 4 0.33
400 2 0.24
400 20 0.70
4 400 4 0.63
400 6 0.64
400 3 0.40
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Ha ocHOBaHMM MHOTOYHCIIEHHBIX OKCIEPHUMEHTOB HMEEM
yTBepXAeHHE, 0000IIatoIee yTBepxKaeHue 2.

Yr1Bepiknenue 3. Jlns K>2 npu mo0oil  pa3MepHOCTH
BBIOpOYHOro mpoctpaHcTBa P (1 < p < ) CyIIECTBYIOT TaKue 4ucia
No =MNp (k' P)y
po = polk,p), (Po=4), e, (0<g< 1043), 9T0 TPU N=Ng, pij= po,
0<&<g BEpOSATHOCTHb MOIYYEHUS ONTUMAIBLHOIO pemieHus nmo EM-
anroputmy > 0.5.

3akiIouyenue

OTMmeTuM HOBBIE PEe3YIBTATHI, TPECTABICHHBIE B 3TOH paboTe.

1. Ormpenenena aBapuitHas o0macTh A, UIsI HaYaIbHBIX
BEKTOPOB (g, U3 KOTOPOH TOCIIEA0BATEIBHOCTh UTEPAIIMI CXOIUTCS HE
K ONTHMaIbHOMY pemeHuo . J[uameTp 5Toi 00NacTH 3aBHCHT OT
pPa3MEpHOCTH TMPOCTPAHCTBA [), paccTosHUM MaxamaHoOuca, oobéMa
BBEIOOPKH N ¥ 33/1aBa€MOW TOYHOCTH BHIYHCIICHHM.

2. Ilpu k=2 npna no0Ol  pa3sMEpHOCTH BBIOOPOYHOTO
NPOCTPAHCTBA P CYHIECTBYIOT Takue uncia p, = p(k,p), ny = n(k,p),
£(0<e<1078), uro mpu Bcex pis = po, [ < S, i,5 €{1,2,...,k},
n =ng, 0 < e < g BEPOSITHOCTH MOJYUYCHHS] ONITUMAILHOTO PEIICHUS
mo EM-anroputmy P = 0.5. (p;s — paccrosare MaxamaHoonuca Mex Iy
i-it 1 S-if KOMIIOHEHTaMH, N — 00BEM BBIOOPKH).

3. Jlns BBIOOpPOK Manbix OOBEMOB NPH MajbIX PACCTOSHUSIX
MaxanaHoOuca CKOPPEKTHPOBAHO TPABUIIO BBIJCICHUS ONTHMAILHOTO
peUICHUA, YYUTBIBAIOUICC YAaCTOTY IOABJICHHA KXIOI0 PCHICHUA IIPpU
CITy4aliHBIX HaYaJIbHBIX YCIIOBHUSX.
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VJIK 519.6
HeperyasipHblii npUHIMI MAKCUMYMa 32/1a4H €O
CMELIAHHBIMH OTPAHMYEHUSIMU

B.B. Jlukycap

Bl] ®UI] 1Y PAH, Mocksa, Poccus
dikussar@yandex.ru

IlpennoxeH OBYXdTalmHBIM METOA  PELICHUA  3a7ad
ONTHMAJIBHOTO yIpaBJiIeHUS co CMEIIaHHBIMU
orpanndyeHussmMu. Ha nepBom stane peniaeTcst JUCKpeTHas
3amava (CHCTEMBl IMHEHHBIX anreOpandecKuX ypaBHEHHN
u HECOOCTBEHHBIE 3a/1aun JTUHEWHOTO
NpOrpaMMHUPOBaHKs) , Ha OCHOBE METOZOB (DaKTOPHOTO
aHammsa. [lanee Qopmymmpyercs THIoTe3a 0 T€OMETPUH
ONTHMATPHONH  TPAaeKTOPUH, TO ©CTh  BBIIEISAIOTCS
MIPOMEKYTKH BPEMEHHM IMOCTOSHCTBA MHOXKECTBA HOMEPOB
AKTUBHBIX OTpaHUYCHUM. Ha BTOpPOM JTare
chopMynMpoBaHHas THIIOTE3a MMPOBEPSETCS aHATTUTHIECKU
C HCIIOJIB30BAaHUEM IIPUHIMIA MakcuMyMma IloHTpsAruna u
dopmanmmzma  JlyOoBuikoro-Mumtotuna.  [IpuBenen
MpUMep WCIOJIb30BaHMS JAHHOW CXEMBI ISl PEIIeHUs
MOJICTTPHOW 3a/layil  ONTHUMAIIGHOTO YIPAaBJICHUS IPU
CyCIIEH3UOHHOU MOJIMMEPU3ALIHT BUHUIIXJIOPHUIA.
[Tokazana mponenypa (opMUpOBaHHS W  TPOBEPKH
TUTIOTE3bI O TEOMETPUH ONTHMAaTbHON TPASKTOPHH.

KutoueBsble ciioBa: HeperyIsapHBIA MPUHIUI MAaKCUMYyMa,
HecoOCTBEHHas 3a/1aya, 3a1a4a JIMHENHOTO
[IPOrpaMMUPOBAHMS, PACIIPEAEICHHBIE BEHIYUCICHUS

Irrégulier probléme principe du maximum de contraintes
état-commande

Vasily Dikusar (CC FRC CSC RAS, Moscou, Russie,
dikusar@yandex.ru)
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Nous proposons une méthode en deux étapes pour
résoudre les problémes de contrdle optimal avec
contraintes état-contrle. A la premiére étape d'un
probléme discret est résolu (un systéme d'équations
algébriques linéaires et problémes inappropriées de la
programmation linéaire), sur la base des méthodes de
l'analyse factorielle. Afret que nous formulons une
hypothéese sur la géométrie de la trajectoire optimale, soit
alloué des intervalles de temps de constance de contraintes
actives. Dans la deuxiéme étape, nous vérifions la hyposis
analytiquement en utilisant le principe du maximum de
Pontryagin et le formalisme Dubovitskiy Milutin. Un
exemple de l'utilisation du dispositif pour la solution du
probléme de commande optimale en modéle pour Ia
polymérisation en suspension du chlorure de vinyle. Nous
montrons la procédure de formage et tester des hypotheses
sur la géométrie de la trajectoire optimale.

Mots-clés: principe irréguliere maximale, les problémes
indus, programmation linéaire, calcul distribué

Irregular maximum principle problem with state-control
constraints

Vasily Dikusar (CC FRC CSC RAS, Moscow, Russia,
dikussar@yandex.ru)

We propose a two-step method for solving optimal control
problems with state-control constraints. At the first stage a
discrete problem is solved (a system of linear algebraic
equations and improper problems of linear programming),
based on the methods of factor analysis. Afret that we
formulate a hypothesis about the geometry of the optimal
trajectory, i.e. allocated time intervals of constancy of
active constraints. In the second stage we verify the
hyposis analytically by using the Pontryagin maximum
principle and the Dubovitskij Milutin formalism. An
example of the use of the scheme for the solution of the
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model problem in optimal control for the suspension
polymerization of vinyl chloride. We show the procedure
of forming and testing hypotheses about the geometry of
the optimal trajectory.

Keywords: irregular maximum principle, improper
problems, linear programming, distributed computing

1. BBegenue

[Ipuopurer B TOCTAaHOBKE W HCCIEAOBAHMIO 3a1ady C
HEPEryJIspHBIMA CMEHIAHHBIMH OTPaHUYCHHUSIMH TPHHAMISKUT A.S.
Hy6osunkomy u A.A Mumotuny [1]. B 1970 romy BnepBbie Oblia
omyOnuKoBaHa pabora [2] MO YHCICHHOMY PEHICHHUI0 MPaKTUYECKH
BOXHOW 3amaud 00 ONpeJeNleHH: MAaHEeBPEHHBIX BO3MOXHOCTEH
anmapatra NpH BXoJe B aTMocdepy € YYETOM OTpaHMYCHUH Ha
BEJIMYMHY  TOJHOW  Teperpy3ku  (HEperyisipHOe  CMEIIaHHOE
orpaamueHue). IlompoOHO pemieHne »dTOW 3amaydl  M3IOKEHO B
moHorpacduu [3]. CorylacHO Tabeu O paHrax I0 CIOXKHOCTH, 3a7auu C
HEPEeryJspHBIMA CMEUIAHHBIMH OTPaHUYCHUSIMH 3aHUMAIOT TEpBOC
MECTO B KJIACCE 3a]1a4 ONTUMAJILHOTO yIpaBieHusl. OCHOBHBIE TIOHSTHS
W TPEACTaBICHUS B TEOPHM ONTHUMAJIBHOIO YIPABJIECHUS CBS3aHbI C
OPUHIMIIOM MakcuMyMa. Hamwume  ($a3oBbIX M CMEIIaHHBIX
OTpaHUYEHUH  CIIOKHOM  NPHUPOABI  BEOET K  YCJIOXKHEHHIO
GopMyIMpOBKM NPUHLMIA MakCUMyMmMa M ero cBoiictB. Ilpu sTom
TOSIBIISIFOTCS HOBEIE MaTeMaTHYecKHe 00BEKTHI-Mepa u
¢byHKIMOHAIBEHBIE MHOKUTENH Jlarpamxka. Bo3HukaeT HEOOX0JMMOCTh
W3y4YeHHSI CBOMCTB ATHX OOBEKTOB B 3aBUCHUMOCTH OT KOHKPETHBIX
MOCTAaHOBOK 33J1a4 ONTUMAIILHOTO yrpasiieHus. Kpome Toro 6oibiIyio
aKTyalbHOCTh TIPUOOpETaeT WCCICIOBAHUE B3aMMOCBSI3H  MEXKIY
Pa3IMYHBIMA KOMIIOHEHTaMH NpUHIMIIA MakcuMyMma. OTcioga BHIHO,
YTO KJIACCHYECKHI armapar He AaeT BO3MOKHOCTH MCCJIEJOBaTh TaKUeE
3aaud B TOJNHOM oO0beme. KoHeuHO, MaTeMaTHUeCKHil ammapar
CIIEyeT COBEPLICHCTBOBAaTh IPUMEHUTEIBHO K CIOXHBIM 3a7adam
ONTUMAJILHOTO yHpasieHus. Apyroil myTh Mo nanbHeHmeMy U3y4eHUIo
3aJa4  ONTHMAaJbHOTO  YNpPaBIEHHS CBA3AH C  BBLIEJICHHEM
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OIIpeeNICHOro Kiacca 3a7ad U UX Ka4eCTBEHHBIM HCCIIEAOBAHUEM TIPH
MIOMOIIY CYLIECTBYIOIINX YCIOBHH IKCTPEMYMA.

