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IlpenuciioBue

B macrosiinee Bpemsi KOMIIbIOTEPHOU ajiredpe MPUHAJJIEKUT 3aMETHOE MECTO CPelu ajl-
TOPUTMUTIECKUX PA3/E/IOB HAyKW. PasHooOpasHble aCIeKTh 9TOH HAYIHON TUCIIUIINHDL, ajl-
TOPUTMBbI KOTOPOil ODMEHTHPOBAaHbI Ha TOYHOE PellleHrne MaTeMaTHYeCKUX 33/1a49 C IOMOIIBIO
KOMIIBIOTEPA, OTPAazKeHbI B IIPOrPaMMe MeKIyHapoaHoil kondepennuu «KoummborepHas aj-
rebpay, TpoBOAUMOiil coBMecTHO Boraucaurensubiv rearpom un. A. A. JTopommunbna OUILT
«Nudopmaruka n ynpasiaenuney PAH n Poccmitckum yHEBepcnTeTOoM IpyKOBI HAPOIOB B
Mockse 29 utons — 2 urosist 2016 r. B mpeacraBiieHHBIX TOKIAIaX PACCMATPUBAIOTCS MaTeMa-
THYECKUE ¥ PeaIM3allMOHHbIe 3a/[a49i, BOIIPOCHI aJITOPUTMUYECKOIl Pa3pEInMOCTH, IIPOOIEMbI
obyuenus u 1.1, O6CyXKIaeTCa TPUMEHEHNE KOMITLIOTEPHO-AIre0PanIecKuX MOIX0I0B K pe-
LIEHNIO NIPUKJIATHBIX 3a7ad. B HEKOTOPbIX JOKIagax (pOPMYIUPYIOTCS elle HepelleHHbIe 3a-
Jla4u KOMITbIoTepHO# anreopbl. He 060iineHbl BHUMaHueM KiacCuUKaIys U CUCTEMATU3 AN
MHCTPYMEHTAPHUS KOMIIBIOTEPHON aaredpsl, B YACTHOCTH IPUHIMIBI BLIOOPA KOMIIBIOTEPHO-
JIrebPaAnIeCKIX CPEACTB [T PEIICHNsT KOHKPETHBIX MATEMATHICCKIX U IPUKJIQTHBIX 3303,

OpranuzaTopbl ¥ y49acTHUKU KOHMepeHuun Osarogapsar Poccuiickuit dhow dyHmamen-
TaJIbHBIX MCCJICNOBAHUN 38 OKA3aHHYI0 (PUHAHCOBYIO MOIEPKKY (mpoekT 16-01-20379).

IIpozpammmvili U 0P2aHU3AUUONHBIT KOMUMEMBL KOHPEPEHUUU

Foreword

At present time computer algebra occupies a prominent place among algorithmic branches
of science. Various aspects of this scientific discipline whose algorithms are focused on the
exact solution of mathematical problems using a computer, are represented in the program
of the international conference “Computer Algebra” organized by Dorodnicyn Computing
Center (Federal Research Center Computer Science and Control) of the Russian Academy
of Sciences jointly with Peoples’ Friendship University of Russia, in Moscow on June 29 -
July 2, 2016. In the presented talks, mathematical and implementation problems, as well
as algorithmic decidability questions, learning problems, etc are considered. The application
of computer-algebraic approaches to the solution of applied problems is discussed. Some
of the talks contain formulations of open questions in computer algebra. Systematization
(classification) of computer-algebraic tools is also one of the conference topics. In particular,
the goal is to propose principles for selection of appropriate computer-algebraic tools for
solving concrete mathematical and applied problems.

Organizers and participants thank the Russian Foundation for Basic Research for a
financial support (project 16-01-20379).

Program and Organizing Committees of the conference
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IlnenapHble OOKJIAIbI

VIK 511.5+511.36+512.76+517.928+517.957
Boimykblii MHOTOTPAHHUK B ACUMIOTOTUYECKOM aHAJIN3€

A. 1. Bprono

Omaden N 4, Cexmop cuneysapror 3ada,
Dedepanvroe 2ocydapecmeennoe yupescdenue «Dedeparvholli uccaedosamensveruts yewmp Hrncemumym
npukaadnot mamemamury um. M. B. Keadvaua Poccutickoll akademuu nayxy,
Muycexas na. 4, Mockea, Poccua, 125047

TTokazano, 9T0 JJIst BBIYMCJICHHUS CHHTYJISIPHBIX PeleHnii anrebpandeckux u auddepeHimaibHbX ypas-
Henuit B6JM3M 0COGEHHOCTE! yIA00HO BLIUUCIIATH AHAJIONM MHOTOrpaHHuKa HbIOTOHA, U 10 HUM BBIIAEIATD
YKODOUYEHHbIE ypaBHEHUs. JIJisl aCHMITOTUYIECKOTO PA3JIOXKEH sl PEIICHUIT OIPEe/IEIEHHOTO BHJIA CIPABE/I-
JIMBa TEOPEMa, YTO MX YKODOUEHUE $IBJSETCS DPEIIeHHeM COOTBETCTBYIOIIErO YKOPOYEHHOIO yDABHEHMUSI.
SJ_LQCb III)Q/’_LJIO?KQH HOBbIﬁ BUJ aCUMIITOTUYECKUX pa3JlO)KeHI/II7I. Kpome TOr'0, BbIYUC/IEHUEe BblllyKJIOl'O MHO-
TOrpaHHUKA Jaer ryodajbHoe 000OIIeHne NEHONH ApoOKM W MO3BOJISET HAWTH HaWIydmme anohaHTOBbI
TpUOJINKEHUS.

KurrogeBble ciioBa: BBIMYKJIbI MHOTOIDAHHVK, MPaHb, HOPMAJILHBIII KOHYC, YKOPOUeHHe, ajredpan-
4Jeckoe ypaBHenue, jauddepeHipanbioe ypapHerne, 1HohaHTOBbI TPUOINKEHHS.

1. MHororpaHHukK

ITycrs B m-MepHOM BemiectBeHHOM TpoctpanctBe R™ = {Q = (q1,...,qn)}, n = 2,
3aJIQaHO KOHEYHOE MHOXKeCTBO Touek S = {Q1, ..., Qk}. Ux Bbimyksag o6osouka

k k
T=0Q=> Qi 0< <1, Y =1 (2)
i=1 i=1

" d
SIBJISIeTCsl BBIIYKJIBIM MHOrorpaHHukoM. Ero rpanuna O cocrout u3 rpaneii 1"; ) pasmep-
mocreit d = 0,1,...,n — 1. HyapMmepuble rpann — 9TO BEPIIMHBL, OJHOMEPHBIC — pebpa u

(d)
d ! d d

koM. Kaxoit rpanu I‘; ) COOTBETCTBYIOT: I'DAHHYHOE II0JMHOXKECTBO Sg. ) = I‘§ ) NSwu

HOPMAaJIbHBII KOHYC

(n — 1)-mepuble — runeprpanu. Kaxias rpans I'/ gBisieTcsl BBILYKJIBIM MHOIOIDAHHH-

Ul ={P:(PQ)=(P.Q")>(PQ"), @.Q"es”, Q" es\s{"}, (3)

n
rne P = (p1,...,pn)"— Touka compsizkensoro k R™ npocrpancrea R?, a (P, Q) = . piq;
i=1

— cKayIgpHOe mpousseienne. 1o curyanus adgunnoii reomerpun [1, oot IJ.

2. AureGpanyveckoe ypaBHEHUE

IIycte X = (21,...,2n) € R™ wm C", a f(X) — mmuorounen. Kopuu ypasnenus
F(X) = 0 obpasytor anrebpamueckoe mMuOroobpasue. Ero touka X0 masbisaercss 0coGoit,
ecsm B Heil MHorouwten f(X) u Bce ero dacTHble IPOU3BOJAHbBIE OOPAINAIOTCA B HOJb. Ecian
X% =0, 10

k
F(X) =D aix?, (4)
i=1
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e a; = const # 0, X@ = 291 ... z%. Ipu X — 0 10 Pa3HbIM MyTAM Pa3HbIe CIAraeMbIe
cyMMBI (4) Ja10T BeJylue dIeHbl CyMMBI (4).
Yr1oObl MX BBIAEIUTb, PACCMOTPHM MHOMKECTBO BEKTODHBIX IIOKA3aTe/eil CTerneHn

1,...,Qr} =S, ero Boimykiyio obosouky I'. Kaxkoii rpanu ‘Y coorsercryior: rpa-
yKaty y p Yy

d .
HUYIHOE ITOJIMHOZKECTBO S§ ), YKOPOYE€HHBIM MHOT'O1JICH

fld) _ i (d)
fj _ZaiXQ o QiESj (5)
¥ HOPMAJIbHBI KOHYC U;d). Ecim x; = b;7Pi, bj,p; =const e R, i =1,...,n, 7T > ocomu
P=(p1,...,pn) € Ug-d), TO BeJIylye ciaraemMble B cymMme (4) 00beJuHEeHbl B YKOPOUEHHYIO
cymmy (5), koropast KBaznoAHopoaHa. IIycTh BEleCTBEeHHbIE TOCTOSIHHBIE (12, . . . , Op—1 > 0
"z = xl/a:(lll, it =2,...,n— 1. Bynem uckarp pemenne ypasaenus f(X) = 0 B Buze psiia
(oo}
wp =2 gi(z2, ... 2no1)T, (6)
=0
rae s, A = const > 0.
Teopema 1. Ecau ypasuenue f(X) = 0 umeem pewenuem pasaosicenue euda (6) u
P = —-(1,a2,...,an-1,\) € U;d), MO YKOPOUEHHOE YPAGHEHUE f](@(X) = 0 umeem
pewenue Ty = a:i‘goo(zg, ey Zn—1)-

Vcrnonb3yst OMCAHHYIO BbIIe KOHCTPYKIIHMIO U CTEIeHHbIe Ipeobpa3oBanus koopaunar [1],
MOZKHO BBIUHCJIATH Pa3jIozKeHus pemrenuit suza (6) [2, § 2|.

3. ypaBHeHne B YaCTHBIX IIPOU3BOJHBIX

Ilyctb @1, . . ., Tn—1 — HE3ABUCHMbIE, & Ty, — 3aBUCHMast nepemennble. Juddepennnaib-
HBIM MOHOMOM a(X) HA30BEM KOHEUHOE IIPOM3BEJICHUE: HEHyJIEBOH MOCTOAHHON, OBLIMHOrO
MoHOMa X @ U YACTHBIX IPOM3BOLHBIX BUIA 8”[(”9071/8KX7 e K = (k1,...,kn—1) €
Zr Y K >0, ||K|| = k14 - + kn—1. Kaxuomy mudbdepennmanbiomy monomy a(X)
COOTBETCTBYET €ro BEKTOPHBI noKasaress crenernn Q(a) = (q1,...,qn):

Q(const) =0, @Q (XR> =R, (7)
Q (8”K”a¢n/8KX) = (=K, 1). (8)

IIpn yMHOKEHNE MOHOMOB MX BEKTOPHBIE IIOKA3aTeNN CKJIAIbIBAIOTCA KaK BEKTODBL.
Paccemorpum komeunyio cymmy nuddepeHasbHbBIX MOHOMOB

k
F(X) =D ai(X). (9)
=1

Touku Q(a1),...,Q(ar) € R™ obpasyior ncxoznoe Muoxkectso S. ITo HeMy BBIMHCIIsIEM MHO-

rorpannuk I' ¢c rpanamun I' 5> TPAHHTHBIMHE [IOIMHOKECTBAME S;d)7 YKOPOYEHHBIMH CyMMaM1
A(d d
FP(X) =" ai(X) no Qi € 817, (10)
(
J
f(X) = 0 cupasemymsa Teopema 2 ¢ 3amenoit (4) ma (9) u (5) ma (10) . Ilpm sToM must

¢ HOpMaJIbHBIMU KOHycamu U D, B6smzu touxn X© = 0 aast pernenmit usa (6) ypasmenus
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anreGpanveckoro ypasuenus GbyHriuyu pp(22, ..., 2p—1) — DalUOHAJIbHBIE, a i gudde-
PEHIMAIBHOTO ypaBHeHns GyHKIum ; — 6osee obmeit npupost [1, ror. VI, § 5.

4. duodaHTOBbI HNPUGINKEHUS

Ilycts B BemecTBEHHOM n-MepHOM mnpocrpaHcTBe R™ = {X} 3a1aH0 ™M OZHOPOIHBIX
semecrBeHHbIX dopM fi(X), ¢ = 1,...,m, 2 < m < n. Bomykaaa o6osouka MHOXKe-
cra suavenuit Q(X) = ([f1(X)],..., [fm(X)]) € R s nenouncnennpix X € Z™ Bo

MHOTHUX CJIy9asiX fBJISIETCs BBIIIYKJIBIM MHOTOIDAHHBIM MHOYKECTBOM, T'DAHMIIA KOTOPOTO JIJIst
[|X]|] < const BbramCasieTcss ¢ mOMOmBIO cTaHAApTHOH mporpammbl. Toukun X € Z", s
KOTOpbIX 3Hadenust Q(X) JiexkaT Ha 9TOH TpaHuIle, HA3BAHBI TPAHUIHBIMU. OHU SABJISIOTCS
HAMJTY ImuMu JO(haHTOBBIME TPUOJINKEHUSIMU J[JIsi KOPHEBBIX MHOYXKECTB YKA3AHHBIX (DOPM.
Ux Bbruncienue jaer riodbaabuoe obodIeHne nermHoi 1poomu.

ITycrs p(§) — nennlii HenpuBoAnMblit B Q MHOTOUIEH creneHn 1 u A — ero Kopenb. HaGop
OCHOBHBIX €JIMHUIL KOJIbIA Z[A] MOXKHO BBIYHUCANTD IO TPAHUIHBIM TOYKAM HEKOTOPOH COBO-
KYIHOCTH JIMHEIHBIX M KBaJPATHYHBIX (DOPM, MOCTPOCHHBIX M0 KOPHAM MHOrouteHa p(€).
Kaxnas equnnna onpenesnser asroMopdusmbl rpannnbix Tovek B R™ n s R B norapud-
Muyeckoit npoekuuu R Ha R™~1 nmozknO HaiiTH byHIAMEHTATBHYIO 0GIACTD [T TPY BT
aBTOMOP(U3MOB, COOTBETCTBYIOIMX eauHuaM. C MOMOIIbI0 9TUX KOHCTPYKIMHA MOXKHO Ha-
XOJIATH LeJIOIUCIIEHHBIE PElIeHnsT quohaHTOBBIX yPABHEHHIT ClienuaabHOro suja [3,4].

st n = 3 06001UTh HENHY JIPOOb He3yCIenHo nbITaauchk Jitiep, Akodbu, dupuxie,
Opwmur, Ilyankape, 'ypsurn, Kieiin, Munkosckuii, Bpyn, Apuoaba u muorue apyrue. Ham
moAX0 0000IIAET TENHYIO JAPOOb, MO3BOJIAET BLIYUCIUTDH HAMJIYUIINE COBMECTHBIE MPUOJIU-
JKeHHsl, OCHOBHbIE €JIMHUILI asrebpaudeckux Koster o Q(A) u Bce peleHus HEKOTOPOTO
KJacca MUOMAHTOBBIX yPABHEHUIT JJ1s JII060T0 N.

5. OG6GoGIeHus

Amajiorn TeopeMsl 2 cIpaBeiIuBbI BOam3M 060 Toukn X0, KoopauHATHI KOTOPOIl co-
cTosT U3 Hyseil n GeckoHeYHOCTell. AHAJOrMYHBIE KOHCTPYKIWMH € OJHUM MHOTOIDAHHUKOM
WJIM MHOTOYTOJIbHUKOM TIOJIE3HBI JIJISI BBIMHUCJIEHUS PA3JIOXKEHNsT PeIeHnii:

1. Apronomuoii cucremsr OZY [1, ro. III].
2. Opgmoro neasronomuoro OJLY [2; §§ 3,4].

KOHCprKL[I/II/I C HECKOJIbKMMH MHOTI'OrpaHHUKaMMU ITOJIE3HBI JIJIA BbIYHUCICHUA pEIHeHHﬁZ

3. Cucrembl m anrebpamdeckux ypasuenuit ¢ m < n [1, o II).
4. Cucrembl m ypaBHEHUI B YACTHBIX IIPOU3BOJAHBIX C 1 HE3ABUCHMBIMH U 1M 3aBUCHMBIMEI
nepeMeHHbIMY (2, § 5.

IIpu sTOM rpaHUYHbBIE YCJIOBHUS MOXKHO PACCMATPHBATH KaK JIOHOJHHTEbHbIE ajaredpan-
“YeCKHE YPABHEHU CHCTEMBL. B 9THX BBIUHCIIEHHSIX HCIOIB3YETCs MOYUTH BECh aPCEHAT KOM-
MIBIOTEPHOI aareOphl.
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UDC 511.5+511.36+512.76+-517.928+517.957
Convex Polyhedron in the Asymptotic Analysis

A. D. Bruno

Department of Singular Problems,
Keldysh Institute of Applied Mathematics,
Miusskaya sqr. 4, Moscow, 125047, Russia

It is shown here that for computation of singular solutions of algebraic and differential equations near
their singularities it is convenient to compute some analogues of the Newton polyhedron, and to separate
by them truncated equations. Then for asymptotic expansions of solutions of a certain form we state a
theorem that its truncation is a solution of the corresponding truncated equation. We propose here a new
form of asymptotic expansions. Moreover computation of convex polyhedron gives global generalization of
the continued fraction and allows to find the best Diophantine approximations.

1. Polyhedron. Let in R™ we have a set S of points Q1, ..., Q. Its convex hull is a polyhedron T

Its boundary OT consists of faces ].";d) of dimension d = 0,1,...,n — 1. Each face I‘;d) corresponds
the normal cone U;-d) C R} (3) and the boundary subset S§d) = I‘§d) N S. Here RY is dual to the
R™ [1, Ch. I].

2. Algebraic equation. Let we have a polynomial f(X). Near its singular point XY = 0 it has the
form (4). The set S of its vector power exponents Q; is its support. We compute all objects T, I‘;d)7 U;d)
and S;d), mentioned above, and additionally we obtain truncated polynomials f;d) (X)), consisting from

all terms a; X @i of f(X) corresponding to S§d)4 Let constants aa,...,an—1 > 0and z; = xl/xla’
‘We look for solutions of the equation f(X) = 0 of the form (6).
Theorem. If equation f(X) = 0 has a solution in the form (6) with

P=—(1,02,...,an_1,A) € U, 1)

then the truncated equation f;d) (X) = 0 has solution =, = 3o [2, § 2].

3. Partial differential equation. Now let z1, ..., x,_1 are independent and x,, is dependent vari-
ables. Each differential monomial a(X) [1, Ch. 6, § 1] corresponds to its vector power exponent Q. To
a finite sum f(X) of differential monomials there corresponds the set S of points Q;. Here there are all
objects, considered earlier, and Theorem is true [1, Ch. 6, § 5].

4. Global generalization of the continued fraction. Let in R™ we have m homogeneous real
forms f;(X), 2 < m < n. Convex hull of points Q(X) = (|f1(X)],..., [fn(X)]) € RY for integer
X € Z" is a convex polyhedron set I'. Points X € Z™, for which values Q(X) C T are boundary
points. They are the best Diophantine approximations for the root sets of given forms f; (X)) [3,4].

5. Generalizations. Constructions of Sections 2 and 3 can be generalized to one ODE, to a system of
ODE’s and to a system of polynomial or partial differential equations [1,2].

Key words and phrases: convex polyhedron, face, normal cone, truncation, algebraic equation,
differential equation, Diophantine approximations.
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YAK 519.653:519.658

O6 00600611IeHHOIT MeTOI0JOTUHN OBICTPOTO aBTOMATUIECKOTO
auddepeHTnpPoOBaHUST

10. T'. Eprymenko*, B. . 3y6os*!

* Brvucaumenvnoiti yenmp um. A.A. Jopoonuywvima OHUI] 1Y PAH,
ya. Basunosa, 0. 40, BL] PAH, Mocksa, Poccus, 119333

T Mockoscruti usuro-meznunecrud unemumym,
HUnemumymeruti nep., 9, Hoazonpyonwii, Mockosckas obaacmsv, Poccus, 141700

OnucsbiBaercs HoBast 3(pdEKTUBHAS METOIOJIOTU, IPEHASHAYCHHAS JIJIs YUCICHHOIO BBIYUCIICHUS I'Pa~
JueHTa (GYHKINT B PEHICHNS MIIPOKOTO KJIACCA 3aad ONTUMAJBLHOTO yIPABJICHUA CIOXKHBIMU JTIHAMUIC-
CKUMH CHCTEMAMH, OINUCHIBAEMBIMI OOLIKHOBEHHBIME i depeHuanbabIME ypaBHenuaMu 1 (uin) ud-
depeHIaTbHBIME yPABHEHUSMA C YACTHBIMU pou3BOoAHbIMEA. CyTh 9TOrO MOIXOIA COCTOUT B TOM, UTO
BBIBOJATCH KAHOHHYECKUE (POPMYJIbI, IO3BOJISIONINE C MAIIMHHON TOYHOCTHIO BLIMUC/IATH 3HAYCHHE I'Da-
JIMEHTA 11eJ1eBOii (byHKIUH JIJIsd BLIOPAHHOI KOHETHOMEPHO AIIIPOKCUMAIIMHN 1eJIeBOI0 (DYHKIMOHAJIA.

KuodeBble ciioBa: rpaJienT, ONTHMAJbHOE yIpaBJieHue, ObIcTpoe aBromMaruieckoe Juddepennn-
pOBaHNe, CONpPsi’KEHHbIE YPABHEHUs, alllPOKCHMAaIINs KPAeBOi 3a/a4n.

1. Bseaenwne

IIpu pemrennu 3a7a9 U3 pasHBIX 00IaCTeil HAYKN M TEXHHKH BO3HUKAET HEOOXOAUMOCTH
BBIUHC/IATH IPOU3BOIHBIE TOCTATOTHO CJIOKHBIX (DYHKIMIT KOHETHOTO UHCJIA IIEPEMEHHBIX.
Ortu pyHKIMH MOryT GbITH 33JaHbl KaK sIBHBIM 00pa3oM, Tak U HesiBHO. Kpome Toro, acro
GyHKIUM 3a1a10TCsE HA MHOTOOOPa3MsiX, KOTOPBIE OIPEIE/ISIOTCs CHCTEMOII PABEHCTB.

Cy1mecTByI0T pa3Hble METOBI BBITMHCICHIUS IIPON3BOIHBIX CIIOKHBIX (DYHKIMIT: CHMBOJIb-
Hoe puddepenmpoBanne, METOJ], KOHEYHbIX pasHocTel,... OJHUM U3 COBPEMEHHBIX METOJIOB
BBIUUC/IEHNs] IPOU3BOJHBIX CJOXKHBIX (PyHKIui siisiercss Beicrpoe Aromarudeckoe Tud-
depenrposanue (BAI). 9o Hanpasienue pasBUBACTCA Ha IPOTIKEHUN OCJEHUX TIsITH-
necsaru Jjier. O630p ucropun co3anus u pazsutus BAJ u CBSI3aHHBIX ¢ HUIM METOJIOB CJIEJIaH
B [1-6].

Hauwmnas ¢ 1970 roma 8 BI[ AH CCCP npoBoaummch paGoThI 1O CO3TAHUIO TUCICHHBIX Me-
TOJIOB PEIIEHNUST 33,18 ONITUMAJIBHOIO YIIPABJICHNSI, OCHOBAHHBIX Ha PEIYKIIUH ICXOIHOMN 3a1a-
9H K 33/[a79€e HeJIMHEeHHOro nporpaMMupoBanus. [losmyaenmsre mpu atom dopmysst quddepen-
LUPOBaHUSE OKa3aJMCh BecbMa Orms3kumu K dopmysnam BAJL. B pesysibrare srux pabor 6b11
npeyioxken oomwmii moaxos K auddepennuposanuio cioxkubix dynknumii (BA I-meromosorns)
U II0KA3aHO, YTO U3 HAiJIEHHBIX PEe3yJIbTaTOB MOXKHO HOJIyunTh Kak (opmynst BAJL, tak n
GOpPMyIIBI [J1s1 BEIYUCICHUS TPAAUEHTa (DYHKIOHAIA B 33a9aX ONTUMAILHOIO YIIPABICHI
CJIOZKHBIME JUHAMIIECKIME CHCTEMAMI.

2. OcHoBHasI YacTb

IIycts 2 € R™ u u € R” — Bektopsl. duddepenmupyembre dynkiun W(z,u) n ®(z,u)
onpesensor orobpazkenms W: R™ x R™ — R!, &: R™ x R — R™. ®a30Bblii BEKTOD 2z
¥ BEKTOD YIPABJICHUN U YIOBIETBOPSIOT CJIEAYIONIEH CHCTEME U3 T HEJIMHEHHBIX CKAJISIPHDBIX
YPaBHEHUIA:

®(z,u) = 0n, (1)

rie 0, — n-MepHbIit Hys1eBol BeKTOp. IIpenosoxKum, 4To MaTpuia <I>;r (%, u) HEBBIPOXKAEHHA.
Tora, coracHo TeopeMe 0 HesBHON dyHKIMH, cucreMa ypasHenuii (1) onpenenser nudde-
penupyemyio GyHKIHIO 2 = 2(u), IPOU3BOAHAsT KOTOPOii BBEIMHUCJIAETCS 10 POPMYJIE:

a7 Jdu = ] (2(u),u) - [#] (2(u),w)] @)
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Crnoxuas dynkims Q(u) = W(z(u), u) muddepeHnupyema u ee rpajueHT OTHOCHTEIBLHO
HE3aBUCHMBIX TIEPEMEeHHBIX U BBIYUC/ACTCS 110 (hOopMyJIe:

dQ(u)/du

W (2(w),u) + We(z,u) - dzT /du =

3

Beenenm dbymukmmo Jlarpamxa L(z, u, p) = W(z,u)+® T (2, u)p ¢ BeKTOPOM MHOKHTECIT
p € R™. DTOT BEKTOP HAXOAUTCS U3 PEIeHusl JIUHEHHON ajrebpandeckoil CUHCTeMbl:
Li(z,u,p) = Wa(2,u) + @] (z,u)p = On, (4)
—1
Te. p=—Wa(z,u) [®] (z,u)] .
CreoBarensio, Gopmyiry (3) MOXKHO 3aIlucaTh Tak:
40 u)/du = W (=(u), ) + ®] (=(u), w) - p. (5)
B MHOroOmaroBbIx 3a/lauax BEKTOPbI Z U U OOGBIYHO COCTOAT U3 HAGOPa BEKTOPOB MEHBINeit
Pa3MepHOCTH:
-
2T =m0,z uwl = (un,ug, ] T
2€R°, weR™ Dj={i:1<i<k}.

ITycrs coornomenue (1) pacmemieno na k COOTHOIIECHHUIT CIIeLyIOMUM 06Pa3oOM:
zi = F(i,2Z;,Uy), 1€ D, n=s-k, r=m-k, (6)

rje Z; — Habop BEKTOPOB Z;, KOTOPbIE BXOJAT B HPaByo YacTb paseHcrsa (6), a U; — nabop
BEKTOPOB U;, BXOIAIIUX B MPABYIO YaCTh 9TOIO PABEHCTBA.

OrmernM, uro npescrasiaenne (6) uMeer BecbMa 00MIUIA XapakTep, BKIIOYast B cebst JIuc-
KPEeTHBIEe BAPUAHTHI 33121 OIITHUMAJILHOTO YIIPABJIEHUS IIPOIECCAMU, TIOBE/IEHIE KOTOPDBIX OIIH-
coiBaeTcs U bepeHnnaIbHbIME yPABHEHUAME (KaK OOBIKHOBEHHBIMHU, TaK U C TACTHBIMU
[IPOM3BOHBIMA ), HHTErPO-T D bepeHIHANbHBIMI YPABHEHUAMU U T. L.

OmnpezenuM CJIeIyonume NHIEKCHbIE MHOXKECTBA:

Q,={jeD, =z¢€Z}, K;={jeD, wueU}.
Beegem muoxkunresn Jlarpamka (umiynbscst) p; € RS, Torna
L(zyup) = Wew) + Y [F1(,25,U05) = 2] | s,
jeD

¥ MHOXKHTeNIH p; € R° ompenendaioTcs U3 cielrylomeil CHCTEMb JIMHEHHBIX aJreOpaniecKux
YPaBHECHUIA:

pi = Wz (z,u) + Z FZ—E(‘L Zq,Uq)pg, (7)
ani

a dopmyna (5) npuHEMaeT B

dQ/du; = W, (z,u) + Y FJ (4, Zq,Ug)pg- (8)
q€K;

Dopmyast (7), (8) — 910 U ectb GopMyasl GBICTPOro aBTOMATHIECKOro Jd depeHnnpoBa-
Husl JJIs BBIUUCJCHUs Ipajuenta cuoxkHoit dynkuuu Q(u) = W(z(u),u) orHoCUTEIBHO
HE3aBHUCUMBIX [EPEMEHHDLIX % B TOM CJIydae, KOIJIa BEKTODBI 2 W U CBS3AHBI MEXKIY COOOM
MHOTOMIATOBBIM IIporeccoM (6).
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Ananus dopmyn BAJl-meromosorun mo3Bosmt copMyInpoBaTh U J0Ka3aTh TeOpeMy,
YKa3bIBAIOILYI0 Ha 3 MEKTUBHOCTL 3TOH METOMOJIONHH: TOYHOE 3HAYEHUe I'DaJueHTa (yHK-
UM BLIYUC/ILAETCA 32 BPEMd, HE IIPEBOCXOIAIIEe yTPOEHHOIO BPEMEHU BBIUHCICHUA CAMON
byHKIMN.

Omuncannass BA/I-merozosorust npogeMoHCTpUpoBaia cBoK 3G OEKTUBHOCTD LIPU pelle-
HUH CAMBIX Pa3HOOOPA3HLIX 3akad. D10 u nuddepenuposanne HyHKIU, U pelleHne 3a1ad
ONITHMU3BAIIH.