HccnenoBanne HepepylspHBIX CIydyaeB [UIsl CMEIIAHHBIX
OorpaHUuYEHH TpeOyeT pacCCMOTPEHHUS CIICAYIOIINX 3a1ad.

1. Ompenenenne MHOKECTBA ()a30BBIX TOUCK.

2. IlpoBepka yClIOBHH CYIIECTBOBAHHSI IPUHIMIIA MAKCHUMYMa.

3. AHanu3 ycIOBUH B HEPETYISPHOM TOUKe (YHCIO CBOOOTHBIX
apaMeTpOB JAOJDKHO PaBHSTHCS YUCIY KOHTPOJINPYEMbIX YCIOBHA).

4. Anamm3 ocobenHocTel B auddepeHIInaNbHbIX YPaBHEHUIX
JUTSL CONPSKEHHBIX IEPEMEHHBIX B HEPETYIISPHBIX TOUKAX.

5. Omnpenenenne MHoxutened Jlarpamwka. B HeperynspHoit
TOYKE YKa3aHHbIC MHOKUTENN HE BCETa ONPENeIIIOTCS OAHO3HAYHO.

6. OmpeneneHyue 4yuclia BbIXOJOB B HEpETyJIApHbIE TOUKH Ha
ONTUMAJIBHON TPAEKTOPUHU.

Oco0yro poilb UTpaeT TeOMETPHS ONTUMATEHON TPACKTOPHUH.

I'eomerpusi onTUMaJIbHOI TpaekTopuu. B perymsipHoM
Clyyae I0oJ NeOMETPUEH ONTUMAIbHOM TPACKTOPUM IS CMEIIAHHBIX
OTpaHMYEHHUI THUIIA HEpaBEHCTB ITOHUMAETCS OTpe/eJieHHe MHOYKECTBa
aKTUBHBIX HMHIEKCOB B KaIblii MoMeHT [ e [t01t1] . Croma BXOOUT:

ompezeNieHNe TUINAa KOHTAKTa CMEIIAHHOTO OTPAHWYEHHS U €T0 (HhOPMBI
C ONTHMAJbHON TpaeKTOpueH (KOHTAKT MOXKET OBbITh TOUCYHBIM WIIH
MPOTSHKCHHBIM, a TOYCUHBIA KOHTAKT MOXKET ObITh KacaTeJIbHbIM WU B
BUJE KOHyCa); OIpeNejeHne MOMEHTa BXOJa Ha OrpaHHYeHHE;
OmnpeleJiecHue MOMEHTa cXoJa. B HeperyjaspHoM ciiydae, KpoMme
MHOJKECTBA aKTUBHBIX MHJCKCOB HEOOXOAMMO ONPEACIUTH MHOKECTBO
HEPETYJSIPHBIX TOYEK C Y4E€TOM CTPYKTYpHI 3aJlaydl U paciiudpoBaTh
NPUHIMI MakKCUMyMa B HeperylapHoil Touke. COBOKYIHOCTh
YKa3aHHBIX  YCIIOBHM  OMNpeJeiseT TEOMETPUI0  ONTUMAaJbHOM
TPAaeKTOPUU B HEPETYJISIPHOM CIIydae.

2. MaTeMaTn4eckas MOAe/Ib CyCHeH3I/l0HHOﬁ MOJTUMEPU3AIUHA
BUHWIXJIOPUAA B MIEPUOAUYECCKOM pPEeaKTOpE

OnucaHHas HWXKE MOJEb MOJUMEPU3ALME COCTOUT M3 Tpex
cragmii. Jlna mepsoit cramum (X3 < X,;), rame  X,,;0,03—0,05

BBINUIIIEM CHauaja ypaBHEHUE AJI1 MOJIbHOU JOJIU PauKaioB [4]
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di—612(1 x)(1-x,)-ux;, 0<x,<1, telt,t].(11) (1)

dt
Onucanve KMHETUKH UL CIEMYIONINX IEPEMEHHBIX UMEET BU]|
[4]
dx,
—=a(1-x), 0<x <1, telt,t],
dt
dx; _ <X, < 12
E—a3(1—x3)x2, 0<x, <1, 12 (@
dx
—4 =a,(1-x)x, +b,x2, 0<x,<1.
at 3) %2 2 4
3mech X, -- CTCHEHb HCIOJNB30BAHMS HHHLIHMATOpA, X, --
KOHBEpCHsI MOHOMepa, X, -- MOJIbHas 10Js moiumepa; X;, 1 =14 -
dasoBere mepemeHnHsle, U -- ckaisipHoe yrpasineuue, a;, 1 =1,4,0b, --

W3BECTHBIC KOHCTAHTHI.
Hauanpasie ycioBus st cuctemsl (1), (2) mpeamonararorcs
HYJIEBBIMA

x(0)=0, x,(00=0, x,(00=0, x,(0)=0, t,=0. (3)

Ha ynpasnstromnyro ¢pyukimo U(t) HamoxkeHbl orpaHuueHus
U <u<u,, @U)=u-u<0, ¢@,Uu)=u—-u,<0. (4

Kpome orpanmuenunii (4) 3amaHo CMENIAaHHOE OTpaHWYEHHWE Ha
BEJIMYMHY NTPOU3BOJHON X, (1)

D, (x,u)=ux; —a,(1-x)(1-x%)<0, x={x}, i=14 (5
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HoBbim snementom B Mognensx kuHetuku (1) -- (5) sBasiercs
sBesenue ynpasienus U(t) (14) B cucremy (1) W cMmemanHOro
OrpaHMYEHHS THIIAa HEpaBeHCTBA (5).

B nanbpheiimem kpome ypaBHeHus (1) Oyzmem paccMmaTpuBaTth
€ro pa3IMYHbIC MOTU(PHUKAIINT

%:u(l_xl)(l_xs)_bzxg, 0<x,<1, (6

o g e, 0<x, <1, ()
dt
d;(tzzu_bzxg, 0<x, <1, (8)

rae b, -- u3BecTHbI KO3 duuMeHT 1 Ha ynpasneHne U(t) HamoxeHO

orpanpyenue THna (4) ¢ JApyruMH KOHCTaHTamu U, U,. B

COOTBETCTBHHM C 3TON Monau(puKanueld BBEEM HOBBIE CMEIIAHHBIE
OTpaHUYCHUS

@, (x,u) =b,x2 —u(l-x)(1-x,) <0, 9)
D, (x,u) =ux? —a, <0, (10)
@, (x,u) =b,x? —u<0. (11)

3. 3aga4u Ha ObICTPOJCHCTBHE

3apawa A,. TpeGyercs onpenenuts MiNt,  mpu

orpaanueHusX (1) -- (5) 1 3aAaHHBIX TPAHUYHBIX YCIOBHUSIX
X3(t) = Xa1; X (6) %, (1), X, (4) (12)
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- CBOOOIHEI.
Hapsiny c 3agaueit A, paccMOTpPUM CIIEIYIOILYIO 3a1a4y.
3agaua A, . Ilpu pukcupoBanHoM t, ompemenuts Max X, (t,)

nipu cooTHommeHusx (1) -- (5) ¢ y4eTom rpaHUIHBIX YCITOBHIMA

L=te X (6) % (6) X, (1) (13)

- CBOOO/HBI.

Vreep:kaenue 3.1. 3amaun A, u A,; S5KBUBAJICHTHBI.

JlokazaTenscTBo. [IpomsBoaHas Xy 2) SIBISICTCS
nonoxurensHoit s Beex te€(0,t]. Orcroma B cumy crporoit
MOHOTOHHOCTH X4 (t) creyer SKBUBANCHTHOCTD yKa3aHHBIX 3a/1ad.

Ilo ananorun ¢ 3amaueir A,; MoxeM cHOPMYIHPOBATH 3anady
ONITHMU3ALUH 1151 cucteMsl (6), (2)--(4), (9).

3agaua A,. Omnpegemuts MaX X,(t,), ecnm BbIIONHEHSBI

orpannuenus (2)--(4), (6), (9) npu rpanuyHbIX yciaoBusx (13).
AnanornuasiM 06pa3oM ¢GopMmymupyloTcs  3agaya A, s

cuctemsl (7), (2)-(4), (8), (10) g rpannasbix yenosuit (13).

4. OnTHMaNbHbIE TPACKTOPHHA

Brimummem npuammn makcumyma [4-10] st 3agaan A21

H=ya (1-%)+¢,a,(1-%)(1-X) _quxg + 5 (1— X)X, +

Y8, (1-x)%, +y,bxg H=H +H, H,=-yux;,
(14)
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[I=H-4®,-4,¢ -4, =H _/11[UX22 —a,(1-x)(1-x3)]-
(15)
ﬂz(ul_u)_ﬁs(u_uz):

YcnoBusg JOMONMHSIOMEN HEXKECTKOCTH
WP, =0, Ay =0, Ap,=0, 24>0, i=13

ConpspkenHas cuctema mudhepeHInaNbHBIX YPaBHECHUH UMEET
CIEIYIOIUNA BUJ

oH du 0D
= ————Aa,(1-x)+— 1,
Vi ox, 2,3, ( 3) dt ox,
W, = _aiH_zﬂ‘luxz +d7,u(3q)l’
0X, dt ox, (16)
oH du 0D
jo=———Aa,(1-x)+—— 1.
Vs ox, Ay, ( ) dt ox,

s y,=0 u w,(t)=0 cueayer w,(t)=0. Kpaesbie
YCJIOBHSL IS CONPSKEHHBIX IMEPEMEHHBIX 3allUIIYTCS B CIEMLYFOIIEH
dopme

ws(t)=-1, w,(t)=0, w,()=0 (17)

OntumansHoe ympasienne Uy(t) B kaxmoii Touke t mpu

@, (x,u) <0 onpenensiercst u3 yenosus makcumyma H, (14)
b =argmacH, U={uia@<0, ¢,@)<0}. (8)
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d
Orcroza cienyer, uro ipu 4, =0 u d_/: =0 uy(t) =u, ecim
v, 20; u,(t)=u,, ecu y, <O0.
Hns  pemienuss 3amaun Komm (16) HeoOxomumo 3amaTh
HavaNbHbIC 3HAUCHHS COTPSIKEHHBIX MTEPEMEHHBIX

vi0) =y v,(0) =y, w5(0) = vy, (19)

B pesynbrate, ompeneneHHe ONTUMAIbHOH TPAaeKTOPHH MpPU
@, (X,u) <0 cBoawTCS K PELICHHIO TPEX OCHOBHBIX 3a/1a4:

1. 3amaya Komm mms cuctem (1)-- (2), (16) mpu Ha9ambHBIX
yenoBusix (3), (19);

2. 3aava TMHEHHOTO MporpammupoBanus (18);

3. mowmck Hynedl TpaHcueHAeHTHbIX ¢yHkmmid (17) B
npocTpaHcTBe napameTpoB (19) (TpexmapaMmerpuyeckas IByXTOUEUHAS
KpaeBas 3a7a4a).

[Iycts Ha onTuManbHO# Tpaektopun X, (t), Uy(t), t
BBINIOJIHEHO orpanuueHue Tvna paseHcrsa @, (X,U) =0 B HekoTOpBIX
toukax te[0,t]. Torna u3 ycnosuit I1, =0 (15), ¢, <0, ¢, <0
(4) momy4aem

A=y, wé-a,(1-x)(1-X)=0, 4= =0, ‘j'j—‘t‘:o.

B o3tomM cnydae TpaekTopusl SBISETCS pETYNApHOH, a
ontumanbHoe ynpasinenue U,(t) BbiOupaercs W3 ycioBus CBSI3H

d(x,u)=0

Uy (t) = a,(1—x)(1- X3)/X22.

3aMeTHM, 4TO B PEryJSIPHOM ciiydyae npou3BojHblie (13) Tepmsar
paspbiB IepBOro pona npu Bxoge Ha orpanndenme D,(X,u)=0, a
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CaMU COMPSDKCHHBIC (DYHKIMW SIBIISIOTCS HENMPEPBIBHBIMH Ha BCEH
ONTUMAJIbHOM TPaeKTOPHH.

Paccmotpum Tenephb BO3MOHOCTh CyIIIECTBOBAHMUSI
HeperysapHbix Touek. CormacHo [2] umeem

MX; =2, =0, A+, =1, u=u, Ux;—a,(1-x)(1-x)=0.
(20)

Jlemma 4.1. [lnsa 3amaun A, BBINOIHEH HHTCTPAIbHBIN
npuHIHI MakcumyMma 11, .

HoxkazatenscTBO  crmexyeT w3 Teopembl  JlyOoBumKoro-
Munrotuna [3] ctp. 251.

Jlemma 4.2. Ilycts Heperymsipaas Touka t. € (t,,t,). Torna B
sroii Touke X, (t.+0) >0.

Hokasarenscto. B touke t.+0 umeem U(t. +0) =u,. Torxa
u3 (30) cnemyer

X, (L. +0) = 20, X, X, + &, X (1-X;) +a, %, (1—x).  (21)

X,(t.+0)=0 B cuny nempepsiBHOCTH X,; 1-X;>0, 1-x >0,
X, >0, X,>0. Orcrona momydaem TpeOyemslii  pe3yibTaT

%,(t. +0) > 0.

W3 nemmel 6.2 cnenyer

Jlemma 4.3. O6o6mennas Gpyuxums £4(t.) =0 B ypaBHeHmsx
(16). [deiicTBUTENBHO B CHITy CTPYKTYpHI ypaBHeHuH (1) -- (2) u semMMbl
4.2 ®(t.+0) <0. Takum o6paszom, ycaosus (20) u (21) BeIIONHSAIOTCS
aBTOMATHYECKU.

[pu aswkennn no orpannuernio @, (X,u) =0 ontumanbsHoe

ynpasienne U, (t) siBasercs yobiBarouent Gpynkiueii. Torna B Kakoi-
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T0 MoMeHT Bpemenu t=t., Uy(t.)=U,. Dtum MoMeHTOM W

ompenesiercst cxox ¢ orpannuenus O, (x,u) =0.

W3 BBIIEIPUBEACHHBIX PACCYKICHUH ITONydaeM TE€OMETPHIO
PEryJsipHON U HEPETYJIIPHOU TpaeKTOpuH. Bpems cxona onpenensercs

HEeperyIspHoi Toukoi t., mpudeM Ha Bcell ONTUMATBHON TPaeKTOPUH
COTPSKCHHBIC IEPEMEHHBIC SBIISIOTCS HEMPEPHIBHBIMU (DYHKIIUSMU.

5. IlpuOanskeHHoOe pelieHHe KpaeBoil 3a1a4u

Pemienne kpaeBoit 3amaun A,; CyIIECTBEHHO YIPOLIACTCS,

€CIIM MBI PAaCCMOTPHM B Ka4yecTBE NEPBOTO HpuOIMmKeHus 3agady A, .

i naHHOM 3a7a4y CPaBHUTEIBHO IIPOCTO OIpPEAENsIeTCs CTPYKTypa
ONTHUMAJIBHOTO YIIPaBJICHUS.

Teopema 5.1. ontumansHoe ynpasierne Uy(t) B samaue A,

ynosierBopsier  ypaBHenmto Uy () =U, mHa Beeil onruManbHOI
TPAEeKTOPHH.
JokasarensctBo. U3 ypasuenuit (2), (7) caemyer U,(t) =u,

mpu  D,(X,u) <0 (10). Ilpu JABWKEHMHM 1O  OrPaHUYCHHUIO

ux; —a, =0 nomyuaem
Uo (1) = u; = &,/x;, (22)

IIPHYEM ONTHMAJIbHASL TPACKTOPHsS COAEPKHT Lenblil otpe3ok [t.,t] ¢
HEPETYJISIPHBIM CMENIAHHBIM OrpaHudeHueM; t. -- Touka Bxoma Ha
orpannyenne X, =0 (10). Takum 06pa3om, ONTHMAIbHAs TPAEKTOPHS
cozepkuT aBa Kycka. Ha nepsom kycke npu t €[ty,t.), X,(t)>0. Ha
BropoM umeem X, (t) =0, t e[t.,t].

[TokaxkeM 4TO TaK MOCTPOEHHAs TPAEKTOPHS YIOBJIETBOPSET
npuHIuy Makcumyma L1, . JleficTBUTENbHO, CIIpaBa OT HEPETYIAPHON
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toukn t. cmemanHoe orpanmuenne D,(X,uU) =0 ymosrerBopsercs

aBTOMATHYECKH MOCKONBKY X+2==0 u X, sBISeTCS MOCTOSHHOM

BenmuuHOW. CleoBaTeNbHO, HUKAKHX JIOTONHHUTEIBHBIX YCIOBHHA B
HEPEeTYJSIPHBIX TOYKaxX He Bo3HMKaeT. Toraa B ypaBHeHUAX (16) MOKHO

nonoxuts L(t), te[t.,t;]=0. Kpaesbie ycnoBus 1iist cOnpsKeHHbIX

nepeMeHHbIX (17) mTO-Ipe’KHEMY MOXKHO —BBIIONHUTH 32  CYET
HadabHBIX 3HaueHHd (19). Takum o0pa3om, I TPaeKTOPHUH C
ynpaBierreM Uy (t) =U,  BBIIONHEHBI  HEOOXOAMMBIE  YCIIOBHS
ONTUMANBLHOCTH B (JOpMe NMpUHIMNA Makcumyma. CleayeT OTMETUTh
YTO 3TH YCJOBHS SIBISIOTCS M JOCTAaTOYHBIMH B CHIY JHHEHHOCTH
yIPaBJICHHs U CTPOrOif MOHOTOHHOCTH (DyHKIHOHAMA [5, ¢. 136--138].
KpaeBas 3amaua (16), (17), (19) merko pemraercss METOIOM
MPOJIOJDKEHUsT perieHuil mo mapametpy [3]. B kadectBe mapamerpa
NpooJbKeHus BeIOMpaeM Bpemst t. [lyist 9Tol e pa3ouBaeM OTpe30K

[t,,t,] Ha psix wacreit Toukamu ty,, t,, t,..., t,, t, =1, t,, =t,.B
pesynbTare  [OJIydaeM ~— CHCTEMY  BJIOXKCHHBIX  OTPE3KOB
[t,.t]elty tole...elty t,]. Cuasana wa orpeske [ty,t,]

paccMaTpuBaeM KpaeByro 3a1ady (16) ¢ rpaHUYHBIMU YCIOBUSAMU

ws(ty) = -1, wy(t,) =0, w,(t,) =0.