Ho ocobenno sipko BA/I-merozosorust nposiBuia cebst B IPUIOKEHUSX K 33/1a4aM OLITH-
MAJILHOT'O yIIPABJICHUS JUHAMIICCKUME CHCTEMAMH, TOBECHIS KOTOPBIX OIUCBIBACTCS yPaB-
HEHUSMU C YaCTHBIMH IIPOU3BOAHBIMU. /IeCTBUTE/IBHO, IPU YUCJICHHOM DEIICHUH TAKUX 3a-
J1a¥ 9aCTO HMCIIOJIb3YIOTCS IPAJIMeHTHbIE METOIbI 1 X 0DOOIIEH s, KOTOPBIE JIJIs CBOEH peaJin-
3anuu TpebyIOT YMeHHs BBIYACISTh TOYHO He TOJBKO 3HAUEHUST ONTHMHU3UPYEMBbIX (DyHKITHIA,
HO W HX I'DaJIHeHTOB.

CaMBIM €CTECTBEHHBIM CIOCOOOM BBITHCICHUS TI'DAJANCHTOB BO3HUKAIOIINX CJIOKHBIX
GbYHKIHI TPEACTABIACTCS METOL KOHEUHBIX pasnocreil. OmHAKO B psafe 3a4ad ONTHMAIIb-
HOTO YIPABJIEHHs ITO CBA3AHO € GOJBIINMHI TPYAHOCTAMEU (CM., HAIpUMEp, [7]).

IIpu cBenennu 3a1a4y ONTUMAJILHOIO YIPABJIECHAS CJIOXKHBIMU CHCTEMAMH K 331a9e HeJIH-
HEHHOro IPOrpaMMUPOBAHUS UCC/IEIOBATEIH HIYT, B OCHOBHOM, JBYM: ITyTSAMH.

Ilepsorit myTs mpemycmaTpuBaeT (GOPMYIUPOBKY 33Ja4H ONTHMAJLHOIO YIPABICHUS B
HENPEPLIBHOM IIPOCTPAHCTBE, (POPMYINPOBKY CONPSKEHHON 3a7a9d B HENMPEPLIBHOM IIPO-
CTPAHCTBE, OIpe/eJIeHne IPaauenTa (QYHKIOHAIA B HEIPEPLIBHOM CJIydae, U TOJILKO ITOCTIe
9TOTrO OCYIIECTBIISIETCS TIEPEXO] K JUCKPETHOMY BAPUAHTY MIPSIMOIl M CONPSI?KEHHON 3a7at, K
JIUCKPETHOMY BapHaHTy (GOPMYII Uil ONPEIEICHUs TPaIieHTa (DyHKINOHAA.

Vcnonb3yst yKa3aHHBINA TTOIXOM, UCCIEA0BATENb JOIKEH, OJHAKO, IIOMHHUTH, ITO IIOJIyda-
eMBIil TPaJIUEeHT IUCKPETU3NPOBAHHOIO (DYHKIMOHAJIA HETOUEH W 3aBUCHT OT CIIOCODa Iwc-
KpeTn3anui KaK IPsMOl U CONpPsKEHHOU 3a/ad, TaK W OT CHOcoba JANCKPETH3AInd CAMOTO
rpaJuenTa. 9Ta HETOYHOCTb MOXKET ObITh CYIIECTBEHHO yMEHBIIEHA 33 CYeT yMEHbIIEeHHs
MOI'PEIIHOCTEl yKa3aHHBIX ANIIPOKCUMAIMI MJIN JJasKe MOJTHOCTBHIO JHKBUIUPOBAHA 33 CYET
BBIOOpA “COrIACOBAHHBIX AIMIPOKCUMAIUI TPAMOIl ¥ COIPAKEHHON 3a/1a41 U “COTJIACOBAHHO™
C HEMH alllIPOKCUMAIHU rpaguenTa. “CoriacoBanHble’” allipOKCUMAIIIN MOXKHO CJLy YailHO yra-
aTh. YKa3aTh CIIOCO0 OIpe/lesIeHus “‘COTJIACOBAHHBIX  AIIIPOKCUMAIMIA, HAXO/ICh B PaMKaX
JTAHHOT'O TTO/IXO/IA, IIO-BH/MMOMY, HEBO3MOXKHO. Ecim BbIOpaTh HENPAaBHJIBHBIN AUCKPETHDIH
BapHUAHT CONPs’KEHHON 3a/1a4H, [10JIy 4aeTCsl HeBepHOe 3HadeHne rpajauenta. C TakuMu ciryda-
SIMHE BCTPEYAJINCH Ha IPAKTHUKE, HATIPUMED, IIPH OINTUMU3AIME Dellennst 3a1a4u Broprepea [8].

Bropoit myTh cBsI3aH ¢ IpeiBapUTENIbHON alIPOKCUMAaINEil HEIIPEPbIBHON 3aia4y OITH-
MAJILHOTO YIIPABJICHHs, IIOCTAHOBKON 33491 ONTHMU3AINN B KOHETHOMEPHOM IIPOCTPAHCTBE
1 C OIIpe/Ie/IeHIEM TP IIeHTa QYHKIIMOHATA B JUCKPETHOM BH/Ie. ECiu mpu 9TOM THCKPETHBIH
rpajmenT pyHKIUOHAIA ONPEIEIATh C MOMOIILIO KanoHnIecKux (hopmya BA JI-meromomornm,
TO ero 3uaveHue (C MAIIMHHON TOYHOCTHIO) MOJLYIAeTCsl U 3/1€Ch 32 BPEMd, He [PEBbIIIAIONIee
YTPOEHHOTO 3HAYEHNsI BPEMEHN BBIYHICIEHNST CAMOTO (DYHKI[HOHAIA.

Meromosorus 6bICTPOro ABTOMATHIECKOro HuddEePEHITHPOBANNST I03BOJINIA YCIIEIIHO Pe-
AT P CIOKHBIX 33849 ONTUMAJBLHOIO YIPAaBIEHH JHHAMIYECKIMHY cHcTeMaMu. B kade-
CTBe IpHMepa MOXKHO YKa3aTh IUKJ paboT, HOCBAIIEHHBINA PEIICHNIO 3aJa9i ONTUMAIBHOIO
YIPABJIEHNUsI TEIJIOBBIME Iporieccamu ¢ GpasoBbiMu mepexogamu [9].

3. 3akJrouyeHue

IIpenmaraercss coBpeMEHHBL MOAXOM K BBIMHCICHUIO IPAJAUEHTA CJIOKHON (DyHKIWNH, 3a-
JIAHHOI Ha MHOro0Opa3uu. B ero 0CHOBe J1€2KaT IOJIy IeHHbIe KOHETHDLIE KAHOHUTIECKHEe (POPMY-
JIBI, yI00HBIE [IJIs1 3AIIOMUHAHNS U [IPOBEIEHNUs BBIYUCIeHNiT. OTIMInTeIbHON 0COOEHHOCTHIO
9TUX (POPMYJT ABJISIETCS TO, YTO OHH HO3BOJIAIOT BBIYUCIATH IPAIHEHT (QYHKIUN C MAITHHHON
TOYHOCTHIO 33 BPEMsI, HE IIPEBOCXOJISIIEE YyTPOEHHOIO BPEMEHH BBIYHCIIEHNST CaMOil PyHKITHN.
D10 yTBEpXKIEHUE CIPaBeInBO it (PYHKIM 06010 KOHEYHOIO YUC/Ia IE€PEMEHHBIX.
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The new efficient methodology, designed for the numerical computation of the gradient of functions,
is presented. It may be applied to solve a wide range of optimal control problems of complex dynamical
systems described by ordinary differential equations and (or) partial differential equations. The essence of
this approach is that it displays the canonical formula to calculate the gradient of the cost function with
machine precision for the selected approximation of the target functional.
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Description of Two Qubit Entanglement Space in Terms of
Polynomial Invariants: a Challenge for Computer Algebra

V. P. Gerdt

Laboratory of Information Technologies
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We consider computational aspects of characterising the entanglement space of two qubit mixed states
via the polynomial invariants of local unitary group SU(2) x SU(2). Although in the literature a number
of computer algebra based algorithms has been designed for construction of the ring of invariant polyno-
mials, the underlying computations related to two qubits are too hard for those algorithms. In the talk
we restrict ourselves by a subset of the two qubit states containing so-called X —states and investigate its
invariant ring.

Key words and phrases: two qubit mixed state, entanglement space, local unitary transformation,
invariant polynomial ring, primary invariant, secondary invariant, Noether normalization, syzygy ideal,
computer algebra.

1. Introduction

The entanglement of qubits (quantum bits) provided by their quantum correlations is the
main resource [1] of quantum computing and quantum information processes, e.g., super-
dense coding, teleportation and cryptography. By this reason a qualitative and quantative
characterization of entanglement is a topical research problem.

2. Problem statement

A two qubit state is described by a 4 x 4 Hermitian, semi-positive and unit-trace matrix
of the (so-called Fano) form

3 3 3
1
e=7 12®I2+;ami®f2+;bﬂz®0i+”Z::10¢j0i®aj

where o; are the Pauli matrices, Iz is the identity 2 x 2 matrix and a;, b;, c;; are real
numbers. The entanglement of a quantum state is invariant under the adjoint action of the
local unitary group (g,0) — gog', g € G := SU(2) x SU(2). These transformations of o
induce transformations on the 15-dimensional real space

W= {(ai,bj,cra) € R | i,5,k,1=1,2,3}.

It follows that the corresponding G—invariant polynomials accumulate all relevant information
on the two qubit entanglement.

The ring R[W]S of G—invariant polynomials is Cohen-Macaulay [2] and the research
problem of computer algebra is to construct the Hironaka decomposition

RWIY = P fuR[Fp].
frLE€Fs

Here F}, is a set of homogeneous and algebraically independent primary invariants and Fs is
a set of homogeneous secondary invariants.
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3. Computational issues

Based on the Grobner bases techniques, several algorithms has been suggested and imple-
mented in computer algebra software (cf. book [2] and its bibliography) to construct invariant
rings for linear reductive groups. According to the literature, among those algorithms the
Derksen’s one, implemented in MAGMA and SINGULAR, is the most efficient. However, the
invariant ring ]R[W]G is computationally intractable by the last algorithm as well as by the
other known algorithms.

Nevertheless, both sets F), of primary and Fs of secondary invariants for R[W]S were
constructed in [3]. The authors of this paper exploited the following facts: (i) the knowledge
on cardinalities of F}, (10) and Fs (15) and the degrees of their elements provided by the
generating Molien function of G (Hilbert series in [2]); (ii) the results of paper [4] where a set
F of 20 fundamental invariants in R[W] was presented. An irredundant set of invariants is
called fundamental if it generates R[W]%. In so doing, the special features of SU(2) x SU(2)
were used in construction of Fj, and Fs whereas the computer algebra software (MAPLE)
was applied to compute the ideal I of syzygies (nontrivial algebraic relations) generated by
the fundamental invariants. The knowledge of syzygy ideal I is necessary because of the ring
isomorphism

R[W}G = R[:ul: cee 7y20]/IF .

It should be emphasized that at the present time even verification of the algebraic indepen-
dence for the 10 primary invariants of paper [3] cannot be performed by means of computer
algebra since the underlying Grobner basis computation is too cumbersome.

4. X —states

Recently, we studied [5] the subspace of two qubit mixed states such that the density
matrix reads
o1 O 0 o014
0 o022 o023 O

ex = 0 o032 o033 O

oa1 O 0 o4
These states got name X —states due to the visual similarity of the density matrix, whose
non-zero entries lie only on the main and minor (secondary) diagonals, with the Latin letter
LLX”:
Comparison with the above given Fano decomposition shows that the X—states belong to
the 7-dimensional subspace Wx of the vector space W defined as:

Wx :={weW|ci3=co3=c31 =c32=0,a;, =b; =0, i=1,2}.

Our interest to this subspace of a generic two qubit space is due to fact that many well-
known states, e.g. the Bell states, Werner states, isotropic states and maximally entangled
mixed states are particular subsets of the X —states. Since their introduction in 2007 many
interesting properties of X —states have been established. Particularly, it was shown that for
a fixed set of eigenvalues the states of maximal concurrence, negativity or relative entropy of
entanglement are the X —states.

The restriction of the invariant polynomial ring R[W]< to the invariant polynomial ring
R[Wx]EX where Gx is a group of local unitary transformations that preserve the shape of
X —states shows [5] that

Gx = S0(2) x SO(2) = U(1) x U(1) C SU(2) x SU(2),

and there is an injective homomorphism of the ring R[W]S to the ring R[Wx]5C(2)x50(2)
which is freely generated.
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5. Conclusions

A two qubit system is the simplest nontrivial quantum system which admits entangled
states. However, even in this simplest case the rigorous and comprehensive description of the
entanglement in terms of local unitary polynomial invariants is an arduous computational
challenge for modern computer algebra.
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OnucaHue meperyTaHHbIX ABYXKYOUTHBIX COCTOSTHUN B
TePMHUHAX HOJUHOMUAIBHBIX HHBAPUAHTOB: BHI3OB JIJIsl
KOMITHIOTEPHOM ajireGpbl

B. II. Tepar

Jlabopamopus uHGOPMAYUOHHBLE METHON02UT,
0063eduHeHHbIT UHCMUMYM A0EPHHET UCCAeD08aHU,
ya. 2Koauo-Kiwopu 6, /Tyona, Mockosckas obracmo, Poccus, 141980

B nokmanme GyayT paccMOTPEHBI BBIYUCINTEIbHBIE ACIHEKTHI OIMCAHNS IEPEIly TAHHBIX JBYXKYOHTHBIX
CMEIIaHHBIX COCTOSHUN IOCPE/ICTBOM IIOJMHOMUAJIBHBIX HHBAPHAHTOB JIOKAJBHON YHHTAPHOH I'DYIIIBI
SU(2) x SU(2). Hecmorpst na Hajmdue B JMTEPAType IHEJOTO Dsijia AJIIOPUTMOB KOMIIBIOTEPHON aJl-
re6pbl, NPUMEHHMBIX K HOCTPOCHUIO KOJIBIA JIOKAJIbLHBIX HHBAPUAHTOB, COOTBETCTBYIONIUC BBIUMCJICHUS
OKA3bIBAIOTCS "HENOIbeMHBIME JIJIsl 9TUX aJIrOpUTMOB. st TOro, 4robbl MOCTPOUTH KOJIBIO HHBAPHAHTOB
MeTo/IaMu KOIV[lIbIO'I'epHOﬁ aJlI‘e6pr MBI OI'DaAHUIUMCHA IIOJIMHOZKECTBOM /'LByXKy6l/l'l‘HbIX CMeIlIaHHbIX COCTO-
HHI/IIZ7 Ha3bIBaCMbIX X—COCTOHHMHI\’IM, U U3YyYUM CTPYKTYPY COOTBETCTBYIOIIEI'O 3TUM COCTOAHUAM KOJIbIA
IIOJIMHOMUAJIbHBIX UHBAPUAHTOB.

KiroueBsble ciioBa: CMeIIaHHOe JIByXKYOUTHOE COCTOsIHUE, IIPOCTPAHCTBO MEPEIly TAHHBIX COCTOSHUM,

JIOKAJIHOE YHHTApHOE IPeo0pa3oBaHue, KOJIbIO0 MHBAPUAHTHBIX MHOIOYIEHOB, NEPBHYHbIA HHBAPUAHT,
BTOPHUYHBI{l HHBAPUAHT, HETEPOBA HOPMAJIM3AIINS, HJIeall CU3UIHiA, KOMIIbIOTEPHas ajrebpa.
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CgpoiicTBa TEH30PHBIX CUCTEM KOMMNBIOTEPHOUN ajredpsl
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TeH30pr1e CUCTEeMbI KOl\'llIbIOTepHOﬁ E]..}Il‘e6pbl JOCTATOYHO CUJIBHO OTJIMYAIOTCA OT CKaJIAPHBIX CUCTEM.
KPOI\'IC TOr'o, MOXKHO BBIJICJIUTH HECKOJIBKO TUIIOB TEH30PHBIX PacY€TOB. Ha OCHOBaHUM 3TOTO MO2KHO C(bop—
MyJ/IMpOBaTh KpUTEPUU, KOTOPBIM JOJIZKHA YAOBJIETBOPATHL CUCTeMa KOI\AllbIOTCpHOﬁ HJII'C6pbl piniscy p'rl60'l‘bl
C TeH30paMu.

KiroueBsble ciioBa: CHCTEMbI KOMIIBIOTEPHOI ajiredpbl; TeH30PHbIE BEIYUCJICHNST; KOMIIOHEHTHBIH 11071
XO0J1; aOCTPAKTHBII HOIXOL.

1. Bseaenwne

TeH30pHBIE BBIYUCIIEHNS UCIIOIb3YIOTCS BO MHOrUX 0bstactsix dusuku. Cieryer 3aMeTuTs,
9TO BO BCeil cBoelt Moty (popMasIn3M TeH30PHOIO aHAJIN3a IPOABIIAETCS He BO BCEX 00JIACTX,
JOCTATOYHO YaCTO MCIOJbL3YIOT €ro yIPOUICHHbIe BADUAHTHI.

Kazkast TenzopHas oneparmst cama 1o cebe gocrarodno npocra. OnHaKo 1azke mpu cTaH-
JIAPTHBIX BBIYMUCJIEHUAX HPUXOAUTCS BBIMOJHATH MHOXKECTBO 3JIEMEHTApHBIX oneparmii. A
KazKJlasl TeH30PHAs OIIEPAIHs SIBJISETCsT O0JIee TPOMO3JIKOM, YeM COOTBETCTBYIOIIAs CKAJIAP-
Hast [1] Vwmenmo mosTomy B 9T0# 06/1acTi KpaifHe BBICOK CIPOC HA CHCTEMbI KOMIILIOTEPHOI
anreGpsl [2].

2. Omnepanuu Jjis TEH30PHBIX CUCTEM KOMIBIOTEPHOI ajaredpnt

MOKHO BBIIEUTH HECKOJIBKO BADUAHTOB MCIIOJIB30BAHUS TEH30PHBIX CHCTEM KOMIIBIOTEP-
HOI ajreOpol.

BekToproe ucuucienue — npocTeinmmii BAPHAHT TEH30PHOTO UCYUCICHUA. TacTo UCIoIIb-
3yeMble OepPAIN — IIOCTPOEHUE PA3HOOOPA3HBIX A MEPEHINATBHBIX OIEPATOPOB U 3aMEHA
Gasuca. Haubosiee pacnpocTpaHeHHbIE OIEPATODBI: TPAUEHT, JUBEPreHIus, POTop (crery-
duuna nyig Tpexmepnoro npocrpanctsa). CiieyeT 3aMEeTHTD, 9TO B BEKTOPHDBIX BBIYUCICHUAX
TaK’Ke JaCTO HCIOJIb3YeTCs CIeIUAILHBII HETOJIOHOMHBII 6a3MC, TO3BOJISIONINIT He pa3/InIaTh
KOHTPaBapUAHTHBIE U KOBAPUAHTHBIE BEKTOPA, & TAKYKE COXPAHITH PA3MEPHOCTH IPU 3aMEHe
koopzauHar [3,4].

CrenuaabHbIM CIyIaeM TEH30PHBIX 00bEKTOB SBJIAIOTCA CIMHOPBI. B 9acTHOCTH CIMHO-
PBI SIBJISIFOTCSI TIPEJICTABIHUSIMEU TPy IIbl JIOpeHIa ¢ moJiytesibivM crapiumM BecoM. OObIaHbIe
TEH30DBI SIBJISIIOTCS IPEICTABICHUSIMHE C II€JIOUNCICHHBIM CTAPIINM BECOM.

ITo ucropudeckum npranHaM HanbOJIEE YACTO B UCCJICIOBAHUSX MCIOJIB3YIOTCS JTUPAKOB-
cKue 4-CIIMHOPBI, KOTOPBIE IPUMEHSIIOT JIJIst 3aruch ypaaenuii /lupaka, onuceiBaomux dep-
MHUOHBI CO CITHOM % OO6bIMHO IS MAHUITYJIAIANA C IUPAKOBCKUMHU CIMHOPAMHE HCHOJIb3YIOT
~-MaTpHIBL, ToTyyaeMble u3 ypasuennsa Kimddopua-lupaka [5].

O6rmast Teopusi OTHOCHTEIHHOCTH CTajla MepBOiil (hU3MIecKoil Teopueil, moTpeboBaBIIeit
BCIO MOIIb A hepeHIma bHOil TeOMEeTPUN U TEeH30PHBIX BBIYUC/IEHWIA. B BBIYUC/IEHUSAX BO3-
HUKAIOT TPOMO3/IKME TeH30PHbIE KOHCTPYKIMK, KOTOPble MOYKHO YIIPOIIATh, YYUTHIBAs CUM-
Merpun TeH30pOB. OGBIMHO BBIIETAIOT OHOIIEMEHTHBIE (MONoterm) u MHOTO3JIEMEHTHBIE
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(multiterm) cummerpun. O HUM U3 OCHOBHBIX 9JIEMEHTOB TEOPUH sIBJIfeTCs TeH30p Pumana,
00JIAJAOIINI KaK [IPOCTEAIINME OJIHOSJIEMEHTHBIMU, TAK U CJIOKHBIMU MHOI'03JIEMEHTHBIMUI
CUMMETPHSAMHI THIIA TOXKJECTB DhIHKH.

MOKHO BBIJIEJINTH TPU TUIIA 3aIIMCH TEH30POB: KOMIIOHEHTHAS! 3allACh, 3aIUCh C ADCTPAKT-
HBIMU MHJIEKCAMU 1 Oe3bIHJIEKCHAs 3aluchb. Kaxkplii THII nMeeT cBOIO crienuduky u 0bsacTb
[IPUMEHEHUSI.

KomnonenTHbIe HHIEKCHI, (PAKTHUYECKH, TPEBPAIAIOT TEH30P B HAOODP CKAJSPHBIX BEJIH-
YUH, TPUMEHSEMBIX [IPU KOHKPETHBIX pacderax. OObIYHO ONEPHPOBATH ¢ KOMIIOHEHTHBIMU
MHJEKCAMU €CTh CMBICJI JIUIIb [10CJI€ YIIPOIIEHUs TEH30PHOI'O BBIPAXKEHHS U y4YeTa BCEX €ro
CUMMeTpUii.

BesbiniekcHy0 3auch 9acTo MCIOJIb3YIOT, €C/IM UCCIIeI0BATe IS NHTEPeCyeT He KOHEed-
HBII pe3yJabTaT, a cCaMMeTpun TeH30poB. OmHako sTa GopMa 3alKCH CTPAIAET HEIOCTATKOM
BBIPA3UTEIBHOCTH: TEH30D PACCMATPUBAETCS KaK I[€JIOCTHBII OObEKT, COOTBETCTBEHHO U CUM-
METPUHU BO3MOYXKHO PACCMATPHUBATDH JIMIIbL T€, KOTOPble OTHOCATCH K TEH30py B nesaoMm. Jlis
paboThI ¢ 0O'bEKTAMU CJIOKHOM CTPYKTYPBI HPUXOAUTCH N300peTaTh HOBble 0003HAYEHMS JINOO
00aBJIATH CJIOBECHbIE TOSICHEHNS.

AGcrpakTHbIe HEIEKCHI [6] Ci1eLyeT paccMaTPEBATE KaK yCOBEPIIEHCTBOBAHNE GE3bIH/IEKC-
HOM 3amucu TeH3opa. AGCTPAKTHBIH HHIEKC 0003HATAET JIMIIL TPUHAJIEKHOCTh TEH30pA K
ONPE/IETICHHOMY IPOCTPAHCTBY, & HE CJEJOBAHUE TEH30DHOMY IpaBUJy IpeobpasoBanus (B
OTJIMYHE OT KOMIIOHEHTHBIX HHIEKCOB). B 9TOM cilydae BO3MOXKHO PACCMOTPEHNE KaK CHMMET-
pHif, OXBATHIBAIOIINX BECh TEH30D (BCE €r0 MHIEKCHI), TAK U CUMMETPHIl OTIEJbHBIX IPYIIT
WHJIEKCOB.

3. 3akJroyeHue

Ha nauubiit MOMeHT (haKTHIECKH OTCYTCTBYIOT CUCTEMBI C ITOJIHOCTBIO Y/IOBJIETBOPUTE b=
HOM TOJIEP2KKOIl TEH30POB.

KommoneHTHBIE TEH30PHBIE BBIYUC/IEHNS IPAKTUYECKH HE TPEOYIOT JIOMOJHUTEIbHBIX BO3-
MOXKHOCTE#l OT yHUBEDCAJIBHON CUCTEMbI KOMIIbIOTEPHOI ayirebpbl. 1losToMy makeTsl, peasm-
3yrolye JIaHHbI (DYHKIMOHAJ, PEJICTABJIEHBl HAnboIiee MHUPOKO. Jero Hejb3si cKa3aTb 00
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Tensorial computer algebra systems are quite different from scalar one. Moreover, there are several types
of tensor computations. We can formulate the criteria that must be satisfied by a computer algebra system
dealing with tensors.
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A linear (partial) functional system consists of linear partial differential, difference equations or any
mixture thereof. In this talk, we present an algorithm that determines whether linear functional systems
are O-finite, and transforms O-finite systems to fully integrable ones. The algorithm avoids using Grébner
bases in Laurent-Ore modules when O-finite systems correspond to finite-dimensional Ore modules.

Key words and phrases: Linear functional systems, (fully) integrable systems, reflexive closures,
localizations, Ore modules, Laurent-Ore modules.

1. Introduction

A linear functional system consists of linear partial differential, difference equations or
any mixture thereof. Such a system is O-finite if its module of formal solutions is a finite-
dimensional vector space over the ground field [1]. The dimension of this module is called
the linear dimension of the given system, and corresponds to the dimension of its solution
space. It is shown in [1,5] that a O-finite system is equivalent to a fully integrable system,
whose linear dimension equals the number of its unknowns. For fully integrable systems, a
factorization algorithm is proposed in [4] , and a Galois theory is well developed These results
motivate us to transform O-finite systems into fully integrable ones.

In this talk, we present an algorithm for transforming an integrable system to a fully
integrable one, which requires merely solving several linear systems over the ground field.
This algorithm evolves from the algorithm LinearReduction in [5, §2.5.2], but avoids handling
the “differential portion” of the given integrable system.

2. Main section

Let F' be a field, 01,...,d; be derivations on F', and o¢11,...,0m be automorphisms
of F. Assume that all these maps commute pairwise. The Ore algebra ( [2]) over F is the
ring § = F[01,...,0¢,0041,-..,0m] endowed with the following commutation rules: (i)

67;8]- = 8387, for 1 < i< j<m;(ii) ;f = fO; +8;(f) for 1 < i < Land f € F;
and (iil) 9;f = 0;(f)9; for £+ 1 < j < m and f € F. The Laurent-Ore algebra ( [1])
over F is defined as the ring extension £ = F[01,.. .,8@,8@+1,8[+11, .. .,8m,8,}1] of 8

with additional commutation rules:(iv) 6;1a = J{l(a)ajl; (v) 8]-8;1 = 8]718]' =1 for

ala€ Fandi,jwithl1 <i<m,(+1<j<m.

A linear functional system over F' is a system of the form A(y) = 0 where A € SP*™
and y is a column vector of n unknowns. By a solution of A(y) = 0 in an £-module V', we
mean a vector v.= (vi,...,Vn)" with v; € V such that A(v) = 0. The set of all solutions
of A(v) =01in V is denoted soly (A(y) = 0), which is a linear space over Cp.

Given a linear functional system ¥ : A(y) = 0 where A € SP*", the S-submodule N
generated by the row vectors of A in S1*" is called the Ore submodule associated with 3,
and the £-module £1*" /LN, where LN stands for the £-submodule generated by the row
vectors of A in £1X"  is called the module of formal solutions of 3. The system X is O-finite if
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its module of formal solutions is a finite-dimensional vector space over the ground field ( [1]).
The dimension of this module is called the linear dimension of 3, and corresponds to the
dimension of its solution space. Two linear functional systems are equivalent if their modules
of formal solutions are isomorphic as £-modules.

A naive way to transform a O-finite system X is to compute a Grobner basis of the
submodule N corresponding to ¥ over a Laurent-Ore algebra (see [5]), and construct the
desired fully integrable system from the matrices associated with the quotient module M /N.
As Laurent-Ore algebras are localizations of Ore algebras, it is easier to compute Grobner
bases in free modules over Ore algebras (see [2]). This observation motivates us to transform
O-finite systems by the latter Grobner bases whenever possible. Moreover, we avoid computing
Grobner bases of any kind when transforming an integrable system, a common special case
of linear functional systems.

Let us recall a standard way ( [3, §0.9]) to localize a module over a noncommutative
domain by a left Ore set. Let R be a (noncommutative) domain, and denote R\ {0} by R*,
which is a monoid. A submonoid T" of R* is called a left Ore set of R if Rt N Tr # @ for
allt € T and r € R*. In the Ore algebra S = F[01,...,0¢,0¢41,--.,O0m], denote by T' the
monoid generated by g1, . - ., Om. Then T is a left Ore set and the localization T~ Ris £ =
F[01,...,00,0041, 8[;1, .ty Om, 8,;1], the Laurent-Ore algebra over F'. The localizations
help us to describe the transformation of a d-finite system into its equivalent fully integrable
system more concisely.

Let R be a domain, T a left Ore set of R and M an R-module. A submodule N of ]\/{[ is
reflezive w.r.t. T if tv € N implies v € N for t € T and v € M. The reflexive closure N of
a submodule N is the intersection of all reflexive submodules containing N. The property of
reflexivity of submodules of an R-module is given as follows.

Proposition 1. Let R be a domain containing a field F' and M be a finite-dimensional
R-module. Then (i) all submodules of M are reflexive if and only if 0y is reflexive; (ii) for

every submodule N of M, N=N +6M.

Below we describe how to find linear bases of (quotient) submodules of R-modules.
Algorithm LinearBasis. Given an F-basis by, ...,byn of an R-module M, the associated
matrices A1, ..., Ap, and a finite set U of nonzero elements of M, compute an F-basis of
the Ro-module RoU, an F-basis of the Ro-module M /(RoU) and the associated matrices
with the latter basis. N

Based on the above algorithm, an idea for computing an F-basis of 0j; was outlined
in terms of first-order matrix equations from discussions with Manuel Bronstein in 2005.
We translate this idea into a module-theoretic language. If Aq,..., Ap are all invertible,
then 6M = 0ps and we are done. Otherwise, the nontrivial left kernel of A; for some 4
with 1 <4 é p leads to some nonzero elements in 6M< Let U be the set of all theAnonzero
elements in 0j; obtained from left-kernel computations. Then FU is contained in Op;. Ap-
plying Algorithm LinearBasis to U yields an F-basis of RoU, which is contained in GM, and
an F-basis of M /(RoU) together with the associated matrices. We then apply the same idea
to M /(RoU) recursively. Finally, we attain (a): an F-basis of Oaz; (b) an F-basis of M /0py;
(c) the matrices associated with the basis in (b).