B MPOCTPAaHCTBE HaualbHbIX mapamerpoB (19). Tak kak oOTpe3ok
[ty t,,] cpaBuuTensHO Mai, To KpaeBas 3amaua (16), (19), (23) serko
pelaeTcss U3BECTHBIMM METOAaMH. 110TyueHHbIE HaYallbHBIE 3HAYEHHS

COIIPSDKEHHBIX IEPEMEHHBIX HCIOJB3YyEM 3aT€M B KayeCTBE IEPBOrO
MPUOIVKEHUS TIPH PEIICHUH MTOCIEAYIONNX KPAaeBhIX 3a71a4

ws(ty) =-1, vy (t;) =0, w,(t;) =0, i=2,n. (24)

Jns  mporroza  KaXIOro — HAYaIbHOTO  IPHUOIMKCHHS
HCITOJIB3YyEM TIPEABITYINE 3HAUYCHUS MyTeM 00paOOTKH HAKOIIJICHHON
WHGOPMAIUH METOaMHU JTMHEWHOW WITH KBaJPATUYHON KCTPATIOISIHH
[3].

HpI/I PpCUICHUH 3aa491 AZl BBOJUM IapaMCTPU3ALIUIO BUJA

40



d(;(tZ:Waz(l—xl)(l—xs)—uxzz+(1—W)az, 0<wsl. (25)

@, (X,u) =h,xZ —uw(1-x)(1-%;)—(1-w)u, 0<w<1l. (26)

Orcrona BuaHo, 4yrto mpu W=0 3agaua A, coBmamaer c
sagaueit  A,. IlpomomkeHue pemieHumi 1o mapamerpy W 1aer
BO3MOXKHOCTH IOJTyYUTh PElIeHUE KpaeBoi 3amauu (16), (17), (19).

AmnanornunsiM 00pasoM pernaercst 3ana4a A, . Jlist yka3aHHOM

3aJa4n B KauecTBE INEPBOr0 NPUOIMKEHMS paccMaTpUBaeTCsl 3afada

A .

3agaua A, . Haittu max X;(t,) npu orpannuernsx (18), (12)--

(14), (21), (23). 3aech Ha onTuManbHOI Tpaektopuu Uy (t) =U,.

6. 3axaua o muHuMyMme X, (t)

B  Marematnueckoil ~Monenw — MOJUMEPHU3ALMU  KpPOME
CMEIIaHHBIX orpanuveHuit cucrema (1)--(2) comepkutr da3oBbie
orpaHuueHus. B pamkax JaHHOW pabOTBl HE TNPEACTaBIAETCS
BO3MOXXHBIM PACCMOTPEHHE METOOB PELICHHUs] OJOOHOro poja 3aaad.
OpnHako, MCHONB3Yys 3aladydl CO CMEIIAHHBIMH OrPaHUYECHHAMHU MBI
MOJKEM OIICHHTh BEPXHHME W HIKHHE PEIIeHHS COOTBETCTBYIOIINX
(a30BbIX EPEMEHHBIX.

Jus samaun A, nonoxum ,(t)=0. B  pesyuabrare
CTaI[MIOHAPHOCTh ONTUMAIBHON TPAGKTOPHU B YKa3aHHOM 3a/1aue Oyer
onpenensaTbes He (ynkumonanom X,(t,), a orparmnuennem (20). B

stoMm caydae U (t) =U, Ha Bcell ONTHMANBHON TPAEKTOPHH.
[onyueHHOe pelIeHne OnpeenseT MUHUMalIbHoe 3Hauenue X, (t) Ha

Beeil Tpaektopun. Ilpu Uy (t) =U, onpenensercs MakcuMaibHOE
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3HavyeHue X,(t). B maHHON cuTyarmm KpaeBas 3ajada ONpENEISACTCS

IBYMsI Ha9allbHBIMA TTapameTpamu (19).
AHAIIOTUYHBIM 00pa3oM OMpECISIIOTCS HIDKHEE M BEpXHEe

pewenust wis 3amaun A, Ipn D (X,u) <0, uy(t)=u,. dus
BepxHero peruenns U, (t) =u,, @,(x,u) <O0.

7. Kiaacc peryasipHbIX 3agady €0  CMeEIIAHHBIMU
OrpaHMYeHUsIMU

B namnOli paboTe wuccnemoBanmMCh HE TONBKO 3ajaada
NOJMMEpHU3aLMK, HO W caM NpUHUMN MakcuMmyma. HemoctaTkom
MHOTHX paboT MO ONTHMAIBEHOMY YIPABICHHIO SIBISUIOCH TONyYCHHE
HEOOXOIMMBIX YyCIOBH, a HE WX HWCCIeNOBaHWE. 3ajadd C
PEryJSIpHBIMH  CMEIIAHHBIMH OTPAaHUYCHUSIMH BECbMa BaXKHBIA U
IIMPOKUI KJlacc 3a/1a4, KOTOPBIH 10 CHUX IMOp TOJHOCThIO HE yKa3aH.
EnuHcTBEHHOE yCNOBHE 3KCTpeMyMa JUld JIAHHOTO Kijlacca M ecTh
MpHUBEIEHHBIA TpUHIMT MakcuMyma [3-10]. B xmacce HeperymspHBIX
CMEILIaHHBIX OrpaHHYCHUH (Pa30BbIe OTPAHUUYCHHS SBISIOTCS YACTHBIM
ciyyaeM cMemaHHblX. OfHako B peryyisspHOH CHUTyallUd YHCTO
¢da3oBble OTrpaHHWYEHHUS] YK€ HE BKIIOYAIOTCSA B CMELIaHHBIC
orpaamueHus. B pabotax [6, 7] paccMOTpeH peryispHBIA TPUHITHIT
MaKCHMyMa JUIs JMHEWHBIX 33/1a4 CO CMEIIaHHBIMU OTPaHUYEHUSMHU.

OCHOBHBIE HAIPaBJICHUS TPH HCCIECIOBAHHHM HEPETYJSIPHOTO
MPUHIIMIIA MaKCUMyMa CBSI3aHBI C aHAJIM30M YCIOBHH [2] B (hazoBoii
TOYKE U ¢ TpeOOBaHHEM HMHTErPHPYEMOCTH MHOKHUTeJel Jlarpan:ka
[7]. Ecu cuctema [2] MMeeT HEEMHCTBEHHOE PENICHUE OTHOCHTEIBHO
MHOKuTeNel Jlarpamka u yrpasienus 1pu ¢pukcupoBannbix X(t) Ha

MHOXKECTBE  TOJHOH  MEphl, TO  HEOOXOAMMBI  JajbHEUIIHE
WCCJIEIOBAHMS 10 MPHUHIMIYY MakCUMyMa. Takod aHamm3 Ha3bIBAeTCS
pacundpoBkoii. Pemenue ypaBHeHus [2] coBMecTHO ¢ [7] mpuBOIUT
K JIOTIOJHUTENIBHBIM YCJIOBHUSIM B HEPETYJSIPHOH TOYKE, KOTOpPBIE
MOYKHO BBITIOJIHUTB 3@ CUET CKayka CONpPsLKEHHOM nepeMeHHoul. Mepa
/M W1 XapaKTepU3yeT BEIUYNHY CKauKa.

I[J'IH YUCJICHHOI'O0 PpCHICHUA HCIOJb30BaJICA ,Z[ByXBTaHHLIﬁ
METOJ U pacCpeACIICHHbIC BBIYNCIICHUA.
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PaGota BeimosHeHa npu ¢uHaHCOBON Noanepxke Poccuiickoro
dbonna GyHIaMeHTaTBHBIX HCCaeIoBaHui (Ko mpoekrta 15-07-08952).
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Nnentudukanus napaMmeTpoB pacmupenusi moaean Pamcest
M0 CTATUCTUYECKUM JAHHBIM IKOHOMUKH Bosrapun

H.X. Cagexos

Poccuitickuii ynusepcumem opyscowl Hapodos, Mockea, Poccus

1032120871 @pfur.ru

Pabota MTOCBSIIICHA pobiaeme HOCHTUDUKAITH
napamMeTpoB B MoJeNW Tuma Pamces i 3KOHOMHKH
Bonrapun. B Mozmenu ydTeHBl BHEITHETOPrOBBIA 00OPOT
CTpaHbl ¥ U3MEHEHHE OTHOCHTEIHHBIX IIeH Ha OCHOBHBIE
MaKpOIIOKa3aTenu 9KOHOMHUKH. HccnenoBansr
CTaTUCTUYCCKUEC JAHHBIC W pPaCCUUTAHbl IapaMCTpPbI
Monmenu.  llomydeHbl  cpaBHHTENBHBIE  PE3yJIbTAaTHI
OTKJIOHEHHS CTaTHCTUKA OT pacdera s KaxIoro
MaKpO3KOHOMHYECKOTO TIOKazaTessi. Pabora BBIMOIHEHA
oA Hay4yHbIM pykoBoacTBoM H.H. Onenéga.

Kurouesble ciioBa: mozens Pamces:, nnentudukanus
MapaMeTpoB, SKOHOMUKA bonrapuun

The work is devoted to identification of parameters of
a Ramsey type model for Bulgarian economy. The
model takes into account the foreign trade turnover of
the country and changes in the relative prices of basic
macroeconomic indexes. Statistical data are studied
and parameters of the model are calculated.
Comparative results on deviation of statistical and
calculated time series for every macroeconomic index
are obtained. The work has been performed under the
supervision of Nicholas Olenev.

Keywords: Ramsey model, parameter identification,
Bulgarian economy
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Le papier est consacré a l'identification des
parametres d'un modele de type Ramsey pour
I'économie bulgare. Le mod¢le prend en compte le
chiffre d'affaires du commerce extérieur du pays et les
changements dans les prix relatifs des indices
macro¢conomiques de base. Les données statistiques
sont ¢étudiées et les parametres du modele sont
calculés. Les résultats comparatifs sur la déviation de
séries statistiques et calculé¢ le temps pour tous les
indices macroéconomiques sont obtenus. Le travail a
été effectué sous la supervision de Nicolas Olenev.

Mots-clés: modele de Ramsey, l'identification des
parametres, I'économie bulgare

1. BBenenue

JlanHast paboTa cBsi3aHa C HaxOXKJICHUEM IIapaMeTpOB
paciupenusi Moaenu Pamces 1o CTaTUCTHMYECKUM BPEMEHHBIM
pAlaM MakpoIlOKa3aTesie SJKOHOMUKHM bonrapumn.

Onucanue MoJenu U cXeMa UACHTU(UKAIUK ee
[1apaMeTPOB MOJTHOCTHK COBHAAAIOT C MOJIEIBIO SKOHOMHUKH IS
Poccum u3 [1].

2. Onucanue MojesIn
[Tycte BasmoBoii BHyTpeHHuit npoaykr (BBII) Y(t)
OTIpENIeISIeTCST  OJTHOPOJHON  MPOM3BOJCTBEHHOW  (QyHKIIHEH

oobemoB karmmrtama K(t) w Tpyma L(t) ¢ TOCTOSIHHOI
anactTuaHOCTHIO 3ametnneHust (CES-pynknuneit)
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1

L -b K -b1" b
Y(t) =Y, [a (#) +(1—a)< Iﬁﬂ) ] , (D

0 0

I/Ie HAYallbHBIC 3HAUCHUS W MapaMmeTphbl 00JaJar0T CBOHCTBAMU
Yo >0,Lp>0,Ky>0, a€(0,1), b > —1.

Ha ocHoBe cTaTucTuuecKkux AaHHBIX OyJieM Iojaratb, 4To
tpyx L(t) onuchiBaeTCs MOJMHOMHAILHON (DYHKIUEH CTENEHH 2,
MO03TOMY

dL— L(O) =1L 2
E__at-l_ﬁl ()_ 0’ ()

rae @ > 0, > 0 — HEeKOTOpBIC MAPaMETPHI.
Bynem cuurare, yto kamurtan K(t) MeHseTCS B CHITY
ypaBHEHHS

dK
27 =/ —uK(®),K(0) = Ko, (3)
rje {4 — TeEMI BBIOBITHS KamuTaia, a J(t) — CKOpOCTh IMpUpOCTa
HOBOT'O KanuTaja (MHBECTUIIMU B OCHOBHOW KaIluTa).

[Tlycte B KaXablii MOMEHT BPEMEHH ¢ BBIMOJIHACTCS
OCHOBHOIl MaKpO’KOHOMHYECKMH NpPOAYKTHBHBIN OanaHc B
TeKyIIMX IeHax: cymma Beimycka BBIT py(t)Y(t) u ummopra
p;(H)I(t) paBHa CyMMe KOHEYHOTO TOTPEOJICHUSI HACCICHUSI
pc(t)C(t), umBecTMuMI B OCHOBHON KamuTan p;(t)/(t) wu
skcnopra pg(t)E(t), T.e.

pyY (O +pl(t) =pcCO) +pJ(0) +peE(®), (4
rre uepes py(t), p;(t), pc(t), p;(t), pp(t) obo3nauens! aedmusaTop
BBIl u uHAeKcHl LIeH Ha HMIOPT, KOHEYHOEe MOoTpebieHue,
WHBECTHUIIMH U SKCIIOPT COOTBETCTBEHHO.

[MepeiiieM K MPOAYKTUBHOMY OalaHCy, BBIPQKCHHOMY B
WHJIEKCAX OTHOCHTENBHBIX II€H
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Y(©) + m(01(0) = Q) + m;(0)] () + me(DE(®),  (5)

A€ HWHACKCBI OTHOCUTCIIBHBIX ILI€H HMIIOPTA, I/IHBCCTI/II_II/II\/'I n
9KCIIOpTa 3a/laHbl OTHOIICHUAMUA

_ Pl(t) p](t) _ pe(®)

a BeIpakKeHHe, OaaHCUpYIOIee PaBeHCTBO (5), 1aeT BEIHUUUHY

C(t)
py()

Q) = pc(t) (7)

Jna pemienus cucrembl ypaBHeHuil (1) — (7) HyxHO
ompenenuth 00beMbl uHBecTHHui J(t), oskcmopra E(t) w
umropra [(t) B mocrosHHbeIXx 1enax 2005 roma. Bynem
npeJnoararb, 4T0 3TH O00BEMBI OIPEAEISIOTCS MOCTOSHHBIME
napaMeTpami g, § u p COOTBETCTBEHHO, TII€

_ J(®)
YO +mOIQ) (8)
PO} .
Y () 9)
_m(®)I()
RCH (10)

N3 (8) — (10) BumHOo, uto 0OBeMHbI dkcmopra E(t),
umrnopta [(t) u wHBecTHimid J(t) B MOCTOSHHBIX IIEHAX dYepes3
BBII Y (t) onpenenstorcs cieayomuM o0pazom:

E(t) = 5Y(t) (11)
1® =75 )Y(t) (12)
J(@&) =a(1—p)Y(O). (13)
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3. Crarucrnyeckue JaHHbIe

HcrounnkamMu AaHHBIX SBISIIOTCA O(HUIIMANTBHBIC CAWTHI
Craructuueckoro otaena OOH [2] u  HauuwonameHoro
CTaTUCTUYECKOro HHCTUTYTa bonrapuu [3].

Bbynewm ncnonb3oBars nanusie 3a nepuoa ¢ 2000 nmo 2013
rr. CocraBisatonine BBII mpuBeneHbl B TeKylmUX I€HaX U B
nocTtosHHBIX neHax 2005 1. HMHOEKCH OTHOCUTEIBLHEIX IIEH
MOJIY4eHbl pPAacye€TOM Ha OCHOBE [JIaHHBIX 110 HW3MEHEHHIO
cocrasisiromux BBII B Tekymux v 1ocTossHHbIX LeHaX. /laHHbIe
1uist BenuuuHbl Q (t) paccuuTansl U3 6ananca (5).

4. UnenTudukanus napaMmeTpoB MoJe/Iu

Jlist IpocTOThI Oy1eM CUUTaTh, YTO BpeMsl t U3MEHSETCS B
npenenax or 0 mo 13, t.e. 11 2000 . COOTBETCTBYET 3HAYEHUE
t = 0, nns 2001 r. cooTBercTBYET 3HauUeHue t = 1 u T.1.

Bo-mepBbIX, ompenenuM JUHUIO TpeHAa Ui 4Yucia
3aHATBHIX B HAPOJHOM X03siiicTBe L(t) COTracHO CTaTUCTHUECKUM
naHHbIM. [l oToro OymeM HCHONb30BaTh BCTPOSHHYIO B
Microsoft Excel ¢pynkimto mocrpoenus iuauu tperaa (puc. 1).
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5000000
y =-8821.7x% + 159444x + 3E+06
4000000

2000000 W‘

2000000

1000000

OIIIIIIIIIIIIII
0o 1 2 3 4 5 6 7 8 9 10 11 12 13

MonnMHommanbHan (L)

Puc. 1

B pesynpTare MNOAMHOMUANBHOW MOATOHKH MOIYYUM
cnenyomyto ¢pyakuuto st L(t):

L(t) =
—8821.7t2 + 159444t + 3000000. (14)

s ypaBuenus (2) cootHomenue (14) maer 3HaueHUs
napameTrpoB a = 17643.4,f = 159444 u 3HaueHue HayaIbHOU
BEJIMUMHBI yncia 3aHAThiX Ly = 3000000.

Bo-BTOpbIX, HaWaeM JWMHUM TpPEHAA [JI1 HWHJICKCOB
OTHOCHUTEIILHBIX 1eH g (t), m;(t) u m;(t) cormacho
CTaTUCTHYECKUM JaHHbIM. [l sToro OyneM HCIIOJIb30BaTh
BcTpoeHHy0 B Microsoft Excel ¢ynkiuro moctpoeHus JHHUH
TpeHzaa (puc. 2 — puc. 4).
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pi_J
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y =-0.005x + 1.0234
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0.4
0.2

0 T T T T T T T T T T T T T 1
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JNvHeliHas (pi_J)

Puc. 4

B pesysbrare JUMHEHHON MOATOHKH OTHOCHTEIBHBIX LIEH
nonyunm cienyromue Gpyskuun s g (t), 7w (t) um(t):

ms(t) = 0,0124x + 0,956, (15)
m,(t) = —0,0078x + 1,0511, (16)
m;(t) = —0,005x + 1,0234. (17)

B-Tperbux, HaliileM IIOCTOSIHHBIC IapameTpel a, 08 u p
COTJIACHO CTATUCTUYECKUM JTAHHBIM:

o = 0,149697648, (18)
8 = 0,454387796, (19)
p = 0,573894963. (20)

Janee, nepenuiieM ypaBHeHue (3) B IUCKPETHOM BH/IE:

K(t+1) = K@) +]() — uK(),K(0) = K, (21)
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rae J(t) = o(1 = p)Y(t), K, = nY,, » € [0,5;5].