The following lemma enables us to comput integrable connections of d-finite systems.

Lemma 1. Let ¥ be a O-finite system with n unknowns, and N the Ore module associated
with 3. (i) If LY*"/LN has an F-basis b1, ...,bg with the associated matrices By, ...,
B, then {8;(2z) = B;z}1<i<m is an integrable connection of $. (ii) Assume that S1X™ /N
is finite-dimensional over F. If Slxn/ﬁ has an F-basis by, ..., by with the associated
matrices B1, ..., Bm, then {0;(2) = B;z}1<i<m is an integrable connection of X.

We now proceed to find an integrable connection of X. First, compute a Grobner basis G
of the submodule N in the free Ore module S1*™. The basis G allows us to determine
if STX™ /N is finite-dimensional over F. If it is, we construct an F-basis of S1X™ /N using
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Algorithm RefleixvieClosureOfZero. The F-basis yields an integrable connection by Lemma 1
(ii). Otherwise, we compute a Grébner basis of LN in the free Laurent-Ore module £1X7
and apply Lemma 1 (i).

3. Conclusions

We present how to construct a linear basis of an Ore localization of a finite-dimensional

module M, and proved that N = N +0ys for all submodules N of M. We extended an equiv-
alence relation among linear ordinary differential (difference) equations to linear functional
systems. An algorithm was presented for transforming a O-finite system ¥ to its integrable
connection, which is fully integrable and equivalent to ¥. Our algorithm manipulates merely
the “difference portion” of 3, and avoids computing Grébner bases when ¥ corresponds to a
finite-dimensional Ore module.
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JInneiinasi 4acTHO-DYHKIMOHAJIBHAS CUCTEMa COCTOUT U3 JIMHEHHBIX YPABHEHUIT ¢ YaCTHBIME ITPOU3BO/I-
HBIMHI ¥ PA3HOCTSIMU HJIH JIFOOO# UX cMecd. MBI MPUBOAMM JIrOPUTM, KOTOPBIA OIPEIEIISIET, sABIISETCS JIK
cucreMa O-KOHEUHOM, U 1peobpasyer O-KOHEUHbIe CHCTEMbI B HOJHOCTBIO HHTErpupyeMble. AjropurM He
ucnosb3yer 6asucos I'pebuepa B Momynsx Jlopana-Ope, KOJIb CKOPO O-KOHEYHbBIE CUCTEMBI COOTBETCTYIOT
moztystsim Ope KOHETHOI Pa3MepHOCTH.

K.H[O"IeB])Ie cJIoBA: JIMHEIHbIE d)}'HKILHOHﬂJIbeIe CUCTEeMBbI, (IIOJ[HOCTbIO) HHTEerpupyemble CUCTEeMBbl,
pediiekcuBHble 3ambikanust, Moy Ope, mojysm Jlopana-Ope.
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ypPaBHeHU
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IIpoBesieHO cpaBHEHHE HECKOJIBKUX IOJXOJOB K MHTErPHpPOBaHUIO JuddepeHnnaibHbiX ypaBHeHnid B
KOHEYHOM BH/JIE U UX PEATH3AINKN B CUCTEMAX KOMIIbIOTEDHON aaredpsl.

KuiodeBble cJjioBa: 1OJMHOMHAJIbHAS KOMIIBIOTEpHAs ajredpa, uurerpupoBanue juddepenpab-
HBIX yPaBHEHUiI B KOHEYHOM BH/Ie, CHMBOJIbHOE nHTerpuposanue, DEtools, Lsolver, Sagemath.

1. Bsenenune

HpI/I MaTeMaTUIeCKOM MOJIeJIMPOBaHUNA (bI/I3I/I‘I€CKI/IX ABJICHUI 4aCTO OCTaeTCd JOBOJIbHO
LLll/IpOKl/Iﬁ IPpOU3BOJI B BUJIEC ypamleuuﬁ " 3HAYCHUAX BXOAANIUX B HUX ITapaMeTpOB U YacCTO
IIpu yaJavHoOM UX Bbl60pe CHUCTEMbI KOMHblOTepIIOﬁ am‘e6pb1 MO3BOJIAIOT OTBICKATh aHaJIUTH-
YeCKOe peleHne Ujin XoTd Obl KaKOﬁ-IlM6y,ZLb 3aKOH COXpaHeHHA. B Jerie 131,16opa ypaBneI[Mﬁ n
ImapaMeTpoB, OJHAKO, IIPUXOJUTCH YIIOBATDL Ha yAaw1y: IHOIIYJIAPHbBIE COJIBEPHI PeIIaloT YaCTHbIe
,Lm(bcbepenu,maubnme ypaBHeHnus B CAMBOJIBHOM BH/Jie, HO HE TaI0T COBETbhl OTHOCUTEJIBLHO TO-
T'0, KaK Hepa3peleHHble YpaBHEHUA CJICAYyeT IIOTIPpaBUTh. Bouee TOr'0, B KazKJI0M KOHKPETHOM
CcJry4qae OoJtee-Menee NIOHATHO, MOYEMY TO WJIX WMHOE BbIpazKE€HHE CUUTACTCA aHAJIUTUICCKUM
pereHneM, OJHaKO COBEPIIEHHO HE gCHO, 9YTO O3HaYaeT HECIIOCOOHOCTH TOI'O MJIM MHOTO ITAKeTa
OTBICKATH aHAJUTUIECKOE PEIlIeHue.

2. WwurerpupoBanme B asirebpanvyeckux QyHKIUTIX

IIpocreiiimas u B TO »Ke BpeMsl 4UCTO ajrebpamdecKasl TPAKTOBKA MOHSATHS WHTEIPUPO-
Banus AuddepeHnuaIbHOr0 ypaBHeHus HoABuIach B neperncke exapra u lebona, B Te
BPEMEHA, KOIJIa TEOPHs 3JIEMEHTAPHBIX TPAHCIEHIEHTHBIX (DYHKIWT He ObLia erie pa3pabo-
TaHa.

3agaua de6ona, 1630. BeisichuTb, jomyckaer ju quddepeHnuaabHoe ypaBHeHne

p(z,y)dz +q(z,y)dy =0, p,q € Q[z,y] 1)

aJrebpanvIecKuii MHTErpasl
r(z,y) =c¢, 7€Q(x,y),

U OTBICKATL TAKOBOU B CJIydae yTBEPIUTEIHHOIO OTBETA.

Hecmorpst Ha cBOIO ApeBHOCTD, 9Ta 3a/1aa He MOXKET OBbITh PEIIeHA IOILYIAPHBIME COJIBE-
pamu; Hanp., DETool 8 Maple He Bcerja omnosnaer mauddepeHnuaibable YPDABHEHI, UMEIO-
€ PAIIHOHAJILHBIN HHTErPaJI, ¥ KAK [IPABUJIO BBIIUCLIBACT I HUX OUCHb JJINHHYIO KBA-
parypy.

Maremaruku XVII-XIX BekoB cmorpenu na ycuaus lebona n Jlekapra CBBICOKA, IIOJIA-
rasi, ITO TEOPUsI TPAHCIEHICHTHHIX (DYHKINIT 1 PA3/IOKEHNsI B CTEIICHHDIC PSIIBI CIEJIAJN ITH
HCCJICIOBAHNUS HeAaKTyaabHbIME. HOBBI nHTepec K 9T0i 3amatde BO3HUK Ha pyOerke XIX-XX
BEKOB, IIPHUIEM TOIZIA ee CBA3bIBAIN ¢ mMeHeM Ilaymkape. IloBomos k TakoMy mHTEpecy ObI-
JIO HECKOJIbKO. Bo-mepBbix, 1870-x romax du Ilrammuikwnii u Beitepimrpace 06obumm MeTo.y
OcTporpajickoro Ha MHTErPAJIBI OT IPOM3BOJBHBIX AJreOpamdecKux (YHKIHIL; 9TO JaBajo
OCHOBAHHE IIPEAIOIAraTh, ITO U ajIredpantdecKue MHTErpassl AudepeHnnaabHbIX ypaBHe-
HUf MOTYT OBITH HaNAEHBI IUCTO apudMeTHIecKuM IyTeM. Bo-Bropeix, B 1887 romy Bpymc
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JI0Ka3aJl OTCYTCTBUE HOBBIX aJIreOpanvdecKuX MHTErPAJIOB y 3aJa4d MHOTUX TeJl, YTO Jesia-
g0 B Koune XIX Beka wmcciemoBaHue BOIPOCA O CYIIECTBOBAHUU aJreOPANIeCKUX 3aKOHOB
COXpaHEHUs JIMHAMUYECKUX CUCTEM BEChbMa, IOIMYJISPHON 3aja4eii, KOTOPOH IIOCBATHIA CBOU
paboTbl KpynHeiinime anaauTuku Toro Bpemenu "— llensiese u Ilyankape. MeTojpl perenus
3asa4un /lebona, npeiokennbie B Had. XX BeKa, Ka3aJUCh TOT/A CJIMIIKOM TPYIHBIMU B YU-
CTO BBIYMCJIMTENLHOM ILIAHE; JIMIIH Cefi9ac ¢ CO3JaHneM CUCTEM KOMIILIOTEPHOM ajaredpbl OHI
NPUOOPETAIOT MPAKTHYECKYIO 3HAYUMOCTbD.

Hemuorue wmsBecTHble MeTOibl perieHust 3ajadn JleboHa I101pa3ymMeBaroT, 4TO 3alaHa
OIIEHKA, CBEPXY [IJIs MOPSIIKA UCKOMOTO HHTErpaJa. [Ipu TakoM JOImyIeHns MeTOIO0M HeOoIpe-
JIeTIEHHBIX KOI(DMUIMEHTOB 3Ty 3a7ady MOYKHO CBECTH K HCCJICIOBAHUIO PA3PEININMOCTHU CH-
CTeMBbI HeJIMHEHBIX ajiredpandeckux ypapaeruii. Cucrema 3ra KaXKeTcs OYeHb CJI0XKHOI, HO B
1913 r. H.M. JlaryTuckoMmy ygajaoch OTBICKATDL jjist mee anasor ¢gopmyi Kpamepa us Teopun
JINHEWHBIX aJirebpandeckux ypapaenuil. [Ipu Guimkaiiiem paccMOTPEHUN OKA3bIBAETCS, YTO
reopud, passuras M.H. Jlaryrunckum, "— ouens obmast u kacaercs Boodmme nuddepeniu-
AJBHBIX KOJIEI| ¢ OJIHO3HAYHBIM PasJiozkenueM Ha MHOKuTesn [1]. B nokmiase ee BoamoxkuoCTH
Oy/LyT MOKa3aHbl Ha BBIYUCJIUTEIHHBIX puMepax. [Ipobyiema OThICKAHUN OIEHKU CBEPXY JIJIst
MOPsIJIKa MCKOMOTO MHTErpasia Mo 3aJaHHOMY I DepeHIMajibHOMY YPABHEHUIO JI0 CUX TIOP
HE PellleHa 1 OTKPBIBAET JIOPOTY JIjisi IPOHUKHOBEHUSI B TEOPUIO KOECKOHEYHOCTHUY , 9TO Oy/IeT
MIPOJIEMOHCTPUPOBAHO B 3aj[adax C lapaMeTpaMu.

3. HWurerpupoBaHme B KBaJpaTypax

Asropsr XVIII Beka paccmarpusasiu Teopuio Jud epeHnnaibHbIX yPaBHEHUN Kak pa3 el
HMHTErPAJILHOIO UCIHCICHUA, IIOJIarasi, ITO BCAKOe quddepeHnuaabHoe ypaBHeHAe HaIIeKa-
meit 3aMEHON CBOZUTCS K KBAIPATYPE; IPU ITOM KJIACC PACCMATPHUBACMBIX (DYHKINH HUKAK
He (PUKCUPOBAJICH, HO AKTHBHO UCIIOJIB30BAJINCEH HE TOIBKO AIre0pantecKue, HO U 9JICMEHTapP-
HbIE TPAHCHIEHAeHTHBIe dyHKImn. B nrore permerne O/1Y BLINCHBAIOCH B TOI caMoii BecbMa
IPUMETHOI (popMe, KOTOPYIO Terepsb TPeOyIoT B 3JIeMeHTApHBIX Kypcax [uddepennnaapubx
yDaBHEHHI B KATIeCTBE €AUHCTBEHHO BO3MOXKHOI (POPMBI OTBETA B KOTOPAs IMOAPA3YMEBACT-
¢l BCAKUIL Pa3, KaK 3aXOJUT PEIb 00 «UHTEIPUPOBAHUY B KOHEIHOM BHICY», «CHMBOJIBLHOM
WHTEIPUPOBAHUMY» WJIM OTBICKAHNU «AHAJUTHYIeCKOro pernenus». Jlumb B 1830-x roma Bo3-
HUKaeT coBpeMmenHoe npezcrtasienne: OJ1Y, Boobiie roBopst, He HMHTEIPUPYETCsT B KBAPATY-
pax; ue ciy4aiino paboror Komm, B xoropoix miua OLY obmiero Buma npejiaracres crocod
pUbIIMKEHHOTO PeleHnst, U paboTel JInyBu/LIs, B KOTOPBIX JOKA3bIBAETCS HEPA3PEIINMOCTh
HEKOTOPBIX KJIACCHIeCKUX JUMDMEPEHIUAIBHBIX YPABHEHUHA B KOHEYHOM BUJIE, HOABJIAIOTCSH
[OYTU OJHOBPEMEHHO.

IeHTpasbHBIM TOHSTHEM JINYBIJIHEBCKON TEOPHH CTAHOBUTCS dJIEMEHTApHAS (DyHKIHS,
MOHATAsT KaK BbIPa’kKeHHe, KOTOPOe MOYKHO 3aIlMCaTh IIPU IOMOIM HECKOJbKHUX JeiiCTBHIi:
apudMeTHIeCKUX U TPAHCIECHICHTHBIX, IPUYEM CIHCOK IOCACIHUX ABJISETCS IIPEIMETOM
I0roBOpa. DT0 06cTOATEIHLCTBO HpHaaer Hepaspemmmoctu OY B cmbiciie JlnyBuiuist co-
MUOKYJILTYPHBI CTATYC: yPABHEHHE HE PEIIAETCS B TeX (DYHKIUAX, KOTOPbIE H3YTIAIOTCSI B
CpeJHeil MIKOJe U OTTOrO KaKyTcsl OOojiee HMPUBBLIYHBIMU. BeposTno, mo 9TOi mpudnHe CO-
snaresm Liouvillian Solver’a [2] yksonuch or cosmanus 6/10Ka, yCTAHABIMBAIOIIEIO HEPA3-
pemmMoCTh ypaBHeHus. MeKy TeM, s1eMeHTapHble (DYHKINE COBEPIIEHHO HE HYZKHBI I
JILYBUJUINEBCKOIl TEOPUHU ¥ TOSIBUCH TaM JAEHCTBUTENBHO IO CIIyYaillHbIM OOCTOSITELCTBAM:
MHTErpaJs MOsIBJIsAeTCs Kak npezxena cyMmbl » . f(z;)Az B XVII Beke, npemes xe Ipousse-
nenud [[ (1 + f(x;)Az) He nosyvaer HUKAKOTO 0cOGOr0 HA3BaHMS BILIOTH JI0 pabor Bosb-
reppa, 1880-e roupt. st pa3BuTus T€OPUM MHTErPUPOBAHUS B KOHEYHOM BHJIE JOCTATOYHO
[IPU3HATH, YTO K apndMETHYeCKUM ONepPaIysiM JT00ABIIAIOTC J[Be TPAHCIEHIEHTHbIe "— BbI-
4ucIeHns S- 1 P-nHTerpasos, KOTOPbIE SIBJISIFOTCSI €CTECTBEHHBIM 0000IIeHneM aBYX apud-
METHYECKUX JIENCTBUIL.

3azavua 06 MHTErpUPOBAHUYN B KBaJAPATYypPaX. BBISICHUTH, MOXKHO JIM IIPECTABATL
unTerpasbuble Kpusble muddepennuanbaoro ypasuenns (1) ypasuenuem f(z,y, c) = 0, rae
f BbIpaskaeTcs uepe3 x U Y IPU IOMOIIM KOHEIHOIo unucia S- u P-xBagparyp.

Ecnu curyamus, onucannas B 3a7a4e, BO3SMOXKHA /71T 33JAHHOTO YPABHEHHUS, TO OJUH U3
MHTErPUPYIOMINX MHOXKATEIEHl 9TOr0 ypaBHEHNsI ABJIseTcsa P-uHTerpasoMm or ToIHON GOpPMBI
udzr + vdy ¢ panuoHAIbHBIME KO3(DUIMEHTAMA U U U, & OJUH U3 WHTErPAJIOB yPABHEHI
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HEIPEMEHHO ABJIseTCs S-uHTerpaoM. OThICKAHNE TAKOrO MHOXKHUTEJISI CBOJIUT ITY 3aa9y K
3ajade turna Jlebona.

OTa TeopHus MO3BOJISET IMOABECTH HAMEXKHYIO aJrebpamdeckyio 06a3y MOM T.H. SJI€MEH-
TapHbIE METOJBI MHTErPUPOBaHus MiudbdepeHINAIbHbBIX YPABHEHNIA, HO BMECTe C TeM U Ha-
cjiejyer Bce uX HejocTaTku. [Ipum TakoM «CHMBOJIBHOMY PEIIeHHH Mbl IEPEXOJUM OT IIPO-
croro g epeHImaabHOr0 ypaBHEH!sT K TPAHCIEHJIEHTHOMY YDaBHEHUIO JJIsi WHTErPasib-
HBIX KPHUBBIX, & [IPU IIOCTPOEHUHN TPADUKOB TPAHCIEHIEHTHBIX KPUBBIX Mbl, HA00OPOT, Cjie-
syst b depeHIuaIbLHO-IaPAMETPUIECKOMY METOJLY, CBOJIMM TPAHCIICHICHTHOE yPABHEHUE K
nuddepennmaIbHOMy, KOTOPOE JIETKO PEIIACTC METOIOM KOHEYHBIX PA3HOCTEl.

4. 3apaua IlensieBe, nBoiicTBeHHas K 3aja4e JleboHa

CranmapTablii ogxos K uaTerpupoBanuio OJLY cocpesoToueH Ha 3aBUCUMOCTH OOIIETO
PEeIIeHNs OT T, MEXK/y TeM JIBOWCTBEHHBIN IOXO0/, P KOTOPOM 0ODIIee PeleHrne PacCMaTpu-
BaeTCsd KaK (DYHKIHMSA KOHCTAHTBL, & T KaK (PUKCHUPOBAHHBIN [TapAMETP, II03BOJISET IOCTPOUTH
TEOPHIO TPAHCIEHIEHTHBIX BYHKIHMiT OT & uncto anrebpandeckuM mnyrem [3,4]. dro oberos-
TeJIbCTBO JI0JITOe BPeMsl yCKOJIb3ajia OT BHUMAaHUsI ajireOpancToB U OBLIO BIIEPBBIE OTMEYEHO
B paborax IlensieBe.

Banaga Ilennese, 1890. Boisacuurs, jpomyckaer i auddepennnanbaoe ypastaenue (1)
OGH.(CC perrenue, 3aBucdiinee OT KOHCTaHThI aJII‘C6paI/I“ICCKI/I U OTBICKATH TaKOBOE B Cjlyvae
yTBEepaAUuTEeJIbHOTI'O OTBETA.

Ecnu curyanus, onncannas B 3a/1a4e, BO3MOXKHA JJIs 33/IAaHHOTO YPABHEHUSI, TO YPAaBHEHIE
JIOIYCKaeT ajrebpanyecKuii nHTerpaJt

r(z,y) =c, 7€ K(y),

riae K "— nosie GyHKIM, nMerolnee KOHEUHYIO CTelleHb TpaHcieHenTHocTr Ha Q(x), a ero
6asuc "— T.H. TpaHCHEHAEHTHbIe (yHKuuu, BBoguMble maTerpupoBanneM OY. Cormacmo
teopeme [lerneBe takoe OJIY cBomurcsa anrebpamyeckoii 3aMeHOil K ypaBHEHHIO PukkarTu
U [O9TOMY €r0 MHTErPUPOBAHKE BBOJIUT HE KAKUE YIOMHO TPAHCIEHJEHTHbIE (DYHKIMU, HO
TOJILKO DEIeHNs] HEKOTOPOro ypaBHEHHsI PUKKaTH.

B noksane Oyzer npencTaBieH aropuT™, KOTOPBII O3BOISAET KOHCTPYKTHBHO BBISICHUTD,
cBopuTes m 3amanHoe OLY anrebGpamtieckoil MOJACTAHOBKON 3aIaHHOTO HMOPSAKa K ypaBHe-
Huto Pukkarn wim Her, u ero peanmsamusa. HeoOXOIMMOCTh OrpaHUYIHBATE HOPSIOK, Kak
BHJIHO, HaCJIeyeTcs u3 3aaa4u JJebona.

B ornmame or KiaccHuecKoro moaxoa K CHMBOJIBHOMY HHTETPUPOBAHMIO, 3aaatda [lene-
BE XOPOIIIO COTTIACYETCs ¢ METOIOM KOHETIHBIX pasHocreii. [1pnbsmkeHnble METOABI PeIeH s
OI1Y Bcerma nompasymesaior ceegenus OIY k cucreme anrebpamyeckux nuddepennmaib-
HBIX YPaBHEHHI, B TOM WJIH HHOM cMbIcse «mpubimkatomuxy O/Y. B mporecce nuckpernsa-
uH OOBIYHO TEPSIOTCS BaXKHBbIE B T.4. asrebpanmdeckue csoiicrBa OLY, ecn He TpeAnpHHs-
THI CIEIUAJIbHBIE MEPHI IO UX COXPAHEHUIO. YKazaHHoe B 3ajaate IlenneBe cBoitcTBO 061II€r0
PeIIeHnsT 3aMeYaTeIbHO €Ile U TeM, UTO BCErJIa MOKHO COCTABUTH PA3HOCTHYIO CXEMY, €ro
HACJIEAYIONIYIO. B ZI0K/Ia/ie B TOM 4Yucje W Ha IpUMepe, OTTOJIKHYBIIEM Jiiepa OT MEeToJa
KOHEYHBIX PA3HOCTEl, OyJIET TIOKA3aHO, YTO ITU CXEMbI [TO3BOJIAIOT IPOXOIUTH OCOOBIE TOYKN
perennst 6e3 3aMerTHOro HakoruleHus ommbku [5]. Tem cambiM B pamkax 3agauu Ilensese
MIPOTUBOIOCTABJICHAE YUCJICHHBIX ¥ AHAJUTUICCKAX METOJIOB CHUMAETCS U TOJIyvIaeTcs 3aa-
ga o pasbickamnun OJ1Y, s KOTOpble MOXKHO HAINCATD UACATIHHYIO PASHOCTHYIO CXEMYy U
B TO K€ BPEMsl TOYHOE OOIIEe pPemenne KOTOPBIX CONEPKUT KOHEIHOE YHCJIO0 KJIACCUICCKUX
TPAHCHEHICHTHBIX (DYHKIIMIA.

Crucok Jimreparypsbl

1. Maavix M./]. O6 OTbICKAHUK PAIMOHAJIBHBIX MHTEI'PAJIOB CUCTEM OOBIKHOBEHHBIX i de-
peHnpanbHbIX ypasHenuii mo merogy M.H. Jlaryrunckoro // Becrank HUAY MUDU,
2016. Tom 5, Ne 3. C. 35-44.

2. J. Awvellar, L.G.S. Duarte, S.E.S. Duarte, and L.A.C.P. da Mota. Lsolver (Version 2.0).
Computer Physics Communications Program Library, 2013. http://cpc.cs.qub.ac.uk/
summaries/ADZF_v1_0.html.


http://cpc.cs.qub.ac.uk/summaries/ADZF_v1_0.html
http://cpc.cs.qub.ac.uk/summaries/ADZF_v1_0.html

28 Kowmnbiorepuas anrebpa — 2016

3. Bozomobos A.H., Maavzx M./]. TpancnennenTbie OYHKIME, BBOIUMbIE HHTEIPUPOBAHN-
em puddepennmanbubix ypasuennii // Junamuka ciaoxkubix cucreM — XXI Bek. Ne 3 3a
2010 r.

4. Manavz M./[. O TpaHCrenAeHTHBIX (YHKIHUAX, BO3HUKAIOIINX IPU HHTETPHPOBAHUH (-
epennpabHbIX ypaBHeHUH B KOHETHOM Buje // 3ammucku nayaubix cemunapos ITOMIL.
T. 432. 2015. Crp. 196-223.

5. Maawz M./]. O nuddepeHnualbubIX yPABHEHHUX, O0IIEe PEIICHHEe KOTOPLIX SABJISETCS
anrebpanyeckoil dynkimeir kKoucrautel // Becrank HIAY MU®U, 2016. Tom 5, Ne 2.
C. 152-161

UDC 517.9
On Integration of Ordinary Differential Equations

M. D. Malykh*T

* Department of Applied Probability and Informatics
Peoples’ Friendship University of Russia
Miklukho-Maklaya str. 6, Moscow, 117198, Russia
T MSU Department of Materials Science
Leninskie gory, Moscow, 119991, Russia

There are several approaches to the description of the concept which is called briefly as integration of
the differential equations in a finete terms or symbolical integration. In the report these approaches and
progress in their realization in CAS are compared.
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We discuss here the basic computational problems arising when studying various models of celestial
mechanics. As an example we consider the planar circular four-body problem formulated on the basis of
collinear Euler solutions of the three-body problem. We show that the system under consideration has 18
equilibrium solutions and develop an algorithm for their calculation. Doing relevant symbolic computations,
we reduce the Hamiltonian function to the normal form and analyse stability of the equilibrium solutions
for different values of the system parameters. All relevant symbolic and numerical calculations are done
with the computer algebra system Mathematica.

Key words and phrases: computer algebra, celestial mechanics, restricted four-body problem, equi-
librium positions, stability.

1. Introduction

It is known that computer algebra is widely used for modeling in Celestial Mechanics, and
different analytical methods have been developed for studying a motion of heavenly bodies [1].
As a rule, differential equations of motion in such models are not integrable and their study
begins usually with a search of exact particular solutions and analysis of their stability. Note
that such approach turned out to be very fruitful in case of the famous restricted three-body
problem [2]. Circular restricted four-body problem formulated on the basis of the Lagrange
triangular configurations was completely investigated in a similar way [3-5].

In this paper we consider a special case of the planar four-body problem, where three
bodies Py, P1, and Py of mass mg, mi, and ma, respectively, move uniformly in circular
orbits around their common center of mass and their configuration is always collinear. The
fourth body P3 having negligible mass does not influence the motion of the three primaries
and moves in their gravitational field. As a general solution of the equations of motion cannot
be found in analytical form we look for a special class of exact particular solutions, namely, the
homographic ones. Combining symbolic and numerical calculations, we have found 18 such
solutions and investigated their stability. Our main purpose is to demonstrate and discuss
the basic computational problems arising when models of such kind are studied.

2. Equilibrium solutions

The three-body problem has an exact particular solution found first by L.Euler that
describes planar motion of the three massive bodies Py, P1, and P> in circular orbits with
the same angular velocity. In the rotating coordinate system this solution determines the
equilibrium positions of the bodies located at the Oz axis, for example. Without loss of
generality, one can assume that the most massive body Py is located at the origin, and the
x coordinate of the body P is a positive constant (X > 0). It is known that there are three
collinear equilibrium positions of the body P». Denoting its = coordinate by aX, one can
write an equation determining a dimensionless coordinate a of the body P> in the form

la

Jrasmiy o

where g1 = m1/mo, p2 = ma/mo. This equation has three different roots in the intervals
0< a1 <1,a2 >1and asz < 0. These roots cannot be found in analytical form but we can
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compute their numerical values with required precision for any given values of parameters
a1, p2-

Assuming the body P3 moves in the plane 2Oy and using dimensionless coordinates z, y,
one can write the Hamiltonian function of the system in the form

1 z lal
H= (p2 +p2) —PyT Py + — (m—l—ugafg) -

(. o o
n<¢x2+y2+J(x—1>2+y2+¢(x—a>2+y2> ’ @

where x, p; and y, py are pairs of canonically conjugate coordinates and momentums, and

n:1+m+u2(M+M)- (3)
a®  (1—a)3

It is easy to verify that the equations of motion

dx OH dy OH dpg OH dpy OH

E - 67 ) — a8 - ) - Y (4)
D dt Opy dt Ooxr = dt oy

determined by the Hamiltonian function (2) are nonlinear, and their general solution cannot

be found in an analytical form. The simplest particular solutions of system (4) are the sta-

tionary ones which determine equilibrium values of coordinates and momentums. Eliminating

momentums pz, py from (4), we obtain the system of equations determining equilibrium po-

sitions of the body Ps3 in the plane xOy in the form

mx—ﬂl—lmﬂ— ° - e — 1) - p2(@ — a) =0
@ @A (@- 12 (-

y (K _ 1 _ ! B 2 ) —0 )
@R (@ DP R (@ + g2 T
where parameter a is a root of equation (1).

System (5) has two parameters, with all physically distinct cases of bodies location being
determined by parameters values lying in the intervals 0 < p1 2 < 1. In case of o = 0 system
(5) reduces to the restricted three-body problem that was entirely investigated in [2]. The
case 1 = p2 was completely studied in [6,7]. Here we consider a general case of system (5)
and study stability of the equilibrium positions for different values of the system parameters
H1,2-

Note that each equation of system (5) determines a curve in the plane zOy. In Fig. 1,
they are shown by the bold solid and dashed lines. The coordinates & and y of each point of
intersection of these curves determine a solution to system(5). One can readily see that there
are six intersection points: S1, S2,..., Se. If ug — 0 for a fixed @1 the points Sz and S3
degenerate into one point Ps, which coincides with the libration point Lo in the restricted
three-body problem. The rest four equilibrium points S1, S4, S5, and S turn to the libration
points L1, L3, Ly, and Ls, respectively [2]. Thus, at point P> we have branching of solutions
of system (5) for pu2 > 0 and a fixed value of p1. This may be shown also if we represent
solutions of system (5) in the form of power series in terms of 2 in the neighborhood of the
libration point Lo.