WUrak, mnpumensis ypaBuenus (1) u (21), wnaiigem
NOCTOSIHHBIE ~— mapamerpbl  a,b,u,x. g storo  Oymem
UCIIOJIb30BaTh BeTpoeHHyo B Microsoft Excel dynkuuio «Ilouck
peuIeHus», ¢ IOMOIIBI0 KOTOpOW Ha KaxIoM Imare Oynem
ONTUMH3UPOBATh HCKOMOE 3Ha4eHHE Y* 10 CTaTHCTHYECKOTO
3HaueHMst Y, W3MEHssi mapameTpsl a,b, i, » TpH 3aJaHHBIX
OrpaHUYCHUSIX, T.€.

0<ax<l,

b> -1, (22)
[-02<u<0,1,

k 0,5 <x <5.

B pesynbrare mombopa mapamMeTpoB MMEEM CIEIYIOIINE
WX 3HAYCHUS:

a = 0,3273875640,
b =1,015085243,
u = 0,099327922,
n =1,224577628.

Takum 00pa3zom, MOACTaBHB BCE MapameTpbl, MOIYYUM
OKOHYATEeJIbHYI0 MOJENb s pacuera BBII.
4. Pe3yabTaThl naeHTHGUKAHA

Jlns HarmsgHOCTH, pe3yibsTarhl pacyera BBII, ummnopra,
JKCIIOpPTAa W HMHBECTUIMH NPEICTAaBIECHBI Ha puc. 5 — 8, rae

cooTBeTcTBeHHO Y*,I*, E*,]* — moka3aTeld, pacCYMTAHHBIC IT0
mogdenu, a Y, I, E, ] — ctraTucTU4eCcKue.
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5. 3akir04eHue

B pabGore wucciaenoBana mpoOiemMa uIAESHTH(DHKAIAN
napaMeTpoB pacuiupeHust moxaenu Pamces, B pesynbraTe
KOTOpPOH  TONydeHa  MOAETb  OKOHOMHKH  bosrapum.
N nenTudumupoBaHHy0 MOJIETb MOKHO HCIIOJIb30BaTh HE TOJIBKO
JUIS aHaJIM3a OCHOBHBIX MaKpOIKOHOMHYECKHX IOKa3aresiel, HO
Y 11 MX IPOrHO3MPOBaHUS Ha Onmkaiiiiee Oyayiee.
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NnenTndukanus BHEIMIHUX apaMeTpoB Mojaean Pamces s
IKOHOMHUKH ABCTPAJINHU

I1.A. lepcToOuToBa

M®THU, Mockea, Poccus, sherstobitova.polya@gmail.com

B pabore m3yuena maentuduxanmus mogenu Pamces mis
9KOHOMHUKH ABCTpaIMH C TIOMOLIBIO IapaluleiabHbIX
BBIUUCICHUNA. B Mozenu ncmonb3yroTcsi 3KOHOMUYECKHE
MAaKpoOIoKasaTejn U HU3MCHCHUC OTHOCHUTCIIBHBIX LCH Ha
KOMIIOHEHTBI JKOHOMHYecKoro Oanmanca. C IOMOIIbIO
CTaTUCTUYECKHUX TaHHBIX ObuIn paccuuTaHbl
MaKpOIIOKa3aTely, XapaKkTepHu3yolue CTPYKTYPY
HCIIOJIb30BAaHKSL BAajJOBOI0O BHYTPEHHETO IIPOAYKTa, U
COIyTCTBYIOIIME  MapamMeTrpsl B  MogJenu. PaOora
BBIINIOJIHEHA IO/ Hay4yHbIM pykoBoacTBoM H.H. Onenéga.

KuroueBble ciioBa: monens Pamces, ABctpanus.

The identification of the Ramsey model of the Australian
economy using parallel computing was studied in the
work. The model includes the economic macro indicators
and changes in the relative prices of the components of the
economic balance. Using statistical data macroeconomic
indicators characterizing the structure of use of gross
domestic product, and related model parameters were
calculated. The work has been performed under the
supervision of Nicholas Olenev.

Keywords: Ramsey model, Australia

L'identification du modéle de Ramsey de I'économie
australienne en utilisant le calcul paralléle a été étudié dans
le travail. Le modéle inclut les indicateurs macro
économiques et les changements dans les prix relatifs des
composants de 1'équilibre économique. L'utilisation
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d'indicateurs macroéconomiques de données statistiques
caractérisant la structure de l'utilisation du produit intérieur
brut, et les parametres du modele connexes ont été
calculés. Le travail a été effectué sous la supervision
de Nicolas Olenev.

Mots clés: Modele Ramsey, Australie

Onucanue MoaeaIu

IMpumenenne u wuaeHTHduUKaus moxenu Pamces [1] s
WCCIIeIOBaHNS JKOHOMHKH ABcTpamuu. Ilycte L — cpemHeromgosoe
YHUCIIO 3aHATHIX B X03sa1cTBe crpanbl, Y — BBII, C - norpebnenne, J —
COBOKYIHBbIC HMHBecTHIMH, E — skcmopt, | — umnopt, K — o0beMbl
KaIlyuTania.

OCHOBHOI MaKkpOMnoOKa3aTelb — BAJIOBOM BHYTPEHHUI NPOAYKT-
OIpeessIeTCs POU3BOACTBCHHOMN (yHKIuMeH [1]:

1

Y(6) = Y, [a (@)_b +(1-0a) (@)_b]_z 1)

Lo Ko

Hauanpaple 3HadeHuss cooTBeTCTBYIOT 2005 TOmy, Takke
HAaKJIaJbIBAIOTCS OrpaHUWYEHUs Ha napameTpel: Yy > 0,Ly > 0,K, >
0,ae(0,1),b > —1.

Cunraem, uto L(t) pacrer ¢ mocrtosHHBIM Temmom, a K
MEHSETCS 3a CYET HOBBIX MHBECTHUIINI 1 BBIOBITHA KalluTaa:

% = yL(t),L(0) = Lo,y > 0, )

dK

— =] () — uK(6),K(0) = K, ®3)

VYpaBHEeHHE MaKPOIKOHOMHYECKOTO OaaHca:

pyY () + piI(t) = pcC(t) + pyJ(t) + pgE(E) (4)
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IIpeobpasyem OalaHCcOBOE ypaBHEHHE C TIOMOIIBIO  BBEICHUS
OTHOCHTEIBHBIX IIeH [1]:

c(t)

Q) = pc(8) *- =5 (5)
_ pni@® _pe® _p®
mO = e O =0 MO =00 ©)

Y(©) + m(OI() = Q1) + ;)] (1) + mg(DEE)  (7)

JUist  pemieHus ypaBHEHHMIl HaM TOHAHO0SATCS BEIUYHHBI
ummopta I(t), skcmopra E(t), oOvem wunBectuimii J(t), BBOIMM
ClemyroIye BeMnInHbI [1]:

() «](©)
TTY® + 1,0 * ()

5= mg(t) * E(t)
0

o m(©) = 1(0)
p_Y(t)+n,(t)*I(t)

Hanee nepexoauM K JUCKPETHBIM YPABHEHUSIM:

Kiya = A —w)* K+, ©)
Ee= (Zy)tt’ ®)

I =G ©)

J, = o*(1+p+(1=8)*Y; (10)

(e
1
-b -b\ b
Yt:Yo*<a*(¥) +(1_a)*($) ) ) Y0=a*K0,
0

0
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Q=(A=0)x(1+p+1=8))=5)*Y,. (12)

NaenTndukanusa moaenu

Ilocmpoenue npubnusicenuii

Jlnst mpoBeieHHsT BBIYKMCIICHUH TOTPEOYIOTCS PSIIbl BETUYHUH,
MOJTy4EHHBIC HAa OCHOBE aHaIM3a CTATHCTHUYECKUX IaHHBIX, B3SATBIX W3
[2].

[epemennas t = <rexymuwii rog> - 2005.

[ocTpoum npubnmkenus ans senuaud L(t), m;, m;, mg:

L(t)=al*t?>+a2xt+ L, (12)
g =1+ ag * t *sin(1.1 + by * sin(t)), (13)
m;=a;+ (1 —a;) *t*cos(a; *t), (14)
=+ (1—a)*(1+t)xebrt (15)

[TpubnmwxeHne gaeT caeayoue pe3yabTaThl:

L(t) = 11.67 + 0.297 » t — 0.01212 = t2, (16)
g = 1.05 + 0.0343 * t * sin(1.05 — 0.3724 * cos(t)), a7
m; = 1.0073 + (1 — 1.0073) = t * cos(1.0073 * t), (18)
;= 0.9717 + (1 — 0.9717) * (1 + t) * e~0-0630+ (19)
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TloncTapnsist cTaTUCTHYECKHWE MAaHHBIE I BETUYHH G, P, O,
MOJIYYHM CIIEAYIOIINE 3HAUCHUS:

o =0,2647 £0,00017, § = 0,2470 + 0,00048, p
= 0,3825 1 0,00109

[MepexoauM K pacdeTy TUCKpeTHbIX ypaBHeHuii (7)-(10):

Pacuernpie rpadukum cooTBeTcTBYIOmMX HHAMKaTopoB J,IEY
MOKa3aHbl HUKE.

B pesynbraTe moiay4aem cienyrole 3HaUeHUs IapaMeTpoB

Lo =11.67, Y, = 99868.

a =0.9667, b =-0,9500, u=-0,0400, K, = 1032600

X 105
29

—8— Eestim J’
28fF =8=-E Vi

2Tk ﬁ 4

/
26+ P 1

251 F,
24+ ﬂ/ =)

23t , _

22F 7 &

21F A 4

2p .

i .

19 1 1 1 1 1 1 1
2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

Puc.5

63



x10°
38 . ; ; ; ; ; . ;

—8— lestim
36 =8=-|

34

32

28
26

24

g

2 1 1 1 1 1 1 1 1
2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

Puc.6

x10°
4 ; ; ; ; ; ; ; ;

i Jostim -
- - e

38

36

34

32r s .

26 1 1 1 1 1 1 1 1
2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

Puc.7

64



x10°

95 T T
—8— Qestim
- Q

6,
2

095

005 2006 2007

2008 2009 2010

201

2012

2013 2014

Puc.8
x10°
—8— Yestim
- e— - Y

2005 2006 2007

2008 2008 2010

Puc.9

65

2011

2012

2013 2014



x10°

55 T T T T T T T T
|
45+ g
at 3
35F &
251 e
15F o

/I 1 1 1 1 1 1 1 1
2005 2006 2007 2008 2009 2010 2011 2012 2013 2014
Puc.10
3akiIoueHne

B  paGore  Obul  TPOM3BEACH  pacueT  OCHOBHBIX
MakpornokasaTteyiel mo mMoxenu Pamcest s SKOHOMHUKH ABCTpaluu ¢
MOMOIIBIO NapaJUIeTbHBIX BBIYUCICHUHN. MneHTndukamnms napameTpos
SKOHOMUKHM CTPaHBbI NpeacTaBieHa Ha puc.1-10. D1tu pe3yiapTaThl MOTYT
MIOMOYb B aHAJIN3€ JAIbHEHIIET0 MOBEJCHNSI SKOHOMUYECKONW CUCTEMBI.
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Economy of Greece: evaluation of real sector
Nicholas Olenev

Dorodnicyn Computing Centre, Federal Research Center “Computer
Science and Control” of Russian Academy of Sciences,
40 Vavilova st., Moscow 119333, Russia
nolenev@mail.ru, http://www.ccas.ru/olenev/newpub.html

Any critical situation in an economy is always reflected on
its real sector. The paper presents an evaluation of recent
changes for real sector of the Greek economy by an
original vintage capital model with putty-clay technology.
At a given capital intensity and a given depreciation rate
they can evaluate age structure of production capacities by
the past real investments. This two unknown parameters
along with those of a production function can be
determined in an indirect way by comparison of pairs of
time series for each macroeconomic index calculated by
the model and for its analog taken from statistics. External
parameters of the model obtained in the process of model
identification are used here for calculation the production
capacity dynamics of the immediate past and forecasts of
the immediate future. These evaluations can be used to
estimate required and feasible structural transformations of
the Greek economy.

Keywords: Greek economy, vintage capital, production
capacities, capacity utilization

JEL classification: D24; E22; C82

Economie de la Gréce: évaluation du secteur réel
Nicholas Olenev (CC FRC CSC RAS, nolenev@mail.ru)
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Toute situation critique dans une économie se refléte
toujours sur son secteur réel. Le document présente une
évaluation des récents changements pour le secteur réel de
I'économie grecque par un modele de capital original
vintage avec la technologie mastic argile. Lors d'une
intensité de capital donné et un taux d'amortissement étant
donné qu'ils peuvent évaluer la structure d'age des
capacités de production par les derniers investissements
réels. Ces deux paramétres inconnus ainsi que ceux d'une
fonction de production peuvent étre déterminées de fagcon
indirecte par comparaison de paires de séries
chronologiques pour chaque indice macroéconomique
calculé par le modéle et son analogue prise a partir des
statistiques. Les paramétres externes du modéle obtenu
dans le processus d'identification de modele sont utilisés
ici pour le calcul de la dynamique des capacités de
production du passé et les prévisions de I'avenir immédiat
immédiate. Ces évaluations peuvent étre utilisées pour
estimer les transformations structurelles nécessaires et
réalisables de 1'économie grecque.

Mots-clés: économie grecque, le capital vintage, capacités

de production, utilisation des capacités

IkoHOMHKA I'peninn: oleHKa peajJbHOro CeKTOpa
Huxomnait Onenes (BL] ®UL] Y PAH, nolenev@mail.ru)

Jlrobast kpuTHYecKas CHUTyallsi B SKOHOMHKE BCerja
OTpakaeTcs Ha e¢ peajbHOM cekrtope. B pabore maHa
OIICHKAa COBPEMEHHBIX WM3MEHEHUN B PEaThbHOM CEKTOpE
SKOHOMHUKH ['peuun, MOJy4YeHHast Ha OCHOBE
OpUTHHAIBHOW MOJIENIM  TPOU3BOJICTBEHHBIX  (POHOB,
TUQPEepeHIIMPOBAHHBIX 110 MOMEHTaM  CO3/IaHus, C
TEXHOJIOTHEH, 3agaBaeMol npu co3aanuu. [lpu 3anaHHOM
(hOHITIOEMKOCTH W HOpPME JIeTpajiallii MOIIHOCTEH MOXKHO
OIICHUTH BO3PACTHYIO CTPYKTYPY THX IMPOU3BOIACTBEHHBIX
MOIITHOCTEH HAa OCHOBE IMPOILIBIX PEATbHBIX WHBECTHITHA.
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OTH [Ba HEW3BECTHBIX HIapaMeTpa U TapaMmeTpsl
NPOM3BOACTBEHHONM  (PYHKIMH  MOXHO  ONpPENeNUTh
KOCBEHHO TIOCPEJICTBOM CpPaBHEHHUS TMapbhl BPEMEHHBIX
pPAAOB ANA KaXJOr0 MAaKpO3KOHOMHMUYECKOTO HHIEKCa,
psina, pacCCUUTaHHOTO IO MOJENIH M €r0 aHajora, B3ATOrO
U3  CTaTUCTUKUA. BHemHume  mapaMerpbl  MoJeiu,
MOJy4YeHHBIE B Tpoliecce MACHTH(UKAIINH, UCIIOIb3YIOTCS
3lech UIA pacdyeTa JUHAMHUKH IPOU3BOJICTBEHHON
MOIIHOCTH B HEAABHEM IMPOLUIOM U AJIs €€ MPOrHo3a B
omwkaiiiem OynynieM. TH OLEHKH MOXHO HCIIOJIb30BaTh
JUIL OLICHKH HEOOXOIUMBIX M BO3MOKHBIX CTPYKTYPHBIX
W3MEHEHUH B IPEYECKON SKOHOMUKE.

KamoueBble cjioBa: rpedyeckas 3KOHOMHKA; (DOHIBI,
muddepeHnpoBaHHBIE MO  MOMEHTaM  CO3/aHuSs,
NPON3BOJICTBEHHAS! MOIITHOCTb, 3arpy3Ka MOIIHOCTEH

Introduction

Any critical situation in an economy is always reflected on real
sector of the economy. Here it is considered the real sector of Greek
economy impacted by the situation with external debt which is reflected
in the distribution of its production capacities by age. The paper
presents an evaluation for real sector of recent Greek economy by an
original vintage capital model with putty-clay technology. In fact the
model uses an age structure of production capacities instead of vintage
capital. So the model can be called as a “vintage capacity model”.

Production capacity is determined as a maximum of possible
output in a year. Gross domestic product (GDP) of Greek economy at
constant 2005 prices measured in US dollars is used here as the output.
At a given capital intensity and a given depreciation rate they can
evaluate age structure of production capacities by the past real
investments. This two unknown parameters (the capital intensity, the
depreciation rate) along with unknown parameters of a production
function can be determined in an indirect way by comparison of pairs
of time series for each macroeconomic index calculated by the model
and taken from statistics.
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Fig.1. Distribution of production capacity in 2000 by age (vintage
capacity) in constant prices of 2005, USD billions

Source: my own estimations for the model [1-3] by data [6]

External parameters of the model obtained in the process of
model identification are used here for calculation the production
capacity dynamics for the immediate past of 1970-2014 and forecasts
for the immediate future of 2015-2020. These evaluations can be used
to estimate required and feasible structural transformations of the Greek
economy.

Methods of evaluation are based on a description of economic
model for investment policy of firms in a market economy, presented in
the works [1-3].
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Fig.2. Vintage production capacity in 2005 in constant prices of 2005,
USD billions

Source: my own estimations for the model [1-3] by data [6]

Model of investment policy of firms

The model of investment policy of firms in a market economy
[1-3] was constructed in the end of 1980-s and it can be used here to
analyze the structural changes in Greece.

Recall the basic definitions and hypotheses [1-3]. Production
capacity is defined as a maximum possible output in a given period of
time. In the vintage capacity model [1-3] each “firm” is determined by
time of creation and has a production capacity with unique value and
productivity (putty-clay technology).