Similar results is obtained if the point Px is located between points Py and P; (0 < a < 1)
or the z coordinate of point Ps is negative (a < 0). As a result, we obtain 18 equilibrium
positions of body P» for different values of parameters p1, pa.
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Figure 1. The curves determined by system (5) for g3 = 0.4, o = 0.2, and @ > 1.

3. Conclusions

To investigate stability of an equilibrium position we have to expand the Hamiltonian
function (2) in power series in terms of coordinates and momentums in the neighborhood of
the equilibrium solution up to six order. Then the Hamiltonian function is reduced to the
normal form, the corresponding procedure has been described in detail in [2, 8]. However,
very cumbersome symbolic calculations are involved and application of the computer algebra
system Mathematica, for example, turns out to be very helpful. Taking into account only
the terms up to second order in the Hamiltonian expansion, we have studied stability of
the equilibrium positions in linear approximation. We have shown that only the equilibrium
points S5, Se may be stable and the corresponding domains of parameters p1, po values
have been found in the p1 Opg plane. Analyzing the higher order terms in the Hamiltonian
expansion, we have proved stability of equilibrium positions S5, Sg in Lyapunov’s sense for
all values of parameters p1, pa from the domain of their linear stability, except for such
values of u1,2, for which the third or fourth order resonance takes place in the system. The
corresponding resonance curves have been constructed in the 11 Opao plane, as well.

Thus, all equilibrium solutions in the planar circular restricted four-body problem for-
mulated on the basis of Euler collinear solutions in the three-body problem have been found
and their stability has been investigated. This model was used to demonstrate and discuss
the most important and useful algorithms for solving similar problems which are often met
in Celestial Mechanics.
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MeToapl KOMIIBIOTEPHOI AJITeOPHI AJIsi MO/IEINPOBAHUS B
HebecHOII MexaHUKe

A. H. IIpokonens
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O6CyKAaI0TCel OCHOBHBIE BBIYUCIIUTENIBHBIE TTPOOJIEMbI, BO3HUKAIOIINE IIPH HCCJIEIOBAHUN DA3JIHIHBIX
Mozeseii HebecHON MexaHUKH. B KadecTBe IpHMepa pacCMaTpUBAeTCs IUIOCKas KPYyroBas OrDaHHYeHHAS
3a/1a4a, JeThIpex TesI, ¢OPMyIMPOBAHHAS HA OCHOBE KOJUIMHEAPHBIX perleHnii Diiepa 3a/1a4u TPex TeJl.
TTokazano, 4ro paccmarpuBaeMas IIpobjeMa nMeeT 18 PaBHOBECHBIX peIleHHil # pa3spaboTaH aJrOpPUTM
BBIYNCJIEHNST ITHX PEIleHuii. BeIIoHsIs HeOOXOAMMBIE CUMBOJIBHbIE BBIYHCIEHNS, MbI IPUBOANM (DYHKIAIO
TaMuibTOHa CHCTEMbI K HOPMAJIbHOM (bOpME U HCCIELyeM yCTOHYMBOCTDL IIOJIOXKEHUIT PABHOBECHS HPH
Pa3/IMIHBIX 3HAYCHUAX [IapaMeTpPOB CUCTEMbI. BCC H(‘O6XO,LLM1\/H)1(‘ CHUMBOJIbHbBIC U YHCJICHHbIC BBIYUC/ICHUA
BBIIOJTHSIIOTCS C TIOMOIIBIO CHCTEMbI KOMIIbIOTepHOiT anre6psr Mathematica.

KurodeBble cioBa: kommbioTepHasi ajrebpa, HeOecHasi MEXaHUKA, OIDAHMYEHHAs 33Jla4a YeThbIPeX
TeJI, TTOJIO?KEeHNs PABHOBECHUS, yCTOIIHBOCTD.
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We demonstrate by examples that a convolution of two hypergeometric sequences need not be Liouvillian,
hence neither the ring of d’Alembertian sequences nor the ring of Liouvillian sequences is closed under
convolution. On the positive side, we show that d’Alembertian sequences are closed under convolution with
rationally d’Alembertian sequences, and Liouvillian sequences are closed under convolution with rationally
Liouvillian sequences.

Key words and phrases: hypergeometric sequences, d’Alembertian sequences, Liouvillian se-
quences, closure under convolution.

1. Introduction

Liouvillian sequences are the elements of the least ring of sequences containing all hyper-
geometric sequences and closed under shift, inverse shift, indefinite summation, and interlac-
ing. Liouvillian difference ring extensions and Liouvillian sequences were defined, in analogy
to Liouvillian differential field extensions and Liouvillian functions, by Franke [2] resp. by
Hendriks and Singer [3]. Following Stanley [5], we call a sequence polynomially-recursive (or
P-recursive) if it satisfies a non-trivial homogeneous linear recurrence with polynomial coeffi-
cients. Since hypergeometric sequences are P-recursive (of order 1), and the difference ring
P of P-recursive sequences is closed under the four operations defining Liouvillian sequences,
the ring of Liouvillian sequences L is a subring of P. It is well known that P is closed also
under convolution of sequences, hence a natural question arises: Is £ closed under convolution
as well, and if not, what can be said about convolution of Liouvillian sequences?

2. Definitions and notation
By a sequence we mean a mapping a : N — K where K is a computable algebraically
closed field of characteristic 0, and N = {k € Z; k > 0}. We consider the following operations
in the set KN of all sequences:
o unary operations a — c:
1. shift:  c¢(n) = (Fa)(n) :=a(n +1)
2. (indefinite) summation:  c(n) = (ax1)(n) :=>7_, a(k)
o binary operations (a,b) — ¢
3. addition:  ¢(n) = (a+b)(n) := a(n) + b(n)
4. multiplication:  c(n) = (ab)(n) := a(n)b(n)
5. convolution:  c(n) = (a*xb)(n) == 7_, a(k)b(n — k)
o polyadic operations (ao,a1,...,aq—1) — c (ford € N, d > 1):
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6. interlacing: c(n) = (A?;Olaj> (n) := apn, mod d(ndivd)

We say that a set C C KN of sequences is closed under inverse shift if
EaceC=acC

for all sequences a € KN,
For d € N and po,p1, - - -, pqg € K[n], the mapping L : KN — KN defined by

d
L= Zpk(n) EF 1)
k=0

is a linear recurrence operator with polynomial coefficients, acting on a € KN by (La)(n) =

ZZ:O pr(n)a(n + k). If popg # 0 in (1), we say that L has order d. K[n](E) denotes the
algebra of linear recurrence operators with polynomial coefficients.

Definition 1. A sequence a € KN is:

1. rational if there is a rational function r € K(n) such that a(n) = r(n) for all large
enough n € N;

2. hypergeometric if a(n) # 0 for all large enough n € N, and there is a first-order
operator L1 € K[n](E) such that Lia(n) =0 for all n € N;

3. d’Alembertian if there are d € N and first-order operators L1, La, ..., Lq € K[n](E)
such that L1La -+ Lga(n) =0 for all n € N;

4. rationally d’Alembertian if it is d’Alembertian, and (with Li,La,...,Lq as in the
preceding item) the kernel of L; consists of rational sequences fori=1,2,...,d;

5. Liouvillian if it belongs to the least subring of KN containing all hypergeometric se-
quences and closed under shift, inverse shift, summation, and interlacing;

6. rationally Liouvillian if it belongs to the least subring of KN containing all rational
sequences and closed under shift, inverse shift, summation, and interlacing.

For additional information on d’Alembertian and Liouvillian sequences, see [1] and [4].

3. Results and conclusions

Example 1. This example demonstrates the range of possibilities for the nature of a
convolution of two hypergeometric sequences.

1. The convolution of 1/n! with itself

1 172": 1 712”:(1,)72"
n!  nl = kKl(n—k)!  nl! Pl n!
is hypergeometric.
2. The convolution of n! with itself
n n
. B _(n+1) 2k
y(n) :=n!xn! 7kz:%k!(n—k)!) = Tgk—l—l

is d’Alembertian but not hypergeometric.
3. The convolution of n! with 1/n!

can be shown to be non-Liouvillian.
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So we conclude that neither the multiplicative group of hypergeometric sequences nor the
rings of d’Alembertian resp. of Liouvillian sequences are closed under convolution. However,
we have the following positive results:

Theorem 1. The convolution of a d’Alembertian sequence with a rationally d’Alember-
tian sequence is d’Alembertian.

Theorem 2. The convolution of a Liouvillian sequence with a rationally Liouvillian
sequence is Liouvillian.
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HPHBOLLHTCH IIPUMEDPDI, IMOKa3bIBAIOMINE, ITO KOHBOJIIOINA ABYX I'UIIEPreOMEeTPUIECKUX I10CTIe10BaTe/Ib-
HOCTEl He 003aTeIbHO ABJIACTCS J'II/IyBI/IJ'I.HCBOI‘{'I, u, cjieJ0BaTeJIbHO, KOJIbIla ,Z[B,J'IaM6CpOBLIX U JINY BUJIJIEBBIX
HOC.HC,IIOB&TCIILIIOCch/'I He 3aMKHYTbI OTHOCHUTEJIbHO KOHBOJIIOIIUU. HpI/I 9TOM yCTaHaB/JINBaeTCA, YITO Jla-
JIa,IVI6CpOBbl 110CJIe10BATC/IBHOCTU 3aMKHYThI OTHOCUTE/IBHO KOHBOJIIOIIUU C pELLI,l/l()HaJIbHO—AfLJlHN{GCpOBbII\Al/l
II0CJIe10BATE/IbHOCTAMY, a JIMYyBUJLJICBBI IIOCJICA0BATE/IbHOCTH 3aMKHYTHI OTHOCHUTEJIbHO KOHBOJIIOIUU C
paroHa/IbHO-JINY BUJLJIEBBIMU [TIOCJIEIOBATEIBHOCTAMU.

KumroueBblie ciioBa: TUInepreoMeTpuieckKue Iocjaen0BaTe/ IbHOCTH, ,ZL&TI&I\’I6epOBI>I ocJIe10BaTe/IbHO-
CTH, JINYBUJLIJIEBBL I10CJIEA0BATE/ILHOCTH, 3aMKHYTOCTHh OTHOCUTE/ILHO KOHBOJIIOIIAN.
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Resonance Set of Polynomial and its Applications

A. B. Batkhin*'
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We consider the resonance set of a real polynomial, i. e. the set of all the points of the coefficient space at

which the polynomial has commensurable roots. The constructive algorithm of computation of polynomial
parametrization of the resonance set is provided. The structure of the resonance set of a polynomial of
degree n is described in terms of partitions of the number n. The algorithm for computation of parametric
representation of the resonance set is implemented as a library of the CAS Maple. Obtained results are
used for solving the problem of formal stability of a stationary point of a multiparametric Hamiltonian
problem with three degrees of freedom.

Key words and phrases: elimination theory, subresultant, computer algebra, formal stability of a
stationary point.
1. Introduction

Let fn(z) be a monic polynomial of degree n with real coefficients

fn(x)d:dx"—l-alx"_l +az" 24+ an. (1)
The space IT = R™ of its coefficients a1, ... ay is called the coefficient space of (1).
Definition 1. A pair of roots t;, t;, 3,7 = 1,...,m, @ # j, of (1) is called p : g¢-
commensurable if t; : t; =p: q.
We consider that p € Z\{0}, g € N, i.e. we exclude the case when (1) has zero roots.

Definition 2. Resonance set Rp.q(frn) of (1) is called the set of all points of II at
which (1) has at least a pair of p : g-commensurable roots, i.e.

Rpq(fn)={Pell:3,j=1,...,n,t;: t; =p:q}. (2)

2. Condition on p : g-commensurability of polynomial roots

Let polynomial (1) has a pair of p : g-commensurable roots. It means that two polynomials
fn(pz) and frn(gx) has common root. In the case when p = ¢ both polynomials fn (px) and

fn(gz) have exactly n common roots. In case an, = 0 one of the root is equal to zero,
therefore resultant Resy (frn(pz), fn(gz)) can be written in the form
Rese (fn(pz), fn(qz)) = an(p — @)™ GDp:q(fr), (3)

where GDp.q(frn) is so called generalized discriminant of (1) introduced in [1].

Definition 3. The chain Chgf,; (ti) of p : g-commensurable roots of length k
(shortly chain of roots) is called the finite part of geometric progression with common
ratio p/q and scale factor t;, each member of which is a root of (1). The value ¢; is called
the generating root of the chain.
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The detail structure of (2) can be described with the set of i-th generalized subdiscrimi-

nants GDZE,Z;EI (fn) [2], which are nontrivial factors of i-th subresultants of pair of polynomials
fn(pz) and fr(gx). Such subresultants can be computed as i-th inners of Sylvester matrix
constructed from the coefficients of mentioned above polynomials. For more details see [3].

Theorem 1. Polynomial fy(z) has exactly n — d different chains of roots Chz(fzzl(tj),
j=1,...,n —d if and only if in the sequence {GDéZ;L(fn),i =0,...,n— 1} of i-th gen-
eralized subdiscriminants of fn(x) the first nonzero subdiscriminant is d-th generalized sub-
discriminant GDI(;?% (fn)-

3. Parametrization of the resonance set

Any partition A of degree n of (1) defines a certain structure of its p : g-commensurable
roots and it corresponds to some algebraic variety Vli, i=1,...,p;(n) of dimension ! in the
coefficient space IT. The number of such varieties of dimension [ is equal to p;(n) and total
number of all varieties consisting the resonance set Rp.q(fr) is equal to p(n) — 1.

Algorithm for parametric representation of any variety V; from the resonance set (2) is
based on the following

Theorem 2. Let V;, dimV; = I, be a variety on which (1) has | different chains roots

and the chain Chgzg)(m) has length m > 1. Let v;(t1,t2,...,t;) is a parametrization of
variety Vy. Therefore the following formula

p(v—p™ 1)

I‘l(tl,...,tl,v) = I‘l(tl,...,tl)‘i‘ t1(pm _qm)

[ri(t1, ..., t) —ri((g/pP)tr, .., )] (4)

gives parametrization of the part of variety Vi1, on which there exists Chgzgfl)(tl), simple
root v and other chains of roots are the same as on the initial variety V.

From the geometrical point of view Theorem 2 means that part of variety V;; is formed
as ruled surface of dimension [ + 1 by the secant lines, which cross its directrix V; at two
points defined by such values of parameters ¢t} and ¢3 that ¢1 : t2 = ¢ : p. If (1) has on
the variety V;y1 pairs of complex-conjugate roots it is necessary to make continuation of
obtained parametrization (4).

Let start from the partition [nl} which corresponds to variety V1 with the only chain

Chl(,flq) (t1) of roots on it. One can apply transformation (4) in succession and finally one can
obtain parametrization of variety V,,—1 of the maximal dimension dimV,,_1 = n — 1. There
exists only one chain of roots of the length 2 on it and other roots are simple.

Let define the following three operations, which make it possible to obtain parametrization
of each variety V) of dimensions from 2 to n — 1.

ASCENT allows to pass from variety V; to the part of another variety V; 11 with dimension
one greater.

CONTINUATION allows to get the parametrization of the entier variety V;41 obtained
on the previous step.

DESCENT allows to pass from variety V;, on which there exist two chains of roots with
equal length, say k, to variety V;_1, on which there exists a chain of roots with length
2k.

One can combine successively mentioned above operations to obtain parametric represen-
tation of each variety V; from the resonance set (2).

Statement 1. Resonance set Rp.q(fr) of real polynomial fr(z) for a certain value of
commensurability coefficient p : ¢ allows polynomial parametrization of each its variety
Vi C Rpiq(fn)-



38 Kowmnbiorepuas anrebpa — 2016

4. Application to the problem of formal stability

Resonance set of a cubic polynomial can be used for solving the problem of formal sta-
bility of a stationary point (SP) of a Hamiltonian system with three degrees of freedom. Let
Hamiltonian function H(z) is expanded in SP H(z) = Y 72, H;(z), where z = (q,p), q
and p are coordinates and momenta, H;(z) are homogeneous functions of degree .
Characteristic polynomial f(X) of the linearized system z = JAz, A = Hess Ha, can be
considered as is a monic cubic polynomial. Resonance sets (2) for p = 1,4,9,16, ¢ = 1,
give the boundaries of subdomains in II, where Bruno’s Theorem of formal stability can be
applied [1]. See [2, § 4.1] for details.
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NsyJaerca pesoHaHCHOE MHOXKECTBO BEIIECTBEHHOTO MHOTOYJICHA, T.€. MHOKECTBO BCEX 3HAUEHUIl IIpo-
cTpaHcTBa KOd(M@UIIEHTOB, IIPH KOTOPLIX MOCACIHUI MMeeT com3MepuMble KopHH. IIpeiraraercs koH-
CTPYKTHUBHBII aJIFOPUTM HOCTPOECHHA ITOJIMHOMUAJILHOI TapaMeTPU3aIi Pe30HaHCHOTO MHOXKECTBa B IIPO-
crpancrse KodbdunnenTos Muorouiesa. CTpyKTypa Pe30HAHCHOIO MHOXKECTBA MHOIOYJIEHA CTENEHU 7
OIIMCHIBAETCSI B TEPMUHAX PasObueHns: ducsia n. AJIropurM napamMeTpudecKoro MpeJICTABICHUs] BCeX KOM-
[OHEHT PE30HAHCHOIO MHOXKECTBA PeajM30BaH B Buje OUOIMOTEKH B CHCTEME KOMIIbIOTEPHOI ajrebpbl
Maple. IIpuBeseno onucanue pe3oOHAHCHOIO MHOYKECTBA KyOUYIECKOrO MHOIOWJICHA, & TAKKe JAHO IIPHJIO-
2KEHHE IOJIyICHHBIX PE3yJIbTATOB K PEIICHHIO MPobJieMbl (POPMAILHOM yCTORIMBOCTU MIOJIOKEHUS PABHO-
BeCUsl MHOI'OIIAPAMETPHYECKOil cucTeMbl 'aMHIbTOHA ¢ TPEMsI CTEIEeHAMU CBOOOJIBI.

KiroueBble cjioBa: Teopusi MCKJOYEHUs, CyOpe3yJbTaHT, KOMIBIOTEpHas ajrebpa, (opmasbHas
yCTOI‘/'I‘II/IBOCTb TIOJIOZKEHUA PaBHOBECHUA.
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We present a Mathematica-based package for computing polynomial solutions to holonomic systems of
partial differential equations of hypergeometric type.
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Polynomial instances of hypergeometric functions in one and several variables are very di-
verse. They comprise the classical Chebyshev polynomials of the first and the second kind, the
Gegenbauer, Hermite, Jacobi, Laguerre and Legendre polynomials as well as their numerous
multivariate analogues [1].

Despite the diversity of families of hypergeometric polynomials, most of them share the
following key properties that justify the usage of the term “hypergeometric”:

1. The polynomials are dense (possibly after a suitable monomial change of variables).

2. The coefficients of a hypergeometric polynomial are related through some recursion
with polynomial coefficients.

3. For univariate polynomials, there is typically a single representative (up to a suitable
normalization) of a given degree within a family of hypergeometric polynomials.

4. All polynomials in the family satisfy a differential equation of a fixed order with poly-
nomial coefficients (or a system of such equations) whose parameters encode the degree of a
polynomial.

5. In the case of one dimension, the absolute values of the roots of a classical hypergeo-
metric polynomial are all different (possibly after a suitable monomial change of variables).

6. Many of hypergeometric polynomials enjoy various extremal properties.

In the talk, we will introduce a definition of a multivariate hypergeometric polynomial in
n > 2 complex variables that is coherent with the properties 1-6 listed above. Namely, with
any integer convex polytope P C R™ we associate a multivariate hypergeometric polynomial
whose set of exponents is Z™ N P. For this polynomial to be truly hypergeometric, we need to
assume that any pair of points in Z™ N P can be connected by a polygonal line with unit sides
and integer vertices. This assumption does not affect the generality of the results since any
polytope that does not satisfy this condition gives rise to a finite number of hypergeometric
polynomials that can be considered independently.

The hypergeometric polynomial associated with the polytope P is defined uniquely up to
a constant multiple and satisfies a holonomic system of partial differential equations of Horn’s
type [4,5]. We prove that under certain nondegeneracy conditions the zero locus of any such
polynomial is optimal in the sense of [2]. Generally speaking, this means that the topology of
the amoeba [2,3] of such a polynomial is as complicated as it could possibly be. This property
is the multivariate counterpart of the property of having different absolute values of the roots
for a polynomial in a single variable. We will present software for computing multivariate
hypergeometric polynomials and investigating distributions of their zeros.

Acknowledgments

The second author was supported by the grants of the Russian Foundation for Basic
Research no. 15-31-20008-mol-a-ved and 14-01-00544-a.



40 Kowmnbiorepuas anrebpa — 2016

References

1. Dunkl C. F., Xu Y. Orthogonal Polynomials of Several Variables. — Cambridge University
Press, 2014.

2. Forsberg M., Passare M., Tsikh A. K. Laurent determinants and arrangements of hyper-
plane amoebas. — Adv. Math. 151 (2000) — P. 45-70.

3. Mikhalkin G. Real algebraic curves, the moment map and amoebas, Ann. Math. (2) 151,
(2000) — P. 309-326.

4. Sadykov T. M. On a multidimensional system of hypergeometric differential equations,
Siberian Math. J. 39 (1998) — P. 986-997.

5. Sadykov T. M., Tsikh A. K. Hypergeometric and Algebraic Functions in Several Variables
(Russian) — Nauka, 2014.

VIIK 519.677

Broruncienne moJimHOMHUAJIBHBIX pemeHnﬁ
ruriepreoMeTpmnecKmnux CUCTeM

. B. Borgaunos, T. M. CaagbikoB

Poccutickuti axoHomuseckull ynusepcumem
um. I'. B. Ilaiexanosa
Cmpemannvti nep., 36, Mocksa, Poccus, 117997

B nokiazie 6yeT npencTaBiieH nakeT B CUCTeMe KOMITbIOTEpHOM airebpsr Mathematica s Beraucienus
[OJIMHOMUAJILHBIX PEIIeHUil MOJIOHOMHBIX cucTeM JuddepeHIMalbHbIX YPABHEHHH B YaCTHBIX IIPOU3BOJI-
HBIX TUIIEPreOMeTPHYECKOro THIIA.
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YaCTHBIX IPOU3BOIHBIX.
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IIpescrasien ajaropuT™ penieHnst napaMeTpUIecKoil 3a/1aun Ha COOCTBEHHbIE 3HAUEHMsI J1IJ1si OOBIKHOBEH-
HOro i HepeHnaIbHOIO yPABHEHNsI BTOPOIO MOPsIIKA HA KOHEYHOM MHTEpBAaJie P OOJIbINNX 3HAUCHN-
sX mapamerpa. PellieHne uiercs MeTooM CIIMBKY YMCJIEHHOTO PEIleHHs] Ha OJHOM M3 MOJBIHTEPBAJIOB 1
AHAJIMTHYECKOTO PEIeHHs HA JPYroM IojblHTepBaje. DGdEeKTHBHOCTD aJIropuTMa MOKA3aHA CPABHEHU-
€M BBIYHCAEHHBIX DEIIeHUi ¢ PeIlIeHusIMI IapaMeTPHYecKoil 3aa4i Ha COOCTBEHHbIE 3HAYEHUS METOIOM
KOHEYHBIX 9JIEMEHTOB Ha BCEM MHTEpBaJjle N3MEHEHHUs HEe3aBUCHMON IepPeMEeHHO Ipu GOIbIINX 3HAYEHUAX
mapameTpa.

KumroueBsie ciioBa: ITapamerpudeckas sazgada HItypma-JInysuisg, OLY Broporo mopska.

1. Bsegenwne

Maremaruieckas MOJIEJIb IPOLECCOB TYHHEIUPOBAHUS [BYXaTOMHONR MOJIEKYJILI I€Pe3 OT-
TaJIKHBAIOIIVE OAPLEPHI B S-BOJIHOBOM IPUOJIMZKEHUN OIICHIBACTCH SJIIUITUIECKON KpaeBon
3aaueil B 1ByMepHOi obmmactu [1]. Pemerne nByMepHOii KpaeBoil 331841 B IKOOMEBCKHX KO-
OpIMHATAX UIIETCS B BUJE PA3JIOXKEHUA II0 COOCTBEHHBIM (DYHKIHAM 33124l Ha COOCTBEHHDIE
suadgenns g OZLY 1o oTHOCHTENbHON KOOpAWMHATE, & B IOJISAPHLIX KOODAWHATAX B BHEC
pasnoxkenus Kanroposutia mo HaOOpy yIVIOBBIX OA3UCHBIX (DYHKIUI — pemleHuil 3amatu Ha
COOCTBEHHBIE 3HAYEHUs, 3aBUCSIIEH OT PaJMasbHON [I€PEMEHHOI KaK OT [apaMerpa, COOT-
BETCTBEHHO, HIKE U BBIIIE IOPOTa JUCCOIUAINI MOJIEKY/bl. B raHHO paboTe IpeicTaBiIeH
QJITOPUTM BBIYHCIEHHs ACHMITOTHK COOCTBEHHBIX 3HAYEHUI M YIVIOBBIX Oa3UCHBIX (OyHKITHI
IIpH OOJIBINNX 3HAUEHUAX MapaMeTpa.

2. ITocranoBka 3agaum

VpaBHeHue, OMUCHIBAIOIIECE JUHAMUAKY 3aJa4 110 OTHOCUTEJHHON KoopauHare x > 0,

2
(- + 7@ —2) 6t =0, o)
dx

MeeT ITUCKPETHBIN CIEKTP, COCTOSAIINI U3 KOHEYHOIO YHCJIA 7t CBA3AHHBIX COCTOSHUIA C COO-
creenbiME DyHKIsAME ¢ (), j = 1,n 1 cOOCTBEHHBIMY 3HAaMeHNAME €5 = —|€;| 1 Henpe-
PBIBHBII CIIEKTP COOCTBEHHBLIX 3HadeHHi € > () ¢ COOTBETCTBYIOIINME COOCTBEHHBIME (DYHK-
nusmu ¢z ().

IIpu 3amene mepemenusix x=psin ¢, coorsercrsyiomee ypasuenue IlIrypma-Jluysumms,
OIMCBHIBAIONIEE AMHAMUKY 34U 110 OTHOCHTEIbHOM Koopauuare ¢€ [0, ),

™

d2 2V s . . . =0 d . . . . —5.. 2
(*wﬂ) (psmsO)*Ej(p)) #; (3 p)=0, 0/ pdi(p; p) i (03 P)=0ij, (2)

MMEET BEIECTBeHHbI JaucKkpeTHblit ciektp €5(p) < 0, 7 = 1,n n j = n + 1,... upu Beex
3HaveHusx mapamerpa 0 < p < oo. Ilpu Gosbinx 3HAYEHUSAX MAapaMerpa p COOCTBEHHBIE
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dynxuun ¢;(p; p), j = 1,n coorBeTcTBYIOT COGCTBEHHBIM (BYHKIUAM ¢j (L) AMCKPETHOrO
crexTpa 3agaun (1), a cobersennble Gynxuun ¢;(p;p), j = n + 1,... cooTBeTCTBYIOT CO6-
cTBEeHHBIM (DYHKIUAM Pe () HENPEPBIBHOIO CreKTpa 3a4a4u (). AHTHCHMMETPUYHbIE OTHO-
CUTEJILHO MIEPECTAHOBKY JIBYX TOXKICCTBEHHBIX YACTHUI] PEIICHUS YIOBJICTBOPAIOT IPAHUIHO-
My yeaosuio dupuxie ¢;(0; p) = ¢;(m; p) = 0. TockonbKy morenmuas Kpaesoit 3ajaqm (2)
CHMMETPHUYEH OTHOCHTEJILHO ¢ = 7r/2, TO YeTHbIe U HeYeTHbIE PEIICHHs DPACCMATPUBAIOTCS
paszzenbHo Ha uaTepBase ¢ € [0, 7/2]. Bosree neranbio, HA MpUMEpE YACTHUIL, ¢ TOTEHIUATIOM
B3anmoieiicreuss Mop3se, ocTaHOBKa 3aja4u U ee peaykims Kanroposuda mpejicTaBieHa B
pa6ore [1]. Lenb pannoii paboTsl COCTOUT B OCTPOSHUH AJITOPUTMA 151 BBIUUCICHUsT ACUMIT-
TOTHK COOCTBEHHBIX 3HAUEHHI 1 COOCTBEHHBIX (DyHKIMIT 382 (2) 1pu GOJIBIINX 3HATCHUAX
mapamMerpa p.

3. Aaropurm BBIYHCJIEHHS ACUMIITOTUK COOCTBEHHBIX 3HAYEHUI U YIJIOBBIX
coGCTBEeHHBIX (DYyHKIUI IIpU OOJIBIINX 3HAUEHUAX MapaMerpa

IIpn GosbmMX p MMpPUHA TOTEHIMAIBbHOH ambl V (psin ) B ypasmenuu (2) yGbisa-
er ¢ pocToM p. DTOT (HDAaKT MO3BOJISET JIMHEAPU3OBATH APIyMEHT psinp—ieq — p(@
—arcsin(Zeq/p)), B OKPECTHOCTH TOYKH MUHEMYyMa IIOTEHIMANA Leq, T.€., IPH |[T—Teq|/p
< 1 B Boipaxkennu norernpana V (psin ). Ypasuenue (2), B koropoM noreniman V (psin ¢)
samenen Ha V (py), 3aMEHON NEPEMEHHBIX T=p@ CBOIUTCA K ypaBHeHuio (1).

Kak mspecrno, cobersennbie dbynkuun duckpemnozo cnekmpa €5(p) < 0, j = 1,...,n
JIOKAJTM30BAHbl BHYTPH MOTEHIMATLHON SIMBI U 9KCIIOHEHIMALHO MAJIBI BHE €€, TI03TOMY pe-
HmIeHust Kpaesoii 3a1auu (2), B paMKax yKa3aHHBIX ITPUOJIIZKEHUH, ONPEEIIOTCA U3 PEIeHII
KpaeBoit 3aiaun jyist ypapHenns (1): €5(p) = p25j, o =x/p;p) = \/ppj(x).

CoGersennbie dyukiun ncesdococmosnuts €5(p) > 0, j = m + 1,..., B owmane cob-
CTBEHHBIX (DYHKIMI JIMCKPETHOTO CIEKTPA HE JIOKAJIN30BAHBI BHYTPU MOTEHIMATILHON MBI,
npu 3toM (n—1)it y3en HaxoauTces 0koso ee rpanumpbl. OTCona CIeLyer oneHKa cOOCTBEHHBIX
3HAMeHNit 71s1 TiceBmococToanmit €;(p)~(j—n)?, T.e. cobeTrennoe smauenne £;=¢;(p)/p?
Kpaesoit 3aiaun s ypasHenns (1) Gyzer Masoil BeMauHOi.

Astropur™ BbIMHCTIEHNS COBCTBEHHBIX 3HAYCHUI U yIVIOBBIX COOCTBEHHBIX (DYHKIMIT Ipu
GOJIBIINX 3HAYCHUAX [IAPAMETDA.

1. UnrepBan po<ep<m/2 nenurcsa Ha qBa IOAUHTEPBAJIA TOUKOH e ==T¢/p: ©o<p<ipe
n pe<e<m/2. B obmem ciayuae po = zo/p = 0, oZHAKO B Cilydae BBICOKOTO Gapbepa B
TOYKE MApHOrO yAapa, KOrja coOCTBeHHbIC (DYHKIMU B €€ OKPECTHOCTH IKCIOHCHIUAIBHO
yObIBAIOT, B YMCJICHHBIX PACYETaX B KAUECTBE IPAHUIHON TOUKU BbiGHpaeM o = xo/p > 0.
B umcieHHbIX pacyerax, TOUYKa Te BIOMPAEM U3 YCIIOBUS |Vpa"(z’>xs)| < eps, rjae eps > 0
3apaHee 33/JaHHOe MAJIOe UCIIO.

2. Cob6erennble byHKIMA ¢ (@5 p) BHIMUCISIOTCS B BUJIE

A;(p)Bj(¢; p)s 0o < < e, ,
VIR —1/2), pe<p<a )

rae F(x) = sin(x) mis HeweTHBIX cOOCTBeHHBIX QyHKIm mm F(x) = cos(x) mIst 9eTHBIX
coberBennbix dynkimii, A;(p) u Cj(p) — HOPMEPOBOUHBIE MHOKUTEIN.
3. Buauenus dbyukimit Bj(ps; p):=Bj(x;) u 1poM3BOIHBIX B;- (¢i3 p)::pB§ (zi) wa

¢;(p;p) =

sazannoil cerke Qu={Q1=00, ..., 0i=T;/p, ..., PN=Pc} OUPEIEIAIOTCS HUePE3 3HATCHUS
dbynxumii Bj(x;)=B (O)JrB(l) &; +B(2> 2 U POU3BOJHBIX B’ (z;)=b (D)er(l) 3 +b(2) ~2 Ha
cerke Qz={x1=x0,...,; T4, ..., ELN=Tc }, BbI‘{I/ICJIeHHbIe peIHeHI/IeI\I ypaBHEHHS (i) MeTO/I[OM

Pynre-KyTTo! ¢ 3a7anHBIME HAYAIbHEIME yctoBusaMu Bj(z)=0, B;- (z0)=1, B KOTOpPOM OT-
6paCLIBAIOTCS TPEThe 1 GoJlee BHICOKHE CTEIeHH MaJioft Bemnast £5=¢,(p)/p>.
4. Ypasnenue Ji1s1 € (p) BBIBOJUTCS U3 yCIOBUs HENPEPBIBHOCTH pertennst ¢ (p; p) 1 ero
o / . —
TPOM3BOANOft ¢ (95 p) TIPH ¢ = (e
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Tabiuna 1
CxomMOCTDb pa3/IoyKenust COOCTBEHHBIX 3HAMEHMI € j (p) mcespococrosnuii npu p = 50 u UX CpaBHEHHE C
ancsaenabiMu pesyabratamu (NUM) MeTosa KOHEUHBIX 9JIEMEHTOB

( —n)Z  1.00000000  4.00000000  9.00000000  16.00000000
+€§~1)/p 1.09010413  4.36041653  9.81093720  17.44166614
+€§-2) /p?  1.09619320  4.38477280  9.86573880  17.53909120
NUM  1.09614800  4.38462804  9.86554769  17.53908477

5. CobcrBennoe 3Haxenue, € (p), UIeTcs B BUJe Psi/ia [0 OGPATHBIM CTEIEHIM [apaMeTpa

. 1 2
pej(p)=(J —n)2+5§- ) /p—i—a;- )/p2, MOJICTAHOBKA KOTOPOI'O B ypaBHeHwe 1ara 4, IpuBOIuT K
cHuCcTeMe JIMHEHHBIX aJre6pamIecKuX ypaBHEHHUIT, 13 KOTOPOH ONPeIeIAoTcs KOIDMUITUEHTHI

(CORNINE))

pasyoKenust £, ° n €, , a sareM Kosbduuuenter A;(p) n Cj(p).

B recroBoMm mpumepe, B KadecTBe IMOTEHIHAJA B3aMMOJIEHCTBIS V(z) B ypasuenun (1)
611 BRIGpan notennuat Mopze VM (z) = D{exp[—2(z — #eq)p] — 2 exp[—(z — Zeq)p]} Tpu

D = 236.510003758401, Zeq = 2.47, p = 2.96812423381643. IlpeacraBiennblii aaropuTm
peasmmsoBan B cucreme Maple. IlorydeHHble ¢ €ro MOMOIIBIO ACUMIITOTHYIECKIE PA3JIOKEHUS
COBIAAIOT C YUCJIEHHBIM PEIIeHueM MEeTOIOM KOHEYHBIX 9JIEMEHTOB C TOYHOCTBIO 4-5 3Hada-
uwx nudp st COOCTBEHHBIX 3HadYeHuil u 2-3 3Hadanue mudpbl JJjis COOCTBEHHBIX (DYHKIINN,
Hanpumep, cM. tabyuiy 1.

Buarogapaoctu

Pa6ora nonnepxxana PODU (rpant 14-01-00420).

Crucok Jmreparypsbl

1. I'yces A. A., Xaii JI. JI. Becruuk Poccuiickoro yHusepcurera npy26s1 Haponos, Cepust
Maremaruka. Uadopmarnka. Puszuka — 2015 — Ne 1— C. 15-36.

UDC 519.632.4

Symbolic-Numerical Algorithm for Solving the Sturm—Liouville
Problem at Large Values of Parameter

A. A. Gusev*, O. Chuluunbaatar*, S. I. Vinitsky*, L. L. Hai*, V. L. Derbov

* Bogoliubov Laboratory of Theoretical Physics
Joint Institute for Nuclear Research
Joliot-Curie 6, Dubna, Moscow region, 141980, Russia

 National Research Saratov State University,
83 Astrakhanskaya Street, Saratov, 410012

Algorithm for solving a parametric eigenvalue problem for the ordinary second order differential equation
in a finite interval at large values of a parameter is presented. Solution are sought using matching method of
numerical solution in one of subintervals and solution in analytical form in other subinterval. The efficiency
of the algorithm is demonstrated by comparison of calculated solutions with solution of the parametric
eigenvalue problem by finite element method on whole interval of independent variable at large values of
the parameter.

Key words and phrases: parametric Sturm-Liouville problem, second order ODE.
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YK 519.632.4

AsropuTMbl periieHusi KpaeBbIxX 3ama4 aJjisi cuctembl OLY
BTOPOrO MOPSAKA C KyCOYHO-TIOCTOSTHHBIMU MOTEHIINAJIAMU

A. A. T'yceB*, O. Yyayyun6aarap™, C. 1. Bununnkwnii*,
JI. JI. Xaii*, B. JI. Jep6os'

* Jlabopamopus meopemuueckoli dusuru,
0065eduHeHHbIT UHCMUMYM A0EPHBE UCCAeD08aHU,
ya. 2Koauo-Kiwopu 6, Tyona, Mockosckas obaacmo, Poccus, 141980
t Capamoscruti zocydapemeennidi ynusepcumen,
ya. Aempazanckasn, 83, 410012, 2. Capamos

TIpeacraBieHbl AIrOPUTMBL PELICHUS MHOIOKAHAIBHON 3a/adi PACCesHUs U 3aJadd Ha COOCTBEHHbLIE
3HAYEHMsI BOJIHOBOJIHOrO Tuna st cucreMbl OJLY BTOpOro mopsijika ¢ KyCOYHO-IOCTOSIHHBIMU KO3(bdU-
OUEeHTaMMU Ha OCH. J_—[ELHO CpaBHEHUE Pe3yJ/ibTaTOB, IIOJIYYCHHBIX DellleHueM Kp?].eBOﬁ 3a/lauu MeTO/IOM KO-
HEYHBIX 9JEMEHTOB U METOLOM CIIMBKE (QyHIaMeHTAIbHbIX perrenuil cucreMbl OJIY B TOUKax pas3pblBa
K03 DUIHEHTOB.

K.TIIO‘IBBLIB cJioBa: B’IIIOI‘OK&II&J’ILII&H 3a/lava paccedHud, 3ajjada Ha CO6CTB€IIIILI€ 3Ha4YeHud, cucremMa
OOBIKHOBEHHBIX JAU(DdEPEHIIHAIBHbIX yPABHEHNT BTOPOTO IIOPsAIKA.
1. Bsenenune

Kpaesbie 3aaun jyis1 cucrem N 00bIKHOBeHHBIX udbdepennnanbubix ypasaennit (OLY)
BTOPOTO MOPSIIKA BOJTHOBOTHOTO THITA

d2
(155 + Ve - BT) #() =0, #()= @@ 2@ )
C MaTpuIleil KyCOYHO-IIOCTOSHHBIX noTennuanos V(z) = {Vj;(2)}, 4,5 =1,...,N:
Vji(z) = {Vju;1, 2521, Vjise, 2522, ooy Vyisp—1, 2<28—1, Vjisk, 2> 261} (2)

BO3HUKAIOT, HAIIPUMED, IPHU UCCICTOBAHUN OINTUYUECKIX MHOTOCJIOIHBIX CHCTEM.
2. Aaroputm cmimBKu (pyHIAMEHTAIBHBIX PeIleHuit

ITTar 1. Ha KaxK/IOM U3 MOABIHTEPBAJIOB 2 € (2m—1,2m), m = 1,..., k, cucrema N OJLY
(1) ects cucrema OZIY ¢ mocrostHEBIMI KO3bduIeHRTAMI

(—1% + Vi — EI) ®,,(2) =0, (3)

KOTOpast IMeeT o0Iee PeIIeHne, SIBHO 3aBUCHAIIEE OT CIEKTPAJILHOrO mapamerpa F

N
B(2)=) (A§m> exp (— Agm)—Ez) v gim) exp(\/)\l(m)—Ez) \I:l("”) . (@)

i=1

(m)

Bmece A7 m Bgm) — HEU3BECTHBIC KO3(DPUINEHTHI, \Ilgm) u )\Em) — perreHus aaredpan-

YeCKOil 3a/1a4u Ha COOCTBEHHbIE 3HAYEHUST Vm\IIEm) = /\Em)\Ilgm), KOTOPBIE BBIYUCIIAIOTCS
YUCJIEHHO.

IMTar 2.1. /s cBa3annbIx cocroguuit F<\; acHMITOTHYECKHE YCIOBUA Ipu 2 — £00
OIIMCBHIBAIOT IKCIIOHEHIMAIHLHO YOBIBAIOIIE PEIICHUS

B.(2) = iAi exp(—v/Ai—El). ()
=1
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@, (z>4w) @_(z—>+w)
X(z) X(2)
— le———

XO@)R, | XV ()T, XO@)T, [XO()R,
z<0 g 0 z<0 LR 0
OTKP. Ng No OTKP. No No a.

Puc. 1. a. acuMITOTHUECKHE PEIIEHHsT: KIIAIAI0NIAsT BOJIHA + YXOISIIIE BOJHBLY .
6. /IBymepHBIil OTEHITHAT

Ilar 2.2. Jdas meracrabumbapx cocrosumii EM=Re EM 44Im EM | Im EM <0 acuvmro-
THYEeCKHe yCJIOBHUs IIPU Zz— = 00 B OTKPBITHIX KaHaJaX, ONHICHIBAIOIINE yXOSIIIe BOIHBI, B
3aKPBITBIX KaHAJaX dKCIOHEHIMAJIBHO yOBIBAOIITEe PEIeHHT

® B N A exp(—\/z\i—EM|z|> Re EM < )\,
(=) = ; ' exp(z \/EM—)\i\z|>, Re EM > ;.

IITar 2.3. /{1 MHOTOKaHAJIBHOH 3a7adm paccesus (Npu (PUKCHPOBAHHOM 3HAYEHUI
E = Re E) soiuncisiercst uckoMas Marpuna pemennii ®(z) ¢ acumnrorukoil “najaomas
BosIHA + yxozgmue BouHbL (cM. puc. la) uckombie R—s u R KBajpaTHble MATPHIBI aM-
nswmry s orpazennus pasmeproctn NEXNE uw NExNE u T, u T npamoyrosbibie Mat-
PUIBI AMIIUTY], TPOXOXKIEHNA Pa3MePHOCTI N;?'XNOL u N, OL ><NOR7 rae Né: n Nf’ THCIIO
OTKPBITBIX KQHAJIOB B ACUMIITOTHYECKUX OOJIACTSX.

IITar 3. 13 ycioBus HENPEPLIBHOCTU PELIEHU M UX IPOM3BOIHLIX B TOYKAX pa3pbIBa
Zm ToTeHImasos (2), i MHOTOKAHAJIBLHON 3aja4n paccesHus caemyer cucreMa 2N (k—1)
HEOJHOPOHBIX JIMHEHHbIX ypasHenuil ¢ 2N (k—1) HenssecTHBIMU, a JI 331440 HA CBA3AH-
HBIE NJIM METACTAOMJIbHBIE COCTOSIHUSI C y9eTOM YCJIOBHSI HOPMUPOBKH CJIeJlyeT HeJIMHeHHast
cucrema 2N (k—1) + 1 ypasrennit ¢ 2N (k—1) + 1 HemsBeCTHBIMHE.

IMTar 4. Pemraerca cucremMa ypaBHEHUil, IOIydeHHAA Ha IHIare 3.

(6)

3. 8agaum Ha cBI3aHHbIE U METACTAOUJIbHBIE COCTOSHUS

B kadecTBe IpuMepa, pacCMOTPUM 3a/ady Ha CBS3aHHbIE M METacTabU/IbHbLIC COCTOSHUS
quist ypasrennst HIpemunrepa B obmacru €y, = {y € (0,7),2z € (—o0,400)}, ¢ KycouHo-
HenpepbIBHBIM norennuantoM V(y, z) = {—y, |z| < 2;0, |z| > 2}, npencrasnennsivm ma Puc.
16. Pemenne umerca B Buje pasioxenus W(y,z) = Y, Bi(y)®;(z) nmo mabopy GasucHbix

dyukumit B, (y) = % sin(4y), aro mpusomuT k cucreme OJLY (1) ¢ maTpuueit s dexTnBHBIX
HOTEHIHANOB (2)

v
V2 V2
Vij = {i25ij,z < —2;2‘25”- — /y— sin(ty) — sin(jy)dy, z < 2; i25ij,z > 2},
J VT vz

Ora 3a1ada MMEeT 1Ba CBA3AHHBIX W JBa METACTAOMILHBIX cocTosAHU:A. COOCTBEHHBIC 3HA-
geHns ObLIM BbumcJeHbI npu N = 4 ¢ HOMONIBIO AJTOPUTMA, PEATU3YIOMIEr0 METO.
cimBKYE QYHIAMEHTAIBHLIX permennit B cucreme Maple: F1 = —0.357678006157, Ey =
0.497673092637 u E{VI = 2.767982443939 — 20.000009778719, Eé\/f = 3.59902052643 —
20.02021392350. /lanuble 3Ha"€HNs UCHOJIb30BAJINCH JJI TECTUPOBAHUS AJITOPUTMA U IIPO-
rpamyvbl KANTBP 4M, peanusyiomux Meros Korednsix sjaementos (MKD) B cucreme Maple
[1]. Pacuerst MK BBIIOIHAIMCH ¢ SPMUTOBBIMH 3JIEMEHTAME CeIbMOTO Hopsaka (p' =7, p=3,
K™MAX=2) Ha KoHeuHO3IeMeHTHOH ceTke 2, = {—8(4) — 2(4)2(4)8}, rue B ckOOKAX yKa3aHO
HHCJIO 97IeMEeHTOB. PacteTs! cBs3anubIX cocrostHuil ¢ yenoBusamu Heiimana n [upuxie maor
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Puc. 2. CpssanHble 1 MeTaCTAOUIILHBIE COCTOSHUSA JBYMEPHO( KPAEBOil 3a/1a91 M COOTBETCTBYIOMIEH
cucrembr OITY

MKD _
HIZKHIOIO U BEPXHIO onenku 0F; = |E; — Ez( )| ¢ Tounoctvio 6E1 ~ 2.5-1077 n
0Ey ~ 1.1 -10~%. Pacuersl cOGCTBCHHBIX 3HAYCHUI CBSIBAHHBIX M METACTAGHIILHBIX COCTO-
SIHMH U 9JIEMEHTOB MATPHI aMIUITY/l oTpaskeHnuss R u mpoxoxkaenns T MHOrOKaHAJTbLHON
3aJadK PACCEesHUs, HOJIyYeHHbIe CIIMBKON (dyHIaMeHTaIbHbIX pemennii Ha ocu 1 MKD na
cerke ), = {—2(4)2} ¢ rpaHEYHBIME yCJIOBUSIME TPETHETO POAA U ACUMITOTUKAMY PEIIeHM

mara 2, COBIaJIAIOT ¢ TOYHOCThIO mopsiika 10710,
Baarogapuoctu
Pa6otra nonznepzxana PODU (rpant 14-01-00420).
Crmcok jurepaTypbl

1. Tyces A.A., Xat JI.JI., Qyasyynbaamap O., Bunuuyxud C.H., ITporpamma KANTBP 4M
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UDC 519.632.4

Algorithms for Solving Boundary Value Problems for a System
of Second-Order ODE with Piecewise Constant Potentials

A. A. Gusev*, O. Chuluunbaatar*, S. I. Vinitsky*, L. L. Hai*, V. L. Derbov'

* Bogoliubov Laboratory of Theoretical Physics
Joint Institute for Nuclear Research
Joliot-Curie 6, Dubna, Moscow region, 141980, Russia
1 National Research Saratov State University,

83 Astrakhanskaya Street, Saratov, 410012

The algorithms for solving the multichannel scattering and eigenvalue problems of the waveguide type
for a system of the second order ODEs with piecewise constant coefficients in the axis. A comparison of
the results obtained by the solution of the boundary value problem by the finite element method and
matching method of fundamental solutions of the system of ODEs in the points of a discontinuities of
potentials.

Key words and phrases: Multichannel scattering problem, eigenvalue problem, system of second
order ordinary differential equations.
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CucreMbl KOMIOBIOTEPHOU aJredbpbl MPU MCCJIEJOBAHUMT
CTATUCTUYECKUX CUCTEM

E. T. Edepuna*, A. B. Kopoaskosa*, . C. Kyna6os*t, JI. A. Cesacrpsinon™}

* Kaghedpa npurxaadnoti unbopmamuru u meopuu éeposmmuocmeti,
Poccutickuts ynusepcumem dpyacov, Hapodos,
ya. Muxayzo-Maxaas, 0.6, Mocksa, Poccus, 117198
t Jlabopamopus urnBopmayuonHbLE MeTH0N02UT,

Obsedunennoili uncmumym AdepHuT uccaedosanut,

ya. 2Koauo-Kiwopu 6, Jybna, Mockosckas obaacmo, Poccus, 141980

 Jla6opamopus meopemuneckoti dusuru,

Obsedunenronti uncmumym Adepuvls uccredosanut,

ya. Koauvo-Krwopu 6, Tyona, Mockosckas obaacmsv, Poccus, 141980

MeroauKa CTOXACTU3AIMI OAHOIIATOBLIX [IPOLECCOB 6A3UPYeTCs HA PA3JIOKEHUH OCHOBHOIO KMHETHYe-
CKOI'O YyPaBHEHUS W [OJIYICHUN HPUOINZKEHHBIX Mojeseil. s uccsieioBanus caMoro OCHOBHOIO KMHETH-
YEeCKOr0 yPaBHEHUsI IIPEJIAraeTcs UCIOJIb30BaTh CTATUCTUYECKYIO TEOPUIO BO3MYIIEHUi, 10100HYIO0 pea-
JIM3OB&HHOﬁ B pal\’lKaX KBaHTOBOI‘;I TeOle/l 110J14. ,HJIS{ TOrO OlluCaHa METOJAUKaA U CO3/1aH aHELJll/lTM“IeCKl/lﬁ
NPOrPAMMHBIN KOMILJIEKC [IPUBE/ICHUS] OCHOBHOI'O KHHETHYECKOTO yPaBHEHHs K OIlepaTopHoii hopme B (o-
KOBCKOM IIpC,U‘CTﬂBJICHMM. J:[JIX pCLLlCHJ/lH lIOle‘IMBLLICI‘OCH ypﬂBﬂCHMH B palvll(ﬂ.x leOl'p?M\ANlHOl'O KOMILJIEKCa
HpOBO}IT/ITCﬂ FeHepaIl"ﬂ (beﬁHIVIaHOBCKVIX }'[Vlal"pa]\/ﬂ\/[ JIA COOTBET(‘,TBY}OH[QFO nOpﬂ}IKa TQOI)VIH BOSI\/[yHIeHI/IﬁA
B kauecrse cucreMbl CUMBOJILHBIX BbIUuC/eHUit 6buta npuMenena cucrema FORM.

KuodeBble ciioBa: croxacruueckue JuddepeHnnaibHbie ypaBHeH!s; OCHOBHOE KHHETHIECKOE yPaB-
nenust; ypasuenne Pokkepa-Ilimanka; ciucrempr KoMmibioTepHoii anre6psr; cucrema FORM.

1. Bsenenme

IIpu cToxacTu3amuu OHOIIATOBBIX IPOIECCOB B PE3YJILTATE MOJIY IaeTCs TpH B nudde-
PEHIMAIBHBIX YPABHEHUI: OCHOBHOE KMHETUYIECKOE YDABHEHNUE, YDABHEHUE TUIA YPABHEHMS
Doxrkepa-Ilnanka u croxactuaeckoe mudepeHIaIbHOe YpaBHeHe TUla ypaBHeHus Jlamxe-
sena [1]. ITocsieiane jiBa MOy 9alOTCs KAK MPUOIIMZKEHHbINH BAPHAHT OCHOBHOI'O KHHETHIECKO-
ro ypasuenus. Ul eciim MeTOZIBI pelieHust CTOXacTUICCKUX At depeHIuaabHblX yPaBHeHIH
XOPOIIIO U3BECTHBI (HALPUMED, croxacTrIeckue MeTobl Pyure-Kyrrer), To pemenue audde-
PEHIMAIBHBIX YPABHEHUI B TACTHBIX IPOM3BOIHBIX [IPEICTABIISICT ONPEICICHHYIO IIPO0IeMy.

B kawecTBe MeTOAWKY pEIIeHMs TAHHBIX YPABHEHUII IIPE/JIATACTCS MCIOIb30BATH METO-
JIbI CTATUCTUYIECKON TEOPUH BO3MYIIECHUIl, HOMOOHBIE METOJAM, Pa3pabOTAHHBIM B PaMKaX
KBaHTOBOHU Teopun nousd [2,3].

OcHoBHOE KMHETHYIECKOE yPaBHEHNE 3auchiBaeTcs B npeacrasieann Poka. Cxemam B3a-
uMOsIeiCTBUS CTaBATCA B coorBercTBHE nuarpammbl Deiinmvana. lasee 1y 0CHOBHOrO Ku-
HETHYECKOTO YPABHEHUSI BBITUCIAIOTCS (DEHHMAHOBCKIE IUATPAMMBI JIJIS COOTBETCTBYIOIIETO
mopsiKa Teopun Bo3Mytienus. [locrpoenne heifHMAHOBCKUX AUATPAMM IIPOU3BOIUTCS HA OC-
HOBE CHCTeMbI KoMIIboTepHOii anreGpst FORM [4, 5].

2. IIpencraBienne Poka

s peanuzanuu aOCTPAKTHOIO IOAXOJA UCIOJIL3YETCA LIPEICTABJICHUAE THCEJI 3AIIO0JIHE-
HUA. ,H]IH U3MEHEHUA COCTOAHUIA CUCTEMBI MCIIOJIL3YIOT OIlepaTOPbl POXKIACHUA U YHUITOZKE-
HUA. h’leTOﬂI/IKa IIPUMEHEHU A (bOpMaJII/ISMa BTOPUYHOI'O KBAaHTOBaHUA IJIgl HEKBAHTOBBIX CH-
creM (CTATHCTUYECKHX, JeTEPMUHAPOBAHHBIX) OBLIA PACCMOTPEHA B LIEJIOM psize crareii [2,6].

B33,HMO,H€I>‘ICTBHE JIEMEHTOB CHUCTEMBbI ONMCBIBAETCA C IIOMOIIIBIO CXeM B3aH1\IOﬂeﬁCTBHH
(puc. 1 u 2):

i +k0‘ i
Ijﬂpj — Fj7<PJ7 1)
Tk
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31€Ch I'DEYECKIE HHIEKCHI 33/1aI0T KOJIMYeCTBO B3aNMOZECTBHI, & JIATHHCKIE — Pa3MEPHOCTh
cucremsl. KoaddurmenTor Tk o M Kk, MMEIOT CMBICT WHTEHCHBHOCTH (CKOPOCTH) B3amMO-

JleiicTBUS.
I N F 1 N F
a ™ e a
Puc. 1. IIpamas peakuus Puc. 2. O6parnas peakius

3/eCh HCIOB3YIOTCST OLEPATOPBI POKACHHS () U yHHITOXKeHus (a):
Tl =ln+1), aln)=nln—1), [a]=1. 2)

B dbopmasnmsme dncest 3amoHeHIsT OCHOBHOE KHHETHYECKOE yPaBHEHNE TIEPEXOIUT B yPaB-
uenne JluwyBus:

2 16(6) = Llpt) ®

Oneparop JIuyBuiis, samucbiBaeTcs [uepes cxembl B3ammogeiicTsus (1) B ciemyiomenm
BUIE:

L= Z |:""lcE <Tr£~FB — ﬂilﬂ> ailﬂ + ko (ﬂilﬂ — WiFﬂ) aiFﬂ} . (4)
a,t

3. 3akJrouyeHue

Beenennbiii dpopmain3m npejicrapiisercs YA0OHBIM I YHUDUIMPOBAHHOIO OIUCAHMS
CTOXaCTUYECKUX CUCTEM.

IIporpaMMHbBIi KOMILIEKC COIEPXKUT JBE MPUHIUIHAIbHbIE dacTu. [lepBas gacTh peasn-
3yeT METOAMKY CTOXaCTH3AIlUU OJIHOIIArOBBIX IPOIeccoB. Bropas co3gaer CTPyKTypy i
pellleHrs OCHOBHOI'O KMHETUYECKOI'O yPDaBHEHUd B OIEPATOPHOM IIOJIXOJle TeOPUU BO3MYyIIIe-
HU.

JlaHHbBIN TTOIXOJ IPEJICTAB/ISeTCH KpaiiHe IPOILyKTUBHBIM IIPU PEIIeHNN CTATHCTUYECKUX
3aJ1a4: MOIYIAIMOHHAA JUHAMUKA, SMUJIEMUOJIOIMYECKUEC MOJEIN, MOJEJICH TeJeKOMMYHU-
KAIMOHHBIX cucTeM [7]. JIaHHBII MOAXO0] HE OrpAHUYEH PAMKAMHU OJHOIIATOBBIX MOJEJIEHL.
Briosise BO3MOXKHBIM IIPEJCTABIISETCS €r0 PACIIUPEHNe U Ha JIPYTUe CTOXaCTUYeCKHe MIPOIEeC-
CBI.
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Methodology of stochastization of one-step processes is based on the expansion of the master equation
and obtaining the approximate models. It is proposed to treat the master equation with the help of
statistic perturbation theory (as in the frame of quantum field theory). For this purpose, the methodology
was described and the analytical software complex was constructed to put the main kinetic equation in the
operator form in the Fock representation. To solve the resulting equation the software complex generates
Feynman diagrams of the corresponding order of perturbation theory. We applied the FORM system as a
system of symbolic computation.

Key words and phrases: stochastic differential equations; master equation; Fokker—Planck equa-
tion; computer algebra software; FORM CAS.
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Calculation of Transition Probabilities for the Atoms and Ions
with One Valence Electron in the Operational Model of
Quantum Measurements Using Methods of Computer Algebra
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Recent findings proved the consistency of the Kuryshkin-Wodkiewicz model of quantum measurements
with implementation of Weyl-Kuryshkin quantization rule applied to the extended quantum Kepler prob-
lem of quantum systems with one valence electron, such as alkali metal atoms. In this work computer
algebra methods of Maple were used to formulate a procedure for calculating transition probabilities in
quantum systems with one valence electron based on Kuryshkin-Wodkiewicz model of quantum measure-
ments. Calculations of transition propabilities were developed as a module integrated into dedicated QDF
package containing mathematical apparatus of the quantum measurement model.

Key words and phrases: computer algebra, quantum measurement model, quantization rule, tran-
sition probabilities.

1. Introduction

The key problem in calculation of the probabilities of radiative transitions of the atom is
determination of the wave functions. This problem is particularly important in case of many-
electron atoms as Schrédinger equation can not be solved immediately neither with analytical
nor numerical methods. In [1] the Kuryshkin-Wodkiewicz model with implementation of
Weyl-Kuryshkin quantization rule [2,3] was applied to the quantum systems with one valence
electron like alkali metal atoms. The proof of the consistency of the model is based on
two Kato theorems [4]. The explicit form of the discrete spectrum of the valence electron
for various spectral series, depending on the serial parameters of the disturbance spectrum
of an isolated object in the process of quantum measurement was achieved. In this work
we use Maple computer algebra system to implement a procedure for computing transition
probabilities in quantum measurement model.

2. Calculation of the probabilities of radiative transitions of the alkali-like
atoms

The scheme of calculating the transition probabilities in quantum measurement model

can be divided into six main stages (Figure 1):

. Symbolic computation of the Ritz matrix.

. Solution of the generalized eigenvalue problem(atom spectrum calculation).

. Fitting the calculated eigenvalues to measured experimentally spectral series.
. Extraction of the eigenvectors C,;,, belonging to a certain spectral series.

. Calculation of the polarizations.

. Transition probabilities calculation.

Ritz matrix and atom spectra are calculated using predefined functions in dedicated QDF
package for Maple [5]. Considering the fact that symbolic calculations of high-dimensional
Ritz matrix is a time-consuming process, this process was made as a stand-alone module with
import/export functionality.

The transition probabilities are calculated by the Galerkin method with Sturm’s functions
of the hydrogen atom as coordinate functions, which allows to reduce calculation to algebraic
operations with matrix elements calculated analytically.

DU W N =
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Read from file Deadtomthe
matrices OHM, inv_B_EO matrix

i Generalized eigenvalue Spectrum
mmso.z me.a,b)= problem | Spectre(E0.2 me,a;b)
a*OHM, MM=inv_B_E0"Ritz eigenvals(MM)

Parameters
optimization, Penalty function
Penaltyfunc(€0,Z.me.aib)

Optimized parameters.

Coeffcients Con
calculations’
Cru=eigenvedtors(MM)

Transition probabilties
dW_alf_bet(E0.Zme.a,b,m.n.p.a)

Polarization
calculations
Ralpa(m.np.q)

polariz(n|.m.p.q.s)

Figure 1. Transition probabilities computation in quantum measurement model

Spectral optical wave functions of the electron in the alkali metal atoms are linear com-
binations of the basis Sturm’s functions, therefore:

G () = 37 Cli S (bi

nr

) Vi (9, ), (1)

where Sp,; - Sturm’s functions and Y}, - spherical harmonics, both calculated in CAS Maple,
i = 1..N, where N - number of basis functions.

General expression for the probability of transition from the state of « in the state 8 with
the emission of a photon with a polarization €p in the direction of k is

£ (@.8) = e - (i) 2)

2h

The contribution of the polarization in the calculation of the transition probability is
determined by the formula

Epd > (nim|Fipgs) = Y Coim > Chys (nlm 2| pgs) +

nlm pgs

Z nlm Z qs T'le ‘x + zy|pqs + Z Crc:lm Z pqs nlm |£E - Zy‘ pqs) . (3)

nlm pgs nlm pgs

If there no preferred directions in space defined by external perturbation, the atom can
be with equal probability in any of the states oo = (aTalgad,). Therefore, the probability of
transition from the level of (a-avg) to the level (BrBy) can be obtained by summing (2) on
B¢ and averaging over o (i.e., summing over ag and dividing by (2a9 + 1)):

e2w? 1 . 2
W @r0,5e80) = G s O |G tel9) @
ag,Bep
As a result we have a Maple procedure

dW_alf_bet(EO,bl,...,bi,al,..,ai,Z,me,matrsize,m,n,p,q)
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depending on parameters and dimension of Ritz matrix and set of constants. Maple allows us
to study the behavior of the model by varying these parameters without additional numeric
calculations.

3. Conclusion

In previous studies [6] was shown the process of using the quantum measurements model
of Kuryshkin-Wédkiewicz to recover the spectrum of the quantum oscillator. Recent work [1]
made it possible to use this model for a wide class of quantum systems with one valence
electron, such as alkali metals. Here we present the way to analytical calculate transition
probabilities for such systems. This opens up the possibility of a numerical study of the
optical properties of alkali metal atoms in a model of quantum measurement.
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IIpumeHeHE METOJOB KOMITHIOTEPHOM aJIredphl JIJisi pacdeTa
HEePEXOaHBIX BEPOATHOCTEl aTOMOB M MOHOB C OTHUM
BAJIEHTHBIM 3JIEKTPOHOM B MOJEJN KBAHTOBBIX U3MEPEHU

A. B. Top6aues*, JI. A. CeBacTbsinos* '
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Panee OblL1a JJOKa3aHa COCTOATEIBHOCTb MOJIEJIM KBAHTOBLIX m3Mmepenuii Kypoiukuna-Byjkesuua, pe-
aJu3ylolas IpaBmwio KBantoBauus Beiins-Kypeimkuna B npuiokeHnn K KBaHToBOil 3ajaade Keriepa
JJId KBAHTOBBIX CHUCTEM C OJHUM BaJICHTHBIM QJICK'l'pOHOI\’l, TaKUX KaK aTOMbI MIEJIOYHbIX METaJlJIOB. B
JIAaHHON paboTe MeTOo/bl KOMIIBIOTEPHOI airebphl peann3oannble Ha 6aze [1I0 Maple 6buin ucnonbp3osa-
HbI JIJIs1 YUCJIEHHOTO I)E),C‘IeTa HepeXO}]Hb]X BepOﬂTHOCTeﬁ ATOMOB IIEJIOYHBIX METaJlJIOB B I)E),I\JKELX MOJIeJIn
Kyppimkuna-Byikesnaa. Pacuer mepexo/iHbIX BEpOATHOCTE Peasn30BaH B BUJE MOJYJs K pa3paboTaH-
HOMy pamee nporpamMmuoMy nakery QDF ¢ maremMaTuyecKuM anmaparoM MOJEIN KBAHTOBBIX U3MEpPEHUH
Kypsimkuna-Bynkesuaa.

Kurouesbie cioBa: KomibrorepHasi ajredpa, Mojiesib KBAHTOBBIX M3MEDEHHIl, IPABUIIO KBAHTOBA-
HUs, TIEPEXO/IHBIE BePOATHOCTHU.
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There is proposed the Maillet-Malgrange type theorem for a generalized power series (having complex
power exponents) formally satisfying an algebraic ordinary differential equation. The theorem describes
the growth of the series coefficients.

Key words and phrases: algebraic ODE, generalized power series solution, Maillet theorem.

1. Introduction

Our talk concerns the theory of formal solutions of differential equations in a complex do-
main. For classical power series solutions there exist standard program functions of computer
algebra that allow to compute such formal solutions or their sums. Moreover, when one can
not compute the sum of a series by means of standard functions, some results of the French
school are applied to determine the growth of coefficients (the Gevrey order of a series). In
some cases this allows to choose a method of a series summation.

As for generalized power series (that is, power series with complex power exponents) they
also appear rather often among formal solutions of differential equations. There exist some
methods of their computation based on selecting leading terms of an equation by means of the
Newton-Bruno polygon. These methods are partially programmed by students of professor
Bruno. It is worth to note that a standard mathematical software does not contain such
functions.

The first step on the way of possible constructing a similar summation theory for gener-
alized power series is, as in the classical case, to obtain estimates for the growth of a series
coefficients. Here we propose such estimates generalizing the (classical) Maillet-Malgrange
theorem.

2. Main section
Let us consider an ordinary differential equation (ODE)

F(m7 y? 5y7""6my) :0 (1)

of order m with respect to the unknown y, where F(z,yo0,y1,...,ym) Z 0 is a polynomial

of m + 2 variables, § = z-% .

The classical Maillet theorem [1] asserts that any formal power series solution ¢ =
S genx™ € Cl[z]] of (1) is a power series of Gevrey order 1/k, for some k € R~o U {oco}.
This means that the power series

; 1+n/k "

converges in a neighbourhood of zero, where I is the Euler gamma-function. In other words,
lenl < AB™ (n)!/*,

for some A, B > 0.



54 Kowmnbiorepuas anrebpa — 2016

First exact estimates for the Gevrey order of a power series formally satisfying an ODE
were obtained by J.-P. Ramis [2] in the linear case,

Ly = am (2)8™Y + am—1(2)6™ Ty + ... + ao(x)y = 0, a; € C{z}.

He has proved that such a power series is of the ezact Gevrey order 1/k €
{0,1/k1,...,1/ks}, where k1 < ... < ks < oo are all of the positive slopes of the Newton
polygon N'(L) of the operator L. This polygon is defined as the boundary curve of a convex
hull of a union (J;~, X,

X ={(z1,22) € R? | z1 <4, 2 > ordoas}, i=0,1,...,m.

The exactness of the Gevrey order means that there is no &’ > k such that the power series
is of the Gevrey order 1/k’.

The result of Ramis has been further generalized by B.Malgrange and Y. Sibuya for a
non-linear ODE of the general form (1).

Theorem 1 (Malgrange [3]). Let ¢ € Cl[z]] satisfy the equation (1), that is F(z,®) =0,
where ® = (p,0¢p,...,0™p), and %(z, D) # 0. Then ¢ is a power series of Gevrey order
1/k, where k is the least of all the positive slopes of the Newton polygon N'(Ly) of a linear

operator
m

oF ;
L, = Z a(z, D) 45*

i=0 It

(or k = 400, if N(Ly) has no positive slopes).

The refinement of Theorem 1 belongs to Sibuya [4, App. 2]. This claims that ¢ is a power
series of the exact Gevrey order 1/k € {0,1/ky,...,1/ks}, where k1 < ... < ks < 00 are
all of the positive slopes of the Newton polygon N (Ly).

The main result of the present talk is an analog of the Maillet theorem (more precisely,
of the Malgrange theorem) for a generalized power series

oo
Y= Z cnzn, cn €C, sn €C, (2)
n=0
with the power exponents satisfying conditions
0< Resp <Resy <..., lim Res, = 4+oco.
n— o0

Theorem 2. Let the generalized power series (2) formally satisfy the equation (1),

%(m, ®) #£ 0, and for each i = 0,1,...,m one have
OF
570 (z,®) = Az + Big™ + ...,  Re); > Re),
1

where not all A; equal zero. Let k be the least of all the positive slopes of the Newton polygon
N (Ly) (ork = +oo, if N(Ly) has no positive slopes). Then for any sector S of sufficiently
small radius with the vertex at the origin and of the opening less than 2w, the series

o0

> Faregm

n=0

converges uniformly in S.
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Remark 1. For the generalized power series (2) one may naturally define the valuation
val = sq,
and this is also well defined for any polynomial in z,p,d¢,...,0™¢. Then the Newton

polygon of L is described similarly to the classical case: this is the boundary curve of a
convex hull of a union

i oF
U{(z1,x2) € R? | z1 <4, 2 > Reval — (x, <I>)}
i=0 9y;

Note that k = +o00 in Theorem 2 if and only if A,, # 0. In this case ¢ converges in S.
Remark 2. From Theorem 2 one deduces the following estimate for the coefficients ¢y,
of the formal series solution (2) of (1):

len| < ABRC*n [D(1+ sn/k)],
for some A, B > 0.
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TIpeagaraercs: reopema Maite-Masibrparzka Jyisi 0GOMIEHHOTO CTENEHHOTO Psijia (MMEOIIEr0 KOMIIEKC-
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C ucnosb30BaHNEM METOJIOB KOMITBIOTEPHOM aJire0phl NCCIIeJ0BAHbl CBOMCTBA HEJIMHENHOI ajrebpanie-
CKOIi CHCTeMBbl, ONPEJIeJISIONIeil CTalnoHAPHbIE JBMXKEeHUs CIlyTHUKA Ha KPYTroBOi opbure 1o jgeiicTBu-
€M I'DABUTAIMOHHOIO M a3POJAMHAMIYECKOro MoMeHTOB. Haiijiennl 6udypKarmoHHble 3HAYCHHS TapaMeT-
POB 33141, IIPH KOTOPHIX N3MEHAETCS YHUCIIO TTOJIOKeHN paBHOBecust. IIpoBesieH JileTabHbIil CHMBOJIBHO-
YUCJICHHBI aHAJIN3 IBOJIIONUN 00JIaCTel CYIIEeCTBOBAHMS PA3IMYHOIO YHC/Ia PABHOBECHN B IIPOCTPAHCTBE
6e3pasMepHBIX TapaMeTpPOB

KuiodeBble cioBa: KoMIbloTepHas ajarebpa, 6asmc I'pebHepa, CIyTHHK, a’pOAMHAMHYECKUI MO-
MEHT, PaBHOBECHS.

1. Bsenenwue

B nanHoit paboTe mpe/icTaBIEHbI PE3YJIbTATHI IPUMEHEHUs] METOJIOB KOMIIBIOTEPHON aJi-
rebpel B acrpoauHamuke. K 0HOMY U3 KPYIHBIX Pa3/eI0B aCTPOJIUHAMUKI OTHOCUTCH TeMa
HCCJICTOBAHNUS 3329 IIACCHBHON OPHEHTAIIMN MCKYCCTBEHHBIX CIIyTHHKOB 3emin. Ilpm pas-
paboTKe MACCHBHBIX CHCTEM OPUEHTAIMH MOXKHO HCIOIb30BATH CBOWCTBA IPABUTAIMOHHOIO 1
MarHUTHOTO 10Jiei, 3 dEKT COPOTUBIICHN aTMOCHEDPDI U JIABJIEHIE COJTHEYHOIO U3JLY Y€HUS,
TUPOCKOIINYECKHE CBOMCTBA BPAIIAIONUXCs Tel U Ap. BaXKHOe CBONCTBO MACCHUBHBIX CHCTEM
OPHUEHTAITNA 3aK/IIOYACTCS B BO3SMOXKHOCTH (DYHKIIMOHHPOBATD IPOJOJIZKUTEIbLHOE BpeMs 6e3
PACXOJOBAHUS SHEPTUU. Y Y€T BJIUSHUAS HA CILyTHUK a9POJMHAMUYECKUX CUJI TO3BOJIAET TIOJIY-
YUTDH HOBbIE, O0JIee CJIOKHbBIE, IOJIOKEHUs] PABHOBECHS CILy THUKA, HHTE€PECHBIE I IPAKTHIe-
CKUX Ipuiokenuit. B npencrapiieHHO paboTe MPeJIozKeH MeTO/, OCHOBAHHBIN Ha aJIrOPUT-
Max TmocTpoenns 6a3ucos I'pebHepa 1 TOHATHS Pe3yIbTaHTA, ONPEIEJIEHUs BCEX MOJIOKEHUIt
PaBHOBECHs CIyTHUKa IPH 3aJaHHBIX 3HAYEHUSX BEKTOPA adPOJMHAMUYECKOTO MOMEHTa W
IJIABHBIX IEHTPAJIBHBIX MOMEHTOB WHEPIUU U IIOJIyYeHbl YCJIOBHUS UX CYIIECTBOBAHHA B 3a-
BHCHUMOCTHU OT Oe3pa3MepHBIX IapaMeTpoB cucrembl. Haiinensl 6udypKanoHHble 3HAYEHUS
apaMeTpoB, IPH KOTOPBIX M3MEHSIETCs YUCIIO NOJIOYKeHUil paBHOBecus. 1IpoBesieH nerasb-
HBIl CUMBOJIbHO-YUCJICHHBIN aHAJII3 SBOJIONUN 00JIACTE CYIIECTBOBAHUS PA3JIMYHOIO YUCIA
PaBHOBECUIl B IIPOCTPAHCTBE HGE3Pa3MEPHBIX [1APAMETPOB.

2. I/Icc.ne,qonaﬂue CTallMOHAPHBIX ,E[BI/I)KQHI/II‘/’I CIIyTHUKa

PacemorpuM gBUKEeHME CIyTHHKA—-TBEPOrO Teja OTHOCHUTEJHHO IEHTPAa MAcC Ha KpPy-
roBOii opbuTe MO/ JAEHCTBUEM I'PABUTAIMOHHOIO U a3pPOJIMHAMUYIECKOTO MOMEHTOB. BBesem
opbuTasbuyio cucreMy koopmuunar OXY Z u CBA3AHHYIO CO CILyTHUKOM CUCTEMY KOODIUHAT
Oxyz.

Opuenranuio cucrembl Ozyz orHOCcuTENbHO cucteMbl OXY Z ompelesnM ¢ IOMOIIBIO
CaMOJIETHBIX yTJIOB v, B u ~y. Hanpasisromue kocunycol oceit Ox, Oy, Oz B opOuTaabHOI
CHCTeMe KOODIHHAT 3aal0TCsl BBIPAZKEHUSIMY, TIPeICTABIeHHbIME B 1], [2], a ypaBrenns npn-
KeHHUdA CIIyTHUKAa OTHOCUTEJILHO €ro IEeHTPpa MacCC 3aluIlyTCda B BAIC

Ap + (C — B)gr — 3w3(C — B)aszassz — w3 (Hza13 + Hsaiz)
Bg + (A — C)rp — 3w2(A — C)agzaz1 — wi(Hza11 + Hia13)
C7 + (B — A)pq — 3w2(B — A)agiazz — w3 (Hiai2 + Haa11) =

= 0’
=0,
0; 1)
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p=(&+wo)az +%, q=(&+wo)azz + Fsiny,
r = (& + wo)azz + B cos.

B ypasrenusx (1) Hy = an/wg, Hy = be/wg, Hs = ch/wg; A, Bu C - rnas-
Hble IIEHTPaJbHbIe MOMEHTBI MHEPIUH CIIyTHUKA; P, ¢, T — MPOEKIMU abCOIOTHOM yTI0BOit
ckopoctu ciytauka Ha ocu Oz, Oy, Oz; wy — yIJIoBas CKOPOCTh JBUKEHUsS HEHTPA Mace
CIlyTHUKA 110 KPYyToBOil opbure; (Q — jeficTByIOMAas Ha CILyTHUK CUJIa CONPOTUBJICHUS; a, b,
€ — KOODJIMHATHI [IEHTPa JIABJIEHUsl CIyTHUKA B cucTeMe KoopauHat Oxyz.

IMonoxus B (1) o = o, B8 = Bo, v = 7o, tie ao,Bo,Y0— NOCTOSHHbIE BEJINIHHBI,
HOJIY UM C MCIIOJIb30BaHueM Ge3pasmepubix napamerpos h; = H; /(B — C), v = (B-—
A)/(B—C) upu A # B # C anrebpandeckyo CUCTeMy ypaBHEHHIt

azzaz3 — 3azzazz + heaiz — hgaiz = 0,
(1 —v)(az2za21 — 3aszas1) — hza11 + hiais = 0, (2)
v(az21a22 — 3az1a32) — hiai2 + Hza1n = 0,

CI/ICTBI\Ja (2) BMeECT€ HIECTHIO YCJIOBUSAMU OPTOIOHAJJIBLHOCTHU JIJIsI HAIIPaBJIAIOIUX KOCUHYCOB
a;1a;1 + a;2a52 + a;3a;3 = 655, (3)

rae ;5 cumsos Kponexepa (4, j = 1,2, 3), 06pasyior aireGpaniecKyio CUCTEMY [EBSITH ypaB-
HEHUII JJI OlIpeJIe/IeHNs BCeX HAIPABJIAIONINX KOCUHYCOB, OIPEIEISIONNX HOJI0XKEHHA PaB-
HOBECHsl CIlyTHHMKA B OpOUTAIBbHOlN cucreme koopaunat. s cucremsl ypasaenuit (2) u (3)
CTaBUTCS CJIEIYIOIas 3aada; I 3aJaHHbIX ITapaMeTPOB 3a/1a4i TpeOyeTCs ONpeIe/INThb BCe
JIeBATH HAIIPABJISIONINX KOCUHYCOB, T.€. BCE HOJIOXKEHHUS PABHOBECHS CITy THUKA.

B jamHoil pabore ¢ UCIOJIb30BAHUEM METOIOB KOMIIBIOTEPHOI aare6pbl IIPOBOAUTCS UC-
CJIeJIOBaHNe TIOJIOYKEHWT PABHOBECHUST THPOCTATa JIJIsl 00IIEero ciaydasi, korya hi 7 0, ha # 0,
hs # 0. [3], [4] 1 mns caywaeB, KOrma BEKTOP ad9POJMHAMUYECKOrO MOMEHTA IAPAJIIENICH
IUIOCKOCTH JIOBBIX JBYX IVIABHBIX IEHTPAJIbHBIX oceil uuepnuu, nanpumep, Ozy (hi # 0,
ha # 0, hs = 0) [1].

JI71st HAXOK JIeHUs PelIeHns] airebpandeckoit cucTeMsl (2), (3) MPUMEeHSIJICA aJIrOPUTM 0=
crpoenus 6a3ucos I'peGuepa [5] n nonstue pesynpranta. Vcnonb3ys peaan3oBaHHbIA B CHCTe-
Me KOMIBIOTEpHO# are6psr Maple [6] naxer nocrpoenus 6asucos I'pebuepa Groebner|gbasis|
¢ omIwel JIMHEHOTO yrnopsaodenns 1o crenensM tdeg, 6bu1 nocrpoen 6asuc I'pebuepa st
cucreMbl ToMHOMOB (2), (3). ITosyuuTs anreGpandeckoe ypaBHEHHE OT OJJHO HEM3BECTHOI B
bazuce ['pebuepa He ymaercs BCIeACTBHE OOJIBIIOTO Yucia napaMerpoB. TeMm He MeHee, y4uu-
TBIBag OJJHOPOAHOCTH JABYX ypaBHenuii B 6asuce I'pebuepa u mepexoist K HOBbIM HEM3BECTHLIM
T = as1/as3, y = az2/a33, MOXKHO HOJYIUTH AAreGPANuecKyIo CHCTEeMY JBYX YDABHEHHI
OTHOCHTEIBHO MEPEMEHHLIX & M Y. 1loc/e MCKIIIOYeHnsl M3 CUCTEMbl JBYX YDABHEHWH Y ¢
UCIOJIB30BAHMEM MOHATUS PE3Y/ILTAHTA, MOXKHO MOJIYIUTH [LyT€M CUMBOJILHBIX BBIYUCICHUI
OIPE/IEIUTETsl MATPHIBI PE3YJIbTAHTA AIreGpPAnIecKoe ypaBHEHHe ABEHAJIIATOrO OPSKA OT-
HOCUTEJIBHO T

pox12 + p1ac11 +p2:r:10 +p3x9 +p4:r:8 +p5x7 +

+  pex® + prad + psat + poxd + prox? + priz 4+ pi2 =0, (4)

K03 PUIUEHTHI KOTOPOTrO MPEACTABIAIOT COOOI MOJMHOMBI 8 CTEIIEHU OT IIapaMeTpOB CUCTe-
™Mbl b1, ho, hs u v:

po = hinr3S, p1 = —208R3R312h2 + K2(1 —v) — 2vh3 —3v(1 —v)],... (5)
pi1 = 2h3R3[(2h3 + hE(1 —v) — 2vh3 — 3v(1 —v)], p12 = hihs.

Boipazkenus ko3 dunuentos ypasuenus (4) mpeacTaBisior co6oif 0YeHb TPOMO3AKHIL
BUJ| M 3aHUMAIOT Gostee 2 crpanur Tekcra (78 cTpok) [4].



58 Kowmnbiorepuas anrebpa — 2016

VYpasuenus (4), (5) HO3BOJIAIOT OLPENEIUTH BCE HOJIOKEHUs PABHOBECHS CILyTHHKA IIPU
3a/IAHHBIX 3HAYEHUAX [1apaMeTPOB. 3aBUCHMOCTH YUCJIA JEHCTBUTEILHBIX DEIleHHi ypaB-
HeHnst (4) OT 3HAYEHMH NAPAMETPOB HCCJIEOBAJIACH YHCJIEHHO C HCIOJIb30BAHMEM IAKEeTa
Mathematica 8.0 [7]. HucsieHnblit ananus 4ucia AefcTBUTENIbHBIX KOpHEil ypaBHenus (4) npo-
BO/TIJICS IIPU TIOJIOKUTEIBHBIX 3HAYCHUAX h1, ho, h3 1 npu yciaosun 0 < v < 1. Berauciaenuns
BBIIOJIHSUIACH B y3JIaX PABHOMEPHOM ceTkn Ha 1mtockocth (hi, ha) npu dbukcupoBaHHBIX 3HA~
yeHusAxX v u hz. UUCIEHHO OUPEENsINCh IPAHUYHbIE TOYKH B KOTOPBIX POUCXOUT CMEHA,
quCsIa AeHCTBUTEBHBIX KOpHEll. PaKTuuecKy BHIMUCIICS ABYMEPHBIA CPe3 JUCKPUMUHAHT-
HOIl THIIEPIOBEPXHOCTH, KOTOPBIN 331aeTCsl HESBHO aIreGpamdecKuM yPABHEHHEM OT JBYX
napamerpos g(hi, ha) = 0.

C yuerom Toro, uro ypasuenue (4) 6b1710 mostyueno npu ycaosuu hi # 0, ha # 0, hg # 0,
PeIIeHus JIsl HyJIeBBIX 3HAUEHUI mapaMeTpoB hi, ho, h3 ONpeesIsInch U3 NCXOJHOM CHCTEMBI
(2), (3) myrem nmocrpoenns 6asuca ['peGuepa ¢ onmmeit JIeKCHKOrpahuaecKoro yIopsI0eH st
plex. B pesysbrare /s cirydas, Korja, Hanpumep, ha = 0 B 6a3uce ['pebuepa 661710 1101y 4€HO
OGUKBapPATHOE YPABHEHHE OT OJHOI HEM3BECTHON z = a33 B BUJE

P(z) = P1(2) P2(2) = 0, (6)
e
Pi(z) = z(z2 —1),
Py(z) = poz" +p1z® +p2,
po = 9(1-v)°p3,
p1 = p3(hf — (1 —=v)(6r— (3 -v)h3)hi -
- (1 =v)%((2v — 3)h3 + 90%(2h3 — 1))AT + (1 — v)* (h3 + 3v)?),
p2 = —V2RINE(AS — (1 —v)(Bv + 1 — (3 — v)h3)h} —
(1 —v)2((2v — 3)hs + 2(502 — v + 1)hE — 3v(2 + v))h3
+ (L=w) (h3 = 1)(h3 +31)%),
ps = hi+2(1—v)(h3 —3v)hi+ (1 —v)3(h3 +3v)2
st onpenesienust Bcex paBHoBecwit npu h3 = 0 HeoOXOIUMO OBLIO PACCMOTPETH TPH

cysas w3 (6) agg = 0, a2;3 = 1 u Pa(a2;) = 0, KOTOpbIE TO3BOMAIOT OMPEETHTD AHATI-
THYeCKHe KPUBble I'DAHMIL O0JACTEH ¢ PABHBIM YHCJIOM TOJIOXKEHHil paBHOBecud. B 1epBom
cygae npn azz = 0 Takasg KpuBas, pasediomas oOJACTH ¢ 9eTHIPbMS W BOCEMbIO Pere-
HUSIMU, UMeeT BUJI aCTPOUJIBI

n3/® 4+ h3/? = (30)%3, )

3 anamm3a 9uCIeHHBIX PE3YJIBTATOB CJIEAYeT, YTO IIPU YBEJIMYEeHNH BeJIMIUHbBI IIapaMeT-
pa h3 06JIACTH € TIOCTOSTHHBIM YHCJIOM JIEHICTBUTE/IbHBIX KOPHEl CTAHOBSITCSI MEHbINE, TIOKa
He mcyesaor coceM. Ornpejienienbl OndypKAIMOHHBIE 3HAYEHUSI B MIPOCTPAHCTBE MApaMeT-
POB, HAYMHASI C KOTOPBIX HE CYIIECTBYIOT O0JIACTH C OIPeIeJIeHHBIM YUCJIOM JIEHCTBUTEIHHBIX
kopreit. [Tokazano, uro npu 0 < v < 1 B wiockocru (hi, he) 1pu ManbIx 3HaUCHUAX h3 CY-
LIECTBYIOT OOJIACTHU C YUCJIOM paBHOBecuil paBHbIM 24, 20, 16, 12 u 8. Ilpu ha = 0 rpanuIb!
3TuX obsacTel nMeoT anaauTrdeckuii By (7).

Korna snauenns nmapamerpa aspoauHaMUYECKOIO MOMEHTa h3 NpEBBINAET 3, AJIs CIyT-
HUKA CYIIECTBYIOT TOJIBKO 8 PABHOBECHDLIX OPUCHTAIMNA. DTOT PE3yJILTAT COOTBETCTBYET (hu-
3UYECKUM COOOParKeHUsIM, IPU OOJIBIION BEIHIUHE BEKTOPA AdPOLUHAMIIECKOIO MOMEHTA
PaBHOBECHs CIIyTHHKA KECTKO OINPDAHMYMBAIOTCS HAIPaBJICHHEM U BEJIMYIMHON JAHHOTO MO-
MeHTa.
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3. 3akJrouyeHue

B zakiiiouenne MOXKHO ¢jie/1aTh BBIBOJI, YTO UCIIOJIH30BAHUE METOJI0B KOMIIBIOTEPHOI aji-
reOphl TO3BOJISIET MIPOBECTH JIETAJIBHOE MCCJIEJOBAHNE BIIMSHHUA adPOJMHAMUYECKUX CHJI HA
[IOJIO’KEeHNUsI PABHOBECHUs CIlyTHUKA. [lojiydeHHbIe pe3ysibTaThl MOIYT ObITH MCIIOJIb30BAHBI HA
9Talle TPeJBAPUTEIBHOIO TPOEKTUPOBAHUS adPOINHAMIYECKON CHCTEMBI OPUEHTAINH CITyT-
HUKA,
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With the help of computer algebra methods the properties of non-linear algebraic system, which deter-
mines the stationary motion of a satellite on a circular orbit by the action of gravitational and aerodynamic
moments are investigated. All bifurcation values of parameters at which there is a change of numbers of
equilibrium orientations are determined. Evolution of domains in the space of parameters of the system
which correspond to various numbers of equilibria are carried out in detail.
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O pacnapaijielnBaHUU PEKYyPCUBHBIX GJIOYHBIX ajJredbpandecKnx
aJITOPUTMOB: AJITOPUTMBI ¥ SKCIIEPUMEHTHI
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Haercst onucanue o61Ieil cCxeMbl paciapaiie/IHBaHis OJIOYHBIX PEKYPCUBHBIX aJI'OPHTMOB, KOTOPast pac-
Cl\,la’l‘pl/lBaCTCH Ha llpl/llVICpC BBIYUC/ICHUA llpMCOC,U,MHCHHOﬁ 1\,1«51.'1'1)1/1Ll‘bl7 IIpl/lBOAHTCﬁ pCl?yJIbT?L’l‘bl BKCIICPMIVICH—
TOB Ha BBIYUCIUTETHLHOM Kiacrepe «MBC-10P»

KumroueBble cioBa: napasulesibHbIl aJIrOPUTM; JICHEHTPATU30BAHHOE YIPABJICHNE; PACIINPEHHAS
npucoeaunennas Marpuna; Adjoint; cucrema Mathpar; SPMD Beraucsmrensras napagurma; MPI; muO-
rornoroyHocTh; hybrid parallel programming model; C++; GMP..

1. Kparkuii 0630p paboTst
Paccmorpum 6109HBI aJropuTM 00palleHrs] MATPUIII, UMEIONIUI CJI0XKHOCTb MaTPUY-
A

soro ymuoxkerus [1,2]. Ecim M = (C D

) sABjIsieTcs obparumoii Marpuieit 1 A ee obpa-

THMBIil OJIOK, TO BEDHO PABEHCTBO:

M_lif—A—chI 0 XIOXA—lo
—\o I 0 (D-BA'C)™! -B I o I}’

rae I - eiuHuyHas Marpuna. PackpbiBast CKOOKH, TIOJLY YUM:
—1 -1
A1 +A*1(J(D—BA*10) BA-1 —Aflc(D—BAflc)

w = 7(DfBA—1C)7IBA—1 (DfBA—lc')A

OGosHaunm obpamenne Marpuupl kak dyrkmmo g(M) = E, torna nomydenHas GpopmMya

l'IpI/H\/Ie’T‘ BUJI:
By B
o(M) = ( By Bg) ,

rae

Bo = g(A) Jrm(m(m(g(A),m(C7 Bg)),B),g(A)),Bl = —m(g(A4),m(C, Bs)),

By = fm(Bg,m(B,g(A))>,Bg = g(D — m(m(B,g(A)),C)).

Kax wmbl Bugum, B dopmyine s Haxoxkaenus g(M) B pasamaHoii dbopme BeTpedaet-
cs1 cymeprosuisa GyHKIm m un g. PaccMorpuM onuH u3 ciiydaes, Hampumep m(B7 g(A))7
4TO O3HAUAeT MaTpudHoe ymuoxKenne B X AT!. UTO6LI BLITIOJHATL MATPHYHOE yMHOMKe-
HUe, CHAYAMA HYXKHO BbiaucantTh AL, DTy U jApyrue 3aBUCHMOCTH HODSAJIKA BLIYHC/ICHTIT
ofauX (YHKIUI OT APYIUX MOXKHO HPEJICTaBUTh B Buje rpada, Ije BepiummHaMu OyIyT Bce
dyHKIUA, 13 KOTOPBIX COCTOMT PEKYPCHBHBII aJlOPHTM, a CBsI3U Oy/IyT 3aJaBaTh MOPSIOK
Bervucaennii Bepumn. K npumepy, ecim Mexy BepimuuHaMu a u b ecrs gyra (a,b), To aro
03HAYAET, UTO BEPIINHA b JOKHA OBITHL OCUMTAHA CTPOrO mOCje BepimHbl ¢. O6o3HaTIM
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—ATl=V VxC=X,BxV=Y,YxC=Q,(D+Q)"'=2,ZxY =W, toraa

dopmyta Jjisi HaX0XKIeHUsI 0OPATHON MaTPUIIBI OY/IeT BBIJISIETH CJIEYIONMM 00pa30oM:

M-l XxW+AY XxZ
N w z )’

(2)

Jljis aropuTMa HAXOXKIEHWs OOPATHONW MATPHII MBI MMEEM [1Ba THIA BEPIINH - (DYHKIINK
mug.

Orcrona u jasee BepruHy rpada ajaropuTMa CO BCEMHU HPUCYIIUME e€il 0COGEHHOCTIMEI
MBI Oys1eM Has3biBaTh 3adavet. Ecim 6osiee hopmasbHO, TO 3adaua - TO MHOXKECTBO BXOJHBIX
JaHHBIX A JJIs aJIrOPUTMA, MHOYKECTBO BBIXOJIHBIX JIAHHBIX B, ajroputm F', oTobpazkarommmit
A — B. C 3ajaueii Bcerja Oyzer cBsizaH HEKOTODbI rpad G, onpepessonuii moa3a1aqu
aJICOPUTMA U TIOPSAJIOK MX BblYKCIeHUi. Eine 0HO BaxKHOE CBONCTBO JIFOOOM 3a/1a9u 3aKJI0-
YaeTCs B TOM, YTO OHA MOdicem ObITh OCUUTAHA HapajuiesibHo. Ecim »Ke HeKOTOpyIo mocJie-
JIOBATEJILHOCTD ONEPAIMHA aJITOPUTMA HET CMbICJIA BBIIOJIHATH MapaJjlIeIbHO, Mbl He Oymem
BBIZICIATD 9THU JICHCTBUSA B OTJECJIbHYIO BEPIINHY, WX CO3JABATD JJIsl HUX OTJAEJIbHYIO 3aJa4dy,
a BBIHECEM 9TU JEHCTBUs B MPEABAPUTEJLHYIO MU IOCTOOPABOTKY JAHHDLIX JJisi HEKOTOPOH
BEepPINUHDI.

Paccmorpum Bepimmny ¢ HomepoMm 0 Jijist ajiroOpuTMa HAXOXKJEHUS OOPATHON MaTPHIIBI.
Bxosible JaHHbIe J1Ts 33141 - MaTpuna A, Bpixomubivu Oyger g(A) = A1, Ho nockoibky
maM myzkmHa Marpuna —A~1, a me A~1, 10 mocie Toro, Kak sra BeprImHa GyIeT IOCYUTANA,
HeOBXOMMO BBITIOJIHATH HEKOTOPbIe Tpeobpasosannst Marpurpl A1, JleficrBus, 3aKmoda-
IOIuecd B HeKOTOpOl\I HpeOGpaBOBaHI/II/I BBIXOJIHBIX JTaHHbIX BepH_II/IHbI7 MBI 6y,ueM Ha3bIBAThb
nocmobpabomxot. eficTBust, 3aKII0UAONINECS B NHUIMAJIM3AINN BXOIHBIX JIAHHBIX BEPIIU-
HbI, Mbl OyJIeM Ha3bIBATL UHUUUGAU3ayuel eepuuns. VIHUIUAIM3aNMs TPOUCXOJUT B TOT
MOMEHT, KaK TOJIbKO BEPIINHA CTAHOBATCA J0CTMYNHOL - TO €CTh TOTJIA, KOTa BCE 3aBUCHMBIC
JJId Hee BepH_H/IHBI IIOCYUTAHBbI. HOCTO6pa6OTKa HpOI/ICXO,ILI/IT B TOT MOMEHT, KaK TOJIBKO IIO-
JIy4eHbl BBIXOJIHBIE JAHHBIE JJIsd 3TO 33141 U JIAHHBIE, HEOOXOJUMbIE JJIst TOCTOOPaboTKI
9TOU BEPINWHBI.

Bxozubie mannble [y BepIinHbl ¢ HOMepoM k OyJieM 0003HadaTh Kak [, pe3ysbrar OyaeM
ob6o3HavaTh Kak Ry (11071 pe3ysibTaToM HOHUMAIOTCH JAHHDBIE, MOJIyYeHHbIE 110 3aBEPIICHUIO
nocrobpaborku Bepume). Torma, NpUHEMAasA BO BHUMAHNE OIUCAHUE BEPIIUH U3 TaOIMIBI 2,
ypaBHeHHe (2) MOXKHO 3aIHCATh B BHJE:

_ R7 Rs
1_
M= (R5 34)‘

Jj1s1 peasM3aliuyl MOCTABIEHHON 3a/Ja4l UCIIOJIb3yeTCsl CTPATEr s, IIPU KOTOPON Ha KazK-
JIOM BBIYHCJINTETIBHOM y3JIe KiacTepa OyJieT 3amynieHo o ogaomy MPI-iponeccy, kazx apiit n3
KOTODBIX Oy/IeT UMeTh 110 OJTHOMY JIMCHETYEPCKOMY M HECKOJIBKO BBIYHCIIHTEJbHBIX ITOTOKOB
(B 3aBECHMOCTH OT KOJIMYECTBA sijiep Ha y3JIe).

2. 3akJiroyeHue

a1 nceneroBanuit anropuTMa 6bl1a HamucaHa mporpamma Ha C+ 4. cerenoBanucs pas-
JIMYHBIE AJITOPUTMBI I YMHOXKEHUS PAa3PesKEHHBIX MATPHI[, AJTOPUTM BBITHCICHHUS IIPH-
COeMHEHHOM Marpuubl. s peasm3anuu MHOTOIOTOYHOCTH Oblaa BBIOpaHa OHOJIMOTEKA
Pthreads, mist peasmzarnuu apudpMeTnkn MHOMOKPATHON TOYHOCTU ObLIa B3siTa OGubInoTeKa
GMP. DxcnepumenTs! npoBoauauch Ha Kiacrepe « MBC-10P», koTopble moka3aJim Xopouryo
3 dekTuBHOCTD U MacIITabUPYeMOCTh. Pe3ysibraThl 9KCIEPUMEHTA C AJITOPUTMOM OJIOYHOTIO
MaTPUYHOIO YMHOYKEHHS TOKa3aHbl Ha pucyHKe 1. PesysbraTer apyrux sxcrepuMenTos OyayT
[IPEJICTABJIEHBI B JIOKJIAJIE.
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Puc. 1. DddexruBHOCTL NApAJLIENIBHON pean3anmun aaropurTMa 6JI0IHOT0 MATPUIHOTO YMHOYKEHUSI, TJ1e
pasMep UCXOJHBIX MaTpuIl pasHsiica 2048x2048, mioTHocTs Gb11a 100%.

Buarogapaoctu

Pabora wactuano nmognep:kana rpaarom PODIT Ne 16-07-00420.

Crucok JmmTeparypsl

1. Strassen V. Gaussian Elimination is not optimal. Numerische Mathematik. 1969. —13,
P.354-356.

2. Malaschonok G.I. Matrix calculation methods in commutative rings. —Tambov:
Publishing House of Tambov State University, 2002.

UDC 004.04, 519.688

About Parallelizing Recursive Block Algebraic Algorithms:
Algorithms and Experiments

E. A. Ilchenko

Laboratory for algebraic computations
Tambov State University
Internatsionalnaya,33, Tambov, Russia, 392000

We describe an algorithm for the decentralized control of parallel computing process which is based on
the SPMD computational paradigm and present the results of experiments on a cluster « MVS-10P».
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model, C++, GMP. .



Xsopos C.A. 63

YK 519.613
ITapanneabHBI aJrOpUTM OOpaIlleHusI MaTPUIIbI: PE3YyJIbTAThI
3KCIIEpUMEHTOB
C. A. XBopos

Jlabopamopus anzebpauseckur 6vucieHul,
Tambosckuti zocydapemeenioili yrusepcumen,
ya. Unmeprayuonanvhasn, 0.33, Tambos, Poccus, 392000

Hcenenyercs napaJuiesbHbI AJITOPUTM BBIMHCIEHAS 0OpaTHON Marpuipl. IlapajuiesbHblii ajgropurM
OCHOBAH HA UCHOJIb30BAHUM KHUTAICKOI TeopeMbl 00 ocTaTKaxX ¥ IMOCJEIOBATEILHOM ajlOPUTME, KOTO-
PBIil UMeeT CJI0KHOCTH MATPUYHOTO YMHOXKEGHUS U PEATH30BAH B CHCTEMe KOMILIOTEpHOil ajre6psr Math
Partner.

KumroueBbie cioBa: InpucoequHenHad MaTpulia, OIpeIeuTe/b, HePpaBeHCTBO A;LaMapa, napaJiuieib-
HBII AJITOPUTM, METO/ Hyiorona.

1. Bsenenwme

MbI ucciefyeM mapasuresibHbIi aJTOPUTM BBIYUCAEHHs 00OPATHOH MaTpuIilsl. JJaHHbIil as-
TOPUTM OCHOBAH Ha KHTACKOI TeopeMe 00 ocTaTKkax. B ero ocHOBe JIesKuT mociiej0BaTe IbHbII
anropur™ [1], Koropbiii Beraucsser oupenenurens det{ A} Marpunpl A U NPUCOEIUHEHHYIO
MaTpuiy A* m UMEeT CJIOKHOCTH MATpUUHOTO yMHOMKenus. O6parnas marpura papra A~
Boraucisercs kak A* / det{A}.

2. OcHoBHasI YacTb

JlaHHBINA AJIrOPUTM UCIOJIL3YeT KUTAWCKYIO TeopeMy 06 ocraTkax u ajroputMm Hboorona
JUJISL TIOJTy I€HUsI PEIICHUS B PAIIMOHAIBHBIX THUC/IAX.

Asnropurm Hbiorona MoxKeT GbIThH 3almcaH CJeLyOnMM 06pa3oM:
c1 =r1; €1 = c1 mod ma,
c2 = c1 + (r2 — €1)mini2; €2 = c2 mod m3 u Tak gasee,

Cn =Cn—1+ (7'71 - En—l)anmnnlnmnn—lny

Pesynsrar: © = ¢, mod M,

31eck mi, ma, ..., My — TONAPHO B3AUMHO [TPOCThIE MOJLYJIIM, T'1, 1’2, ..., 'y, — IIEJIbIE YUCIIA,
M = mima...mp, njj — 3T0 OOPATHLI K 1M, SJTEMEHT MO MOJYJIO M ;.

Takoii aJropuT™ UMEET JBa IMPEUMYIIECTBA [0 CPABHEHUIO C aJITOPUTMOM, B KOTOPOM BCE
BBIYHCJICHNS] TPOU3BOATCS B MEJIBIX YUCIAX: CJOXKHOCTH BBIYUCJICHUN B N PA3 YMEHBITACTCS
U CTAHOBATCS JIOCTYIHBI TTAPAJIJICIbHBIE TIOTOKH BBIYUCICHUIT. B KaXKI0M IPOCTOM T10J1€ BbI-
YUCJICHUSA TPOUCXOAAT HE3ABUCHMO U OOINEe KOJIUIECTBO apu(pMETHICCKIX MAINTHHHBIX OIle-
pammii B Takom anroputyme Gymer ~ (mn!t182 7 4 n2m?2). 3reck n — pasmep marpusL, a m
— Pa3pALHOCTb KOIDDUIMEHTOB.

st otieHKY abCOTIOTHOTO 3HAYEHIS HAUOOIIBIIEr0 YNCIOBOTO KOI(bDMUIIEHTA HCIOTIb3Y-
erca nepasencteo Anamapa: |[det(A)] < [Tin, 07—, ai j)l/ 2,

Tak Kak 3HAK OINPEIEIUTEST MOYKET OBITH IPOU3BOIBHBII, TO 6YIEM BBIUHCIIATE YIBOCHHOE
BBIDaXKEHHUE, CTOAINEE CIIPaBa. Y IMTHIBAs, UTO B OOIIEM CJIydae, HEKOTOPBIE CTPOKU MOLYT
OKa3aThCsl HYJIEBBIMU, GYIEM BBIUHUCIIATH TAKOE BHIPAYKEHIE:

1 ecmm /370 4 a%j =0

n
Hads :2Hvi,r,uc v; = (1)
=1 i a?’j ecm /370 4 a?’j >0
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IIycTe manm mabop Bcex mpOCTBIX dmcel p1 < P2 < -+ < Pm—1 < Pm, Pa3Mep KOTOPBIX
He npessblmaer 32 o6ur. Byjaem BbIOMpaTh IPOCTHIE YUCA 10 TE€X HOP [MOKA MX IIPOM3BEICHUE
HE CTAHET YJOBJICTBOPATL HEPABEHCTBY (2):

m
[1pi > 2Hadz® +2 )
i=q

JIOIOJIHUM IIOJIy9€HHDIH CIUCOK IIPOCTBIX UHCEJ TaK, ITOObI UX KOJIMIECTBO OBLIO KPATHO
4uCJy IporeccopoB. Torja Bce mporeccopsl OYLyT PABHOMEPHO 3arpy2keHbl. B urore mosty-
YUTCHA CJICJLYIONM HAOOP MPOCTBIX YUCEII: Py, Pl 15 - - - > Pm—1,Pm-

ITapannenusm obecmetuBaeTCss IPOCTLIM IBYXYPOBHEBBIM AEPEBOM AJITOPUTMA U PABHO-
MEpPHBIM pacHpeiesIeHneM IPOCTHIX MOJYJIei MO JIMCTOBBIM IIPOIECCOPaM.

AJITOpUTM COCTOUT U3 CJICIYIONIUX [IAr0B:

1. Hynesoii mpomeccop pacChuIaeT UCXOTHYIO MATPUILY A BCeM OCTAIBHBIM IIPOIECCOPAM.

2. Kaxzerit nporeccop Pry remepupyer obmmit MaccuB MOJysIeil, OMUpPasch Ha OIEHKY
Hadsz, n Boibupaer m3 Hero momMaccnB Py TeX MPOCTBIX THCEN, ¢ KOTOPBIM OH OyaeT
BBIYUNCJIIATH O6p8,THyIO MaTpHUILy. HO BBIIHUCJIEHN 3aIIyCKATCA HA CO BCEMU 3TUMHU MO-
JLyJISIMH, & TOJIBKO IIPUMEPHO B KOPDEHb Pa3 MEHBbIIIE.

3. Kazxkprii nponeccop k nepesogut Marpuily A u3 Koiblia Z B KOJIbIO Zp, , Tie p; € Py,
BBIYHC/IAET IPUCOEANHEHHYIO MATPUILY ¥ OLPEeUTe/b B KOJIbIEe Zp, .

4. IIpomeccopsl pacHpesesioT U PACCHLIAIOT MEXKIY CO00il CTPOKU IPUCOETIMHEHHBIX MaT-
puI; Tak, 9TOObI KayKJOMy HYXKHO OBLIO BOCCTAHOBUTH NPUMEPHO OJIMHAKOBOE HYHCJIO
CTPOK.

5. IIpomueccopbl OTCHIIAIOT OIIPEIEJIUTEIIH, IOy YeHHbIE B KOJIBIIAX Zp, HYJEBOMY IIPOIEC-
COpYy AJId IIOCJIEYIOIIETO BOCCTAHOBJICHULD ]

6. Kaxk/plit mporieccop BOCCTAHABIMBAET CTPOYKHU IIPUCOEJINHEHHON MATPHUIIBI IO METOY
Herorona. Ecim xorst 661 021HO U3 wnces GbIIIO BOCCTAHOBJIEHO HEBEPHO (MOjyseil He
XBATUIIO), TO MPOLECCOP MOCBLIAET BCEM OCTAJBHBIM cooOuieHre 06 ToM. B maccus
MOZyIeil 106aBIIETCA HEKOTOPOE KOJIHMIECTBO MOJYJIell, pABHOE WHCILy IPOIECCOPOB B
IpyIIe, u ajropuT™M BO3BpAINACTCA K mary|3];

7. Ecin e Bce 9JIEMEHTBI BCEX CTPOK OBLIM BOCCTAHOBJIEHBI IPABHJIBHO, IIPOIIECCOPBI OT-
CBITTAIOT BOCCTAHOBJIEHHBIE CTPOKH HYJIEBOMY IIPOIIECCODY;

8. HyumeBoii mporieccop cobupaeT BCe MPUCJIAHHBIE CTPOKU B MCKOMYIO IIPHUCOEINHEHHYIO
MaTpHUILy B KOJIbIe Z W BBIYUCIAET OOPATHYIO MaTPHILY.

Takum 06pa30M aJITOPUTM HCIIOJIL3YET YeThIpe BUa IIEPECBIJIOK JaHHBIX MEXK/1y IIpoIlec-
COpaMu:

1. Pacchuika MCXOIHON MAaTPHIBI ¢ HYJIEBOIO IIPOLECCOPA BCEM HIPOIECCOPAM.

2. Paccbuika cTpOK MaTpull, KOTOPBIE MOJIYYEHBI B KOHEYHBIX TIOJISIX, MEXKJLy BCEMHU IIPO-
[IECCOPaMU JIJIS BOCCTAHOBJICHHUS.

Pacceuika coobriennst 0 He0OOXOAMMOCTH TIPOJIOJIKUTD BBITIOJTHEHUE aJTOPUTMAa 1 J100a-
BUTD MOJLYJIH.

Ilepecblika BOCCTAHOBJIEHHBIX CTPOK IPHUCOEIMHEHHON MATPHUIII OT KaXKJIOrO IIPOIEC-
copa HyJIeBOMY.

L

3. 3akJrroyeHue
Ha ocHoBe jaHHOT0 TIOXO01a OBLIN pa3paboTaHbl AJTOPUTMbI ¥ TPOIPAMMBI. DTH aJrOPUT-
MBI HAXOJIATCSL B CTAJINU TECTUPOBAHUSI U SKCIIEPUMEHTUPOBaHust. B 1okaje OyyT coobIeHbr

Pe3yJIbTAThl IKCIIEPUMEHTOB, KOTOPbIE OYJIyT MPOBEJIEHBbI C KJIACTEPOM, COJEPIKAIIUM COTHU
IIPOIIECCOPOB, W MMEIOIINM PACIPE/IEJIEHHYIO TaMATh.

Buiarogapuoctu

Pabora wactmano nmognep:kana rpantom PODI Ne 16-07-00420.
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Parallel Algorithm for Matrix Inversion: Results of Experiments

S.A. Khvorov

Laboratory for algebraic computations
Tambov State University
Internatsionalnaya,33, Tambov, Russia, 392000

We study parallel algorithm for computing the inverse matrix. This parallel algorithm is based on
the use of the Chinese remainder theorem and sequential algorithm, which has a complexity of matrix
multiplication and is implemented in the system of computer algebra Math Partner.

Key words and phrases: adjoint matrix, determinant, Chinese remainder theorem, inequality of
Hadamard, parallel algorithm, Newton method .
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The evolution of a quantum system is a sequence of observations (measurements) with unitary transi-
tions between them. From a mathematical point of view, the measurement is a projection of a vector of a
Hilbert space into the subspace specified by the measuring device. In conventional quantum mechanics it
is assumed that between observations, the system evolves deterministically according to the Schrodinger
equation. In contrast to this simple deterministic picture, we assume that there is a bunch of all possible
gauge connections (ways of identification of the state vectors in the transitions between adjacent observa-
tions), and the unique Schrodinger’s evolution is only the dominant element in the bunch. We consider a
constructive model based on the natural and standard representations of the symmetric group. Within this
model we study some quantum-mechanical problems. Our strategy in the investigation of these problems
consists in searching dominant structures and dominant evolutions. As the main computational tool we
use the Monte Carlo method. The method — which is inherently well suited to the “irreducible quantum
randomness” — proved to be highly efficient and precise when applied to our problems.

Key words and phrases: constructive model of quantum evolution, symmetric group, gauge con-
nection, dominant structures, Monte Carlo method.

1. Introduction

Epistemic approach to explain the empirically observable indeterminism of quantum be-
havior implies the existence of “ontic” states (full information about them is unavailable) and
“epistemic” states (which carry partial information about the quantum system and can be
represented by vectors in a Hilbert space H). Various, sometimes artificial, mechanisms to
explain the loss of information are offered. For example, the Spekkens model is based on the
knowledge balance principle [1]: ...for every system, at every time, the amount of knowledge
one possesses about the ontic state of the system at that time must equal the amount of
knowledge one lacks.”

The “ontic” states in our model are collections of elements of a finite set €2 on which the
group Sym (2) ~ Sy acts (N = |Q|). The loss of information occurs quite naturally: one can
observe only the relations that are invariant under the action of Sym (£2).

2. Main section

Discrete model of quantum evolution can be represented by the following scheme

V1i, Wii

/*» T
Vri, Wi \
- > 1L, - I, ------ =1L,
M, I, . : 1, I,
K WK
— e TR

Heret; € {0,1,...} is time of observation (elementary (“Planck”) time unit is 1); the projector
Hd,ti = [1)¢;) (21, | represents the measuring device configured to the state ¢, ; yg; are
all possible products of At; = t; —t;—1 elements of a finite gauge group G with unitary
representation U in H; wy; > 0 is the weight of y;; K; is the number of ~g;’s.

Standard quantum mechanics implies a single unitary evolution between measurements,
i.e. for some a € G the product a®*i has weight 1, and all other products have zero weights.
The unitary evolution can be written as U = U (aAti), or, introducing the Hamiltonian

H =ilnU(a), as U = e~ AL However, we will study the case of general weights sug-
gesting that a unique unitary evolution should occur as a dominant element in the set of
all possible evolutions. The gauge connection combinatorics is rather complicated since the
weights depend on both the properties of group elements and the state vectors. Besides, the
behavior of the model — as it is typical for quantum mechanics — depends on the choice of



Kornyak V. V. 67

time intervals between measurements At;. However, the Monte Carlo simulation may help
to cope with these difficulties.

The main problem in the study of the evolution is the search for the most probable
trajectories. The one-step transition probability is given by the formula

Ki
Pwti—l_}#)ti = Zwki tr (H¢kinwti> , where @r; = Ulyri) Pty -

k=1
The probability of the whole trajectory can be calculated as the product

N
Pwto e = H Pwti,l —,
i=1
It is convenient to introduce the one-step entropy Sy, o, = log P%_l yqpy, — discrete

analog of the Lagrangian £ — and replace the product of probabilities by the entropy of
trajectory

N
S’d’to by T Z Swti—l =t
This is a discrete counterpart of the continuou$ detion S = JLdt.

The gauge group of our model is Sy. To study the model we use the N-dimensional
natural and (N — 1)-dimensional irreducible standard representations of Sy. We consider
the constructive version of natural representation that is obtained by replacing the complex
space CN by the module NN, where N = {0,1,...}. Then, the constructive version of standard
representation is obtained by the projection.

Planck’s formula E = hv associates the energy with the periods of underlying micro-
scopic processes. By analogy, we define the “energy” of a permutation p as its frequency:

ep = s Of course, this definition is only approximate because the unitary operator

rd p
associated with the permutation contains many frequencies: they are inverses of the lengths
£1,...,£5 of disjoint cycles that constitute the permutation and the period of the permuta-
tion is equal to ordp = lem (€1, ..., £ar) . However, the definition is useful for classifying the
elements of permutation groups from a “physical point of view”. Moreover, the permutations
of the dominant conjugacy classes usually contain a small number (typically 1) of dominating
frequencies and the definition becomes “almost exact”.

To compare Monte Carlo simulation with exact computation consider the group Sso.

Its numerical characteristics are: |Sso| = 50! & 3.04 x 106%; number of conjugacy classes

= 204226; number of different periods = 1056; maximum period = 180180. FIGURE 1
shows the “energy spectra” obtained by both exact and Monte Carlo computations for the
dominant in each period classes in the range of periods [1..300]. We have generated 10°
elements of the group Sso, which is negligible part ( = 3 x 107%9) of the whole population.
The task took about 10 sec on a 3.3 GHz PC. We see that the Monte Carlo method is highly
efficient and precise when applied to our studies.

=
ol |
exact computation o ‘1 Monte Carlo computation
l
. Tk
S Y. 1 RO Y T m;ﬁM‘i ettt s
£

o7 T 700 7o 0 e 100 150 7o g 0

Figure 1. Energy spectrum of Sso. Exact vs Monte Carlo computations.
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3. Conclusions

Our main goal is to develop methods to search for specific emergent phenomena in vari-
ous problems of quantum mechanics. These phenomena appear as dominant structures and
evolutions and, we hope, can be efficiently found by the Monte Carlo method.
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Mogenp KBAHTOBOI 9BOJIIOINM, OCHOBAHHAsI HA CUMMETPUYECKOM
rpymnme

B. B. Kophusk

Jlabopamopus uHBOPMAYUOHHHLE METHON02UT,
063eduHeHHbIT UHCMUMYM A0EPHBL UCCAeD08aHUT,
ya. 2Koauo-Kiwopu 6, /Tyona, Mockosckas obaacmo, Poccus, 141980

BOJIOIMsT KBAHTOBON CHCTEMBI IIPEJCTABIIIET COOOil OCIIe10BATEIbHOCTD HAOJIIOIeHM (13MepeHuii) ¢
YHUTAPHBIM Iepexoiamu Mexk 1y HuMu. C MaTeMaTudecKoil TOUKH 3PeHHsl, K3MEPEHHe IPEJICTAB/IsAeT CODOM
[IPOEKTUPOBAHIE BEKTOPA IMJILOEPTOBA IPOCTPAHCTBA B IMOAIIPOCTPAHCTBO, (DUKCUPYEMOE H3MEPUTETHHBIM
npubopoM. B TpaaunmonHoii KBaHTOBOI MeXaHUKE IPEJIIOIaraeTcsa, YTO B IIPOMEXKYTKaX MezKy HaOJIio-
JICHUSIMH, CHCTEMa, 3BOJIIONIOHUPYET JCeTEPMUHUCTUYCCKH B cooTBeTcTBIM ¢ ypaBHenueM Illpenunrepa. B
OTJINYKE OT ITON MPOCTOH ACTEPMUHUCTUICCKON KapTHHBI, MBI IIPEATIOIaraeM CyHleCTBOBaHIE MHOYKECTBa
BCEX BO3MOXKHBIX KAJMOPOBOYHBIX CBSIZHOCTEH (CIIOCOBOB OTOXKIECTBIICHHUS BEKTOPOB COCTOSIHUSI MPH T1e-
PEXOaxX MeXKJLy COCeJHNME HaOJIIOCHUSIMT), & €JUHCTBEHHAS IPEJIMHIePOBCKAsT IBOJIIOINS PE/ICTABIISIET
c000ii JOMUHUPYIOIINIA 3JIEMEHT 9TOro MHOXKeCTBa. Mbl paccMaTpuBaeM KOHCTPYKTHBHYIO MOJIEJb, OCHO-
BaHHYIO Ha HATYDAJIbHOM U CTAHJAPTHOM IIPEJCTABICHNSX CUMMETPHUECKOil rpymbl. B pamkax 31oit Mo-
JIeJIN MbI H3Y9IaeM HEeKOTOPbIe KBAHTOBO-MeXaHu4IecKue 3ajadn. Hala crparerus npu uccaeoBaHuu STUX
3a/1a" COCTOUT B IIOUCKE JOMUHAHTHBIX CTPYKTYD U JOMHHAHTHBIX 9BOJIOLHI. B KauecTBe OCHOBHOIO BbI-
YHICJIATEIBHOTO CPEACTBA MbI HCIONIb3yeM MeTon Monre-Kapso. 9ToT MeTox, KOTODBIil 110 cBOeii mpupose
XOPOIIIO COOTBETCTBYET “HECBOAUMON KBAHTOBOI CJIyIaiiHOCTH , IEMOHCTPUPYET BBLICOKYIO 3P EKTHBHOCTD
1 TOYHOCTH B IPUMEHEHUU K HAIUM 3aJadaM.

KiodeBble cJjioBa: KOHCTPYKTHBHAs MOJE/Ib KBAHTOBOI 9BOJIOINK, CHMMETPUUECKas IPYIIIA, Ka-
JMOPOBOYHAS CBA3HOCTD, JOMUHAHTHBIC CTPYKTYPBbI, MeToj Monre-Kapiio.
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Math Partner — koMmnbioTepHas ajaredpa HOBOTO TTOKOJEHUS

I'. 1. MaJjsaimoHok

Jlabopamopus areebpauveckus 6vucAeHutl,
Tambosckuli 2ocydapemeennvili Yyrusepcumen,
ya. Humeprayuonarvhnasn, 0.33, Tambos, Poccus, 392000

IIpusozsres obmue xapakrepucTuku MareMarndeckoro cepsuca MathPartner, koropstii Teneps ¢Bo60/1-
HO JocryneH no ajgpecy mathpar.cloud.unihub.ru. CepBuc opuenTrpoBan Ha camMoe IUPOKOE TIPHMEHEHHe
KaK B HayKe I 00pa30BaHUU, TAK U B HHJyCTpun u B TexHuke. O6CyKIAI0TCs 0COOEHHOCTH HOBOI'O IIOKOJIe-
HUS CUCTEM KOIVI]'IB]OTepHOﬁ 8,J'Il"e6pb] M UX BO3MOXKHOE BJIMAHHUE HA O6HLGCTBOA HpOFHOSpr}OTCH BO3MOZK-
HblE Kap/MHAJIbHBIC H3MEHEHHs, KOTOPbIE MOKET IIPETEPIETh CUCTEMa 00PA30BaHMsI IO BIMSHUEM HOBBIX
TEXHUYECKUX BO3ZMOKHOCTEl, KOTOPBIE OHU MPEJIOCTABIISIOT.

KurodeBble ciioBa: koMmmbioTepHas ajrebpa, MathPartner, maremarnueckoe obpasosanue, napas-
JIeJIbHbIC BBIYMCJICHU I, OGH&‘IH&H MaTeMaTHuKa.

1. Bseaenwne

CI/ICTCI\H}I CHUMBOJIbHO-YUCJICHHBIX BbI‘II/ICJICHI/IIu/I, KaK IIPUJIOZKeHUd JJId KOMIIBIOTEPOB, CO-
BEPIIEHCTBYIOTCS YK€ HE OJHO JECATHICTHE, YJIyIIasch OT BepCcuH K Bepcuu. B mocienmee
JecAaTunjieTue I/IHCbOprIE)J_H/IOHHBIe TEXHOJIOTUHU NPETePIICeBAIOT CUJIbHbIC USMEHCHUA — 6bICTpBI—
MU TeMIIaMU DPa3BUBAIOTCA O6.7'[3“IHBI€ TEXHOJIOTHU. STO TIPpUBEJIO K ITOABJICHUIO HOBOT'O ITOKO-
JICHUA CUCTEM KOI\’IH])IOTCpHOﬁ aJ'IFCprI — MaTeMaTUIeCKUX CePUCOB NIMPOKOI'O HAZHAYICHUS.

OpHEM 13 IEPBBIX B 9TOM KJIACCE CHCTEM KOMIIbIOTEPHOM ayrebpsr siBistercst Math Partner
[1]. Cerogusa sTor cepsuc cran mocrynen 1o anapecy mathpar.cloud.unihub.ru.

HaCTOHLL[CC COOGLLICIII/IC IIOCBAIIIEHO OIIMCAaHUIO €ero OCO6CIIIIOCTCIU/I U TeM HOBBIM BO3MOXK-
HOCTSIM, KOTODPBIe OH IIPEJOCTaBJISACT CaMOMy IIMPOKOMY KpPYTY IOJb30BaTejeil: OT y3KHUX
HpO(bCCCI/IOHaJ'IOB MaTEeMaTUKOB — 110 MJIQAINUX MIKOJIBHUKOB, OT y‘IHTCHCﬁ MaTeMaTUuKu u
buU3UKYM — 10 UHXKEHEPOB U (DU3UKOB-TEOPETUKOB.

MOKHO 02KMIATH, YTO Kap/MHAJIbHbIE W3MEHEHUsI IIPETEPIAT, KAK CUCTEMA CPEJHEro u
BBICIIETO 0OPa30BaHUsI, TAK M CaM CTATyC MATEMAaTHYECKOrO 3HAHUS B COBDEMEHHOM OOIe-
CTBeE. Cero,u,ux IIOABJIAECTCA BO3MOXKHOCTD I10JIb30BAThCA JOCTH2KECHUAMU MaTeMaTHUKH BO BCEX
C(bCan JeATe/IbHOCTU YeJIOBEKa. I[JIH 9TOI'0O HY?KHO O4Y€Hb KOPOTKOE BPEMdA U MaJIbl€ 3aTpPaThl.

Hosslit cepBuc siBistercst 6ecriaTabiM. KaKiplit MOKeT 3aBOJIUTH B HEM CBOKO OOJIAYHYIO
MaTeMaTUIeCKYyIO TeTpalb U J1eJIaTh B Helt HeO6XO}H/H\/TbI€ BBIYUCJICHU .

Bazkneiimum GakToM, CBA3aHHBIM C €0 HOABJIEHUEM, SIBJISETCH CO3AHMUE IUCHMEHHOIO
A3bIK MaTEMaTHUKH. STOT A3bIK IIOHUMAECT U YEJIOBEK U KOMIILIOTED. STMI\’I A3BIKOM TeEIlepb
MOTYT IOJIb30BaThCs He TOJIBKO Te, KTO muiier TekcTel Ha TeXe, HO 000§ MIKOIBHUK, KO-
TOPBIil BOCIIOJIB3Y€eTCSI B CBOEl OOTaYHON MaTeMaTuIecKoi TeTPaJii CEPBUCOM BBIMAIAOIIETO
MeHI0. B MeHIO OH MOKeT HaifiTh OOJIBINON 3aIlac CJIOB, MPEJIOMKEHUH M MaTeMATHICCKUX
0IIepaTOPOB, 38 KOTOPBIME CTOSIT TIOJIE3HBIE AJITOPUTMUYECKHE KOHCTPYKIUH, HCIIOIb3yeMble
B NIPHJIOZKEHUSIX.

MoO2KHO IpeAIoIaraTh, YTO Ha ITOM HOBOM $I3bIKE MATEMATHUKH OYJyT CO34aBThCH U Xpa-
HUTCSI MaTeMaTHYeCKre 3HAHNS B ydeOHHKaX. A caMu y4eOHUKH Oy/LyT COXpaHATCS B OOIIe-
JIOCTYTIHBIX 6a3ax M MMU MOXKHO Oy/IeT JIErKO BOCIIOJIb30BaThCs. JIOCTATOYHO MPOCTO CKONNI-
poBaTh (POPMYIIBI U IEPEHECTH UX cebe B PabOUyIo TeTpajib.

Camyto OOJIBIIYIO OTAATY IJIst OOIIECTBA MOMKHO OYAET MOJYyYUTH B PE3yJIbTATE WHTCH-
cubUKAINT U WHIIBYIYyAJIH3A0NH 00PA30BAHNs, CHATHS CTPECCOBOM HATPY3KH HA YIHTEJIS,
KOTODBIil BBIHYXK/JIEH CerojHs paboTraTh B OOJIBIIOM KJIacCe, OJJTHOBDEMEHHO CO BCEMH.
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2. O aseike Mathpar

Aseik Mathpar asisercs pacmmpenneM s3bika TeX, myTeM mo6aBsieHnst onepaTopa IpH-
CBOEHUSI, OIEPATOPOB BBIYMCJICHHsI, ONEPATOPOB yIPABJICHUs, OEPATOPOB YCTAHOBKH OKPY-
JKEHHsI ¥ OTIePATOPOB BBIBOJA IpaduKoB. TeKCT, coieprKaiuii 3amich Ha I3bIKe — 9TO TTPOCTON
TEKCTOBBIN (aii/i, KOTOPBI MOXKET CO3IABATHCH, PEAKTUPOBATLCS M COXPAHTHCS TAKKE KAK
TeKCTHl B 3bike TeX.

VImeercs TpyTIITa ONepaTopoOB BEIMHUCJICHNS, KOTOPBIE IIPEJIHAZHAUECHBI [Tl NCIIOJIb30BAHUST
MHOTOIPOIIECCOPHOTO KJIACTEPA TIPU MPOBEJCHAN BBIYUCICHUM.

VIMeroTest OnepaTophbl 3a/IaHUsl OKPY?KEHHs — 3aJIaHNs NPOCTPAHCTBA, B KOTOPOM HAXO-
JIATCsl MaTeMaTHieckne 00beKThl. OKpyzKeHre OIpe/essieT OCHOBHOE YHCI0BOE MHOXKECTBO,
TUIIBI OEPAIUii B 9TOM MHOXKECTBE, UMEHA IePEMEHHBIX U KOHCTAHTHL.

JobaByieHbl MpaBuia, KOTOPBIE IIO3BOJIAIOT BECTH 3AIMCh IIOJ0OHYIO €CTECTBEHHON Ma-
TeMaTHIecKOi 3armmcn. OHM JAI0T BO3MOXKHOCTD BOCIIPOU3BOUTDH MPUBBIMHYIO MATEMATHIC
CKasl 3aIUCh, OTOOPAYKATH TEKCTHI HAYYHBIX U TEXHUICCKUX ITyOJMKAIUI, TeKCTBI yICHUKOB
U 3aJIAYHUKOB B KOTOPBIX UCIOJIb3YIOTCS MATEMATHYCCKHe BbipazKkenust. VICXOQHbIil TekeT u
Pe3yJIbTaThl OTOOPAXKATHCS B JIBYX BUJAX: B UCXOAHOM BHje u B Buje pdf. OHu nosiBistrorcst
B OJIHOM M TOM K€ OKHE, & CMEHUTH BHJ, OKHA MOYKHO C IMOMOIIBIO KHOIKH-TICPEK/TIOTATEIS.

OCHOBHOMY TEKCTY IMPOrPaAMMbI MOTYT IPEIIECTBOBATD Npouedypu, u dynryuu. VI nme-
1orca oneparopst ynpasaenus: if(){ telse{}, while(){}, for( ; ; ){} . Kpome Toro nmerorca
CHICIUATIbHBIE OLEPATOPBL: OLEPATOPLI 6616004 3HAMEHUA BbPAACENULT, OLEPATODPLI 6bi600a 2Pa-
fuKo6 u ONEPATOPLI HACMPOTIKU OKPYHCEHU.

Ionp3oBaTes b MOXKET BBIOUPATH CJIELYIONIMe YNCIOBble MHOXKecTBa: Z=7, Zp=7/pZ (p
>2), Zp32=7/pZ (p < 231), Z64={z € Z : —253 < 2z < 263}, Q=Q, R — mHOKecTBO TIpHU-
GUIMKEHHBIX JIHCTBUTEIBHBIX YUCEJI, Y KOTOPBIX YHCJ0 MUMD B MAHTUCCE 32€TCs HOJIB30~
BareseM, R64 — neiicruresbubie qucaa (52 paspaia — MAaHTHCCOH, 11 pa3psaioB — HOPAIOK ),
R128 — neiicrBurenpubie uncaa (128 6ur). Eme 8 4MC/IOBBIX MHOKECTB MOJIyHAIOTCA B Pe-
3ysbrare KoMmiuiekcudukauy nepebix BocbMu Muoxects: CZ, CZp, CZp32, CZ64, CQ, C,
C64, C128.

BbiiesmM HEKOTOPBIE TPYTIIBI OTIEPATOPOB.

Onepanyn Haz yuciaamu: maz(a,b) , min(a,b) , sign(a) , abs(a), floor(a), ceil(a),
round(a).

Omnepanyn Hazg neasivMu uciaamu: divRem(a,b), div(a, b), rem(a, m) , mod(a, m),
fact(a) = a!, GCD(a,b), LCM/(a,b).

Omepamun ¢ gpobGsiMu ¥ paunuoHalNbHbIMM  dyHKmusMu: num(fr),
denom(fr), cancel(fr), proper Form(fr), quotient(fr), remainder(fr),
quotient AndRemainder(fr).

Onepauyy HajJ, MHOTOYJIEHAMHM MHOrUX mnepeMmeHHbix: value(f,[zo,yo]) (moxcra-
BUTb T = Z0, Y = Yo), expand(), factor(), quotient(a, b, z), remainder(a, b, z), GCD(),
LCM(), quotient And Remainder(a, b, z), reduceByG B(g, [f1, f2, --, fc]) — peayxuus no-
JIMHOMA ¢ C TIOMOIIBIO HOJMHOMOB f1, fa,.., solveNAE(f1, f2,..) — pemenne HeJMHEHHBIX
ypasrenuit fi =0, fo =0,.. , groebner(f,..,g).

Marpunsl 1 BEKTOPBI BeKTOpBI 0TMEYAIOTC KBAPATHBIMU CKOOKAMHE, a MATPHUIIBI -
JBOMHBIME KBaJpaTHBIME cKOOKamu, mampumep; A = [[1,2], [z, y]]. Yrobsr anpecosars sie-
MEHTbI MaTPHIBI HY?KHO JaTh UM HauMeHoBauue: a=elementO f(A), 1 moToM MOXKHO Gparhb
oTziesIbHbIE IeMeHThl : a_ {1,j} —suaement marpunnt A, a_ {i,?} — crpoka i, a_ {?,j} —cromnGery
j-\O_{n,m} — myneBas marpuma pasmepa nxXm ; \I {n,m} —nxm marpuna ¢ exununamMu
Ha IaBHOI amaronasm. Hymesast Bekrop-crpoka: \O _{n}.

Hpyrue marpuunsie dbyuknun: charPolynom(A), kernel(A), transpose(A) wnmm
AT}, conjugate(A) wm A{\ast}, toEchelonForm(A), det(A), inverse(A) mnmu A{—1},
adjoint(A) mm A™{\star}, genlnverse(A) mm A{+} (o6o0mennas obparHas MaTpuna
Myppa-Tlenpoysa), closure(A) mm A{\times} — sambikanne, I + A + A2 + A3 + .. .6
win (I — A)~1, LDU(A) — rpeyrombuas LDU-dbakTopusamus: MaTpuipl. Pesy/ibraToM sB-
asiiores AT Marpun (L, D, U, P,Q], A = LDU. BruhatDecomposition(A) — pasnoxenue
Bproa marpunsr. Pesynsratom sisasirorest tpu matpuuet [V, w, U], A = VwU.
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Onpenesiensl cieayomue sneMmenTapusie dyuxkuum: exp(), In(), lg(), log(a,d)
wm log_a(b) — norapudm wncaa b no ocroBanuio a, sgrt() — Kopenb KBagparHbli, cubrt()
— KopeHb KyGuueckuit, 7ootof(a,n) — KOpeHb U3 4YUCJa @ CTEHEeHd M, ¢ {N} — YUCIO a B
crenenu n, sin(), cos(), tg(), ctg(), arcsin(), arccos(), arctg()c, arcctg(), sh(), ch(), th(),
cth(), arcsh(), arcch(), arctgh(), arcctgh().

IIpencraBiieHbl B CUCTEME U TaKue BaKHbIE pas/iedibl Kak peobpasosanue Jlama-
Ca ¥ PeIIeHne CUCTEM JIMHEHHBIX AuddepeHnnaIbHbIX YPABHEHHN C TIOCTOSHHBIME KO3 dU-
[MEHTAMH, BEIYUCJIEHNS] B TPOIMYIECKO} MATEMATHKe, JITHEHOe TPOrPAMMIPOBAHNE, JIOTHIe-
CKHE OIeDAIUK U OIEePAIMK TeOPHU MHOMKECTB, MapajulebHble BEIMUCICHNS Ha KOMIIbIOTEPEe
¢ pacupenesneHnoi namsaTsio, 2D u 3D rpaduku u ap.

RESTFul npoTokoJi Mor ObI HCIIOIB30BATHCS [ OOMEHA JAHHBIME MEXKIy STHM CEPBH-
COM U JAPYTUMHU OOJIAYHBIMYI YCTPORCTBAMHE, [JIsI 9TOIO JOCTATOYHO OCHACTUTD €r0 HEGOIIBIIIM
unrepdeiicom.

3. 3akJroyeHue

Math Partner — sTo cucrema KOMIBIOTEPHOI MATEMATHKE HOBOTO HOKoJieHns. [losBrenne
TAKUX CHCTEM CKaXKeTCs Ha BCeX NMPHUK/IATHLIX cdepax: B HayKe, TEXHUKE, SKoHoMuKe. Kap-
IUHAIbHbIE U3MEHEHHUS MOXKET IIPeTepIeTh 00pa30BaHUe, TaK KaK CO3AIOTCS YCJIOBUS JIJIS
MHTeHCH(DUKAINY U UHAUBAAYAIN3ANAN 00PA30BAHUS, IIOABIIACTCS 00pAaTHASA CBA3b MEXKIY
yUAIEIMCA ¥ 00pa30BaTeIbHON CHCTEMOM, KOIIa JeUCTBHUSA YIAIIEroCs OLEHUBAIOTCS U COXPar-
HSIIOTCA B €ro obJyiadnoM JHeBHUKe. Kaxkapiil yuamuiicss MOXKeT uMeeT peiiTunr, 60Jsee TOIHO
OTPa’KAIOLINI €ro CIIOCOOHOCTH U YPOBEHD 3HAHUM, I€M COBPEMEHHDIE FOCYJAPCTBEHHLIE IIPO-
BEPOUHBIC CPEICTBA.
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We give the general characteristics of the mathematical service MathPartner, which is now freely avail-
able at mathpar.cloud.unihub.ru. This mathematical service focused on the most extensive use in science
and education, as well as in industry and technology. We discuss the characteristics of the new generation
of computer algebra systems and their possible impact on society. We build forecasts of possible cardinal
changes that can get accustomed education system under the influence of new technical capabilities that
they provide. We build forecasts of possible cardinal changes that can happen in the education system
under the influence of new technical capabilities that they provide.
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The Laplace Transform Method in an Algorithm of Solving
Differential Equations with Delayed Argument

N. A. Malashonok
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The method is used for linear differential equations with delayed argument. There is constructed an
algorithm, which is symbolic-numerical. The numerical component concerns a representation of functions,
involved into the process by some kind of series.

Key words and phrases: linear differential equations, delayed argument, symbolic-numerical algo-
rithm.

1. Introduction

There is a class of physical problems, which is associated with action of some kind of com-
plementary forces - forces which are involved at various not initial time moments. Such prob-
lems frequently lead to the so called differential equations with delayed argument. Different
ways of dealing with such equations exist. See for example [1,2]. We consider linear equations
with constant coefficients and right-hand parts of exponential increase.

Applications of the Laplace transform method are well known. It permits to reduce an
infinitesimal problem to an algebraic one that may be solved symbolically or symbolic-
numerically. Moreover, it gives means to estimate an accuracy of calculations. However there
are some facts which prevent using this method in a symbolic way. Some difficulties, for ex-
ample, are connected with a form of the solution of the Laplace image of the input differential
equations, i.e. the exponential polynomials, which appears in the solution of algebraic equa-
tion. We suggest the usage of series expansion of some kind for symbolic-numerical solution
with a necessary accuracy. It extends the class of equations to be solved by this method.

We restrict ourselves to the consideration of one equation, but the method works similarly
with systems of equations of such type.

2. A differential equation with delayed argument and application of Laplace
transform

We consider all functions, either unknown or standing at the right-hand parts of equations,
on the segment T : 0 < ¢t < T'. Split T into parts by rational points 0 < t, < tp41 < T,k =
0,...,N. All functions of the argument ¢ are supposed to satisfy the conditions for existing
of their Laplace transform, i.e. they have an exponential increase. Consider an equation

n N

m(")(t)+Zzajk$(nij)(t_tk) = f(#), (1)

j=1k=0

with initial conditions 2(*~7)(0) = x(()n_j),j = 1..n. As the right-hand members of equa-
tions we consider here a composite function f(t), whose components are represented as finite
sums of exponents with polynomial coefficients. f(t) = fi(t), tx < t < tg41, k = 1..N,

M
where fj,(t) = f:zl Ps, ()ePkt, k= 1..N, and Ps, (t) = 3, 2% copmt™.
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The first step is to prepare the equation (1) for performance of Laplace transform. Uing
the Heaviside function n(t) we obtain the following form of the equation (1)

2™ (t +ZZ%W t— )z (= ty) = f(1),
j=1k=0

f(t) must also be written by means of Heaviside function.
It permits to write symbolically the Laplace image of the equation (1):

n N
T DD agre PEpT | X(p) =
j=1k=0

n—

n 1 N
PN PN
j=1 k=0

where X (p) and F(p) are the Laplace images of z(¢) and f(t), correspondingly, and F(p) is
also a sum of exponents with polynomial coefficients. Denote

n—1 N
Q) = Zp T 4 30 S ! el e 4 F(p),
j=1 k=0

n Qp)
:p"+zz e Plepn— thenX(p)zip.

sy D(p)
The last step of the algorithm is the Inverse Laplace transform. We must find a half-plane to
chose a vertical line for inverse transform and for a series expansion.

Consider X (p) and its denominator D(p). There exists a half-plane, where X (p) is holo-
morphic. To find it we must find a half-plane, where D(p) is non-zero. Let us find o > 0
such that D(p) # 0 for all p: Re p > 0. As D(p) — oo while p — oo then for each § > 0
there exists o such that D(p) > d if p: Re p > 0.

We have for sufficiently large |p|

n N
D) = 1pN (1= 323 lajillpl /).

j=1k=0

Denote A = Z 1 Zk o lajx|, and take o = max {5, [y } .If Re p > o, then |D(p)| >

4. So we may take the half-plane Re p > o, X (p) is holomorphic in it.

‘We must mention, that the line Re p = &,6 > o, may be taken as line of integration for
numerical calculation of the inverse Laplace transform.

At last we must expand the solution in one special series Writing ¢5 as tx = ;—’Z, denote

o = LCMp(oy), and tg, = 7%’“ Denote e~ & = z. Then

Z?:l pj—lmén—j) ¥ Z";l;ll Zi\fzo ajkpj—lx(()n—j)Z-F;c + F(p)
X(p) = VI e — ~ 2)
p +Zj:1 2 k=0 QjkZTRD

We do not write the exact expression of such kind for F(p), as it is rather bulky, mention
only, that the exponents are the same, because we take the same split points. Formally we
expand (2) in a Taylor series by z at the point z = 0. It corresponds to p : Re p = +o0.




74 Kowmnbiorepuas anrebpa — 2016

Substituting e~ & instead of z, we obtain the series for X (p) by ef%, which converges in
some neighbourhood of oco:
n
S Ane 7, (3)
n

where A,, are proper fractions, and can be represented as sums of partial fractions.

For the series (3) the Inverse Laplace transform may be written symbolically. A problem
is to define n and Re p sufficient for designed accuracy of the differential equation.

Let us take the n — th Taylor approximation of X (p) and find its inverse Laplace image.
Denote by Z(t) an approximate solution of (1), which is equal to this image. The accuracy
of such solution we denote by €, i.e. maxr|z(t) — Z(t)| < e.

k
The remainder term of (3) may be written in the form 7, _ Z—,’je_Tp. Demand

[p||an|/(Re p)™e=("Re P)/o < ¢ Then we obtain it for each ¢ € T.

3. Conclusions

In the conclusion let us mention the advantages of our method:

1. The algebraization of the problem makes possible to apply fast and efficient method for
solving algebraic linear system with polynomial coefficients. It is actual because it permits
to solve huge problems.

2. The expansion into the series of exponent with polynomial coefficients extends the class
of equations which may be solved by means of Laplace transform.
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IIpenyaraercs CHUMBOJILHO-YHCIICHHBII AJITOPUTM pelenus AnuddepeHnaIbHbIX YPABHEHTI ¢ 3aIa3bl-
BAIOIIUM apryMeHTOM. JHc/IeHHas KOMIOHEHTa aJIlOPUTMa COJIEPXKHUT IHpejcTaBienne (pyHKIU HEKOTO-
PBIM CIEHHAIbHBIM PAIOM.
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Kypc mareMaTn4ecKoro aHAJIN3a C TOYKU 3PEHUs
KOMITHIOTEPHOM aJirebphbl
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B nokitage 6y/1yT n3/102KeHbI HEKOTOPbIE COOOPasKEHUs O IIPHMEHEHUN CHCTEM KOMIIBIOTEPHOIT ajredper B
y4eGHOM TIporiecce, OCHOBAHHBIE HA JIMYHOM OIIbITE YTeHus obiemareMarnyeckux Kypcos B MI'Y u PY/IH
u npumenenus Microsoft Mathematics u Sage.

KumroueBble ciioBa: KOMIIbIOTEDHBIE HAYKN, MATEMATUYECKHl aHAIN3, KOMIIbIOTepHAas ajredpa, 00-
pasoBaHue.

PaszpaboTka crcreM KOMIIBIOTEDHOIl aJiredphl 3aCTaBJIAET T0-HOBOMY B3IVISHYTb Ha KJIac-
CcUYecKue BOIIPOCHI M UX OcBeleHue B Kypce Boicieit maremaruku. OmHO U3 BayKHEHIINX U
crapeitmux gocrmkennit CAS B obactu anammsa ’— peasnsanus aJrOPUTMOB CUMBOIBHOTO
nuddepeHnupoBanus 1 MHTErPUPOBAHUS SJIEMEHTAPHBIX (DYHKIMA. 3HAYUTEIbHAS YaCTh 3a-
J1at, IPeJIaracMbIX CTYZEHTaM B 1-M ceMecTpe, IMOCBSIIIEHA ITOMY 2Ke Bompocy. OZHaxo Mbl
TIIETHO OyJIeM MCKATh ONPEJEICHUE JeMEHTAapHOM (yHKIUN B Kypcax AHajm3a Wid Onu-
CaHUs ITUX aJIrOPUTMOB. Teopema O TOM, YTO IIPOM3BOJIHAS dJIEMEHTAPHON (DYHKIUU OIATH
SBJIIETCS SJIEMEHTAPHON UCIIOJIb3yeTCsI HA CEMUHAPAX [OCTOSHHO, HO MHOI'HE JIU JIEKI[HOHHBIE
KYPCBHI YIOMHUHAIOT O Heit? 3aTo TaM TPAJAUIIOHHO OIUCHIBAIOT T.H. OCHOBHBIE METOIbI BHITHC-
JICHNSI MHTErPAJIOB ~— MEeTOJ, MOJCTAHOBKY M MHTEIPUPOBAHUA 110 JacTaM. Mexay TeM erre
1950-x rojiax mpy CO3JaHUK IIEPBOTO NHTErPATOPA BBISCHUIIOCH, YTO STH METOJIbI HE MOJJIAI0T-
sl yIOBJIECTBOPUTEILHON (POPMATIA3AINN, U B COBPEMEHHBIX CHCTEMAX 3aMEHEHBI Ha METO/BL,
B34THIE U3 3a0bIThIX B XX Beke pador Jlnysuwisa, Ocrporpagckoro, fua IIrammunkoro [1,2].

He menee cTpanHbIM MoOJMaHueM JuaTpubudeckas JUTEPATypa OOXOIUT HMOHATHUS, CBS-
3aHHbIE C JIeMeHTapHbIMU (YyHKIMsAMU. B crapble BpeMeHa 3a/1a4u Ha IOCTPOEHUE SCKU30B
rpaduKOB Ha MUJUIMMETPOBOI OyMare 3aHUMAJIN BaKHOE MeCTO B Kypce Maremaruku. Ho Te-
[€Phb TU 3aJ[@49H BBINVISJIAT aHAXPOHU3MOM H, CJIEJIOBATEIHHO, BOSHUKAET BOIIPOC, YTO TAKOEe
3cku3 rpaduka? Mbl BHOBb He HafizieM onpe/eseHns B 3], M1y TeM MHOXKECTBO (byHKIH
JIeJINTCs Ha KJIACCHI S9KBUBAJIEHTHOCTH, 0Opa3oBaHHble (DYHKIMAME, rPadUKi KOTOPHIX UMe-
10T OJJMHAKOBbIE MHTEPBAJIbI BO3pACTaNHsI/ yObIBAHNS U BBIIYKJIOCTH, & ICKU3 ~— IPOU3BOJIb-
HBII IPEJCTABUTENb 9TOro Kiacca. OIHOMY Ki1acCy MOTYT HPUHAJJIEXkKAT U OYEHb IPOCTHIE
U OYeHb CJIOXKHbIE B aHAJUTUYECKOM IiaHe dpyHkimu. Hanp., sinx, sinsin z, sinsinsinx, . . .
¥ SJUTUNTHYECKUN CHHYC SN wX, PN HAJ[JIEXKAIlleM BbIOOpDe KOHCTAaHThI w. B TakoM ciyuae,
BO3HUKAET OYCHb KPAaCHBasl 3ajada 00 OTHLICKAHUU 3JIEMEHTAPHOTO MIPEJICTABUTENS JJI pe-
[IEHHsT TOrO MM MHOTO JuddepeHnuaabHoro ypasaeans. OUeHb MOXKET ObIThb, 9TO TEOPH
SJUIHITHYIECKHH (DYHKIHIT He BOILIA B apCEHAJ OOIMIEYIIOTEONTEILHBIX CBEICHUIT MMEHHO TIO-
TOMY, 9UTO JJIsl SJUINITHIECKUX (DYHKIHI MOXKHO OTBICKATD TAKOW 3P3all, JOCTATOYMHBIIN s
GOJIBIIIMHCTBA, TPHIIOXKEHNIT.

B mamewm xypce