Production capacity m(t,t) created in year t in this year t is
determined by gross fixed capital formation @(t) divided on a
coefficient b(t) of capital intensity.

m(t,t) = O(t)/b(1). )

The value of the capital intensity b(t) depends in general of a
present technological level and in particular of a country’s corruption
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level. For simplicity it is supposed here that b(t) = b(0) exp (—pSt).
As arule, rate 8 > 0.

m(a,2007)

Fig.3. Vintage production capacity in 2007 in constant prices of 2005,
USD billions

Source: my own estimations for the model [1-3] by data [6]

The model of investment policy of firms used a hypothesis of
constant number of workplaces r(z, t) on every capacity through its all
life period from the moment of its creation 7 until its dismantling. It is
supposed also that production capacity of the firm created in a year
decreases with increasing of its age t — t by specified rate pu > 0.

m(t,t) = m(t,7)exp (—u(t — 1)). 2
If norm of labour input of firm created in year 7 at time t
denote as A(t,t) than the number of workplaces r(r,t) =

A, t)m(z, t) and therefore the norm of labour input increases (labor
productivity decreases)

Az, t) = Az, D)exp (u(t — 1)). (3)
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Paper [1] shows that if they come from the variables (t,t) to the
variables (A,t) in a description of capacity dynamics for a density of
distribution m(4, t) the capacity dynamics satisfies a partial differential
equation of the first order:

om(At) am(/l t)

Py jAt) = 2pm(A,t) — pA—=

(4)

where j(4, t) is an investment in technology with labour intensity A.

m(a,2009)

Fig.4. Vintage production capacity in 2009 in constant prices of 2005,
USD billions

Source: my own estimations for the model [1-3] by data [6]

Equation (4) completely determines the density m(A4,t) if an
initial condition m(A,0) = my(A) is specified. If as it is supposed in

equation (1) all investments j(t) = cD(t) come in a new technology with

a norm of labour input v(t) then ](/1 t) =J()6,.(t —v(t)), where
&, (x) is Dirac delta plus function. Now we can find by integrating (4)
by norm of labour input from v(t) to co an equation for a total capacity

M(t) = fv(t)m(/l t)dA (5)
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of an industry or an economy. The equation obtained here from the
microeconomic description is usually used in macroeconomic models:

am(t)

o = J(© —uM (). (6)

Note [1], if we have a limit on upper value of the integral (5) we will
have a more general equation then (6).
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Fig.5. Vintage production capacity in 2014 in constant prices of 2005,
USD billions

Source: my own estimations for the model [1-3] by data [6]

If share of investments in total capacity of an economy
o = J(t)/M(t) is constant than this microeconomic description allows
you to build an analytical expression for production function of the

economy, that is, the dependence of the output Y(t) from the
production factors: total capacity M (t) and the total labour L(t):

Y(t) = MO (t,x), (7)
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where x = L(t)/M(t). It only needs to define function of scientific and
technical progress which in this model is reflected in a dynamics of the
best and the lowest norm of labour input v(t).

1 dv(t) _ .
m ar &0, (8)

where parameter € > 0 is a rate of scientific and technical progress. See
for details paper [1]. So, we can find [1] an analytical form of a new
kind of production functions:

fE0)=1- (=1 -¢-p/o) Z)Vaew/o) ()

Fig.6. Identification for the model of Greek economy by the
employment fitting. Time series for employment: L_mod — estimation
by vintage capacity model, L_stat — statistical data, millions people.

Source: my own estimations for the model [1-3] by data [6]

In general case when the share of new capacities in the total
capacity a(t) is not constant the analytical form is not available but it is
possible to construct a production function numerically using relations
(1)-(3), (8). So let begin numerical estimations by the model for Greek
economy.
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Estimation of production capacities for Greek economy

Here, an annual gross domestic product (GDP) at constant 2005
prices in US dollars is used as the output Y(t) of Greek economy.
Consider the distribution of production capacity on age (see. Fig.1-5 for
the distribution of production capacity over the years established in
2000, 2005, 2007, 2009 and 2014, respectively, where capacities are
measured in billion USD of 2005).

Let us evaluate the parameters b(0), 8, u, v(0), &, my(4) of
the Greek economy 1970-2013 by the model described above from
some natural conditions. One of the condition is that the production
capacities are utilized an average on 70% approximately, implying an
existence of a normal reserve of capacities on the level of
approximately 30% [5].
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Fig.7. Time series for macroeconomic indices: f(x) — capacity
utilization, bJ/Y — ratio of investment product to GDP.

Source: my own estimations for the model [1-3] by data [6,7]

Let use for estimation fitting of time series for labour L(t) and
output Y (t). Namely, we iterate through all valid sets of parameters
using high-performance computing on supercomputer MVS-1000M of
Joint supercomputer centre of Russian academy of sciences and select a
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combination of the parameters in which the match of statistics and
calculations is complete for GDP Y (t) and the best one for labour L(t).

Figures 1-5 show a history of changing the form for distribution
of production capacities by dates of creation. Up to 2007 Greek
economy developed rapidly with a slight decline in 2005, which
resulted in an investment level and in a correspondent fluctuation of the
capacity distribution.

It is interesting to note that at the same time the human
development index calculated entirely on other indicators (human life
expectancy (longevity), education level, living standards in purchasing
power parity), allowed the Greek economy attributed to the group of
developed countries. However, Figures 1-3 show that Greek economy
in 2000-2007 maintained a fairly long "tail" of production capacity with
a large age and therefore with a relatively low labour productivity (or
which is the same with a high norm of labour input).

And when the flow of foreign lending has fell as a result of the
world crisis the problems have arisen because the internal resources of
real sector were not enough to support development of production and
payments on the accumulated foreign debt.

Figures 3-5 show how the decline in investment affects the
distribution of production capacity after 2007 and up to 2014. A naked
eye from these drawing can see that the average age of production
capacity increases and average labor productivity reduces, accordingly,
reducing the competitiveness of Greek economy and, therefore, under a
fixed exchange rate of national currency increasing unemployment to
curb the growth of average norm of labour input.

To increase the average productivity in the conditions of the
fixed rate of national currency it would have been better during the
growth of new production capacity to dismantle the old capacities and
grow by creating more productive capacities, but that did not happen.

With no possibility to devalue the national currency and
thereby making the old production capacities profitable it remains to
hope only for the possibility of debt relief since the policy of clamping
one region in the common economic space looks strange and for the
possibility of a new development program including the construction of
new capacities and destruction of old ones, which lenders and
borrowers can offer jointly.
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As a result of research we have the next estimations for Greek
economy of 1970-2013: capital intensity in 1970 b(0) = 2.755, rate of
its decline 8 = 0.009, the best norm of labour input in 1970 v(0) =
0.01576, the rate of scientific and technical progress € = 0.051, the
rate of capacity depreciation p = 0.0375. Value of b(t) differs in
different countries, the value characterizes the level of technology in
new capacities and the level of corruption. A value of rate u
characterizes an average level of capacities depreciation as a result of
technical ageing in the given country (it depends on the production
culture and the climatic conditions). The inverse value 1/u gives an
evaluation of the maximum possible lifetime (age) of capacities by
technical performance. Taking into account the moral depreciation the
lifetime drops below 1/u increasing the competitiveness of the
economy.

mxAge

- - avrige

Fig.8. Time series for macroeconomic indices: mxAge — maximal age
of capacities which are used in production of output, avrAge — average
age of production capacities.

Source: my own estimations for the model [1-3] by data [6,7]

Figure 6 indicates a quality of fitness of the model and statistics
[6-7] by this parameters.

Figure 7 shows the dynamics of production capacity utilization
by labor employed in Greek economy. It is seen that after 2007 the
capacity utilization has fallen sharply below the economically
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reasonable level of 70%. The figure 7 shows also a ratio of investment
product to GDP. It also falls down after 2008.

Figure 8 shows that in 2013 maximal age of capacities used in
production is fell down below the average age.

Figure 9 shows that in 2013 the share of investments in total
capacity is fell down below the rate of depreciation. So that total
capacity (maximal total output) of Greek economy fall down.
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Fig.9. Time series for macroeconomic indices: o(t) share of
investments in total capacity, u - rate of depreciation.

Source: my own estimations for the model [1-3] by data [6,7]

Comparative analysis

The model allows conducting a comparative analysis of Greek
economy with other countries. For example, Italian economy gives the
next estimations for the model: capital intensity in 1970 b(t) = 3.3,
rate of its decline B = 0.019, the best norm of labour input in 1970
v(0) = 0.012, the rate of scientific and technical progress € = 0.08, the
rate of capacity depreciation u = 0.017.

Figure 10 illustrates the dynamics of capital intensity for
Greece and for Italy. So that b(2014) = 1.85 for Greece, and
b(2014) = 1.42 for Italy. This means particularly that the nowadays
level of corruption in Greece is on 30% more greater than in Italy.
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The total capacity of each compared country was calculated by
a condition that average loading of capacities is approximately equaled
70 percent. The condition gives a value for age of a marginal capacity
which included in total capacity of the country. It was determined that
for Greek economy the age is 30 years old, and for Italy it is 28 years
old. So that the smaller is the tail of the capacity distribution, the
greater is the rate of growth in this economy. Note that as it was shown
in [3] the longer is the tail of the distribution of capacities by age, the
less stable growth of the economy is in the future.
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Fig.10. Time series for capital intensity b(t) for economy of Greece
(solid curve) and for economy of Italy (dashed curve)

Source: my own estimations for the model [1-3] by data [6,7]

Conclusions

The paper presents my estimation of a recent situation in real
sector of Greek economy obtained by the model identification on the
base of official statistical data.

The model of economy, techniques of its identification and
especially its application for Greek economy require further research,
some areas of which are given in [9-12].
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Sometimes unscrupulous analysts say politicians that they have
only two or three possible scenarios of behavior. In fact the number of
ways is limited only by an imagination. As ancient Chinese people said:
«lIt is known that in any situations there are 36 possible ways out.» [13].
You need only to choose an optimal way in terms of acceptance criteria
for a given situation.

In order to ensure sustained growth of the Greek economy in
the future and to be able to repay the debts have to recommend
reducing of the age limit of capacities that can be used in production.
For example, this can be done by increased taxation on old capacities,
which may differ by production sectors.

The author of the work was partly supported by the Russian
Science Foundation (project no. 14-11-00432).
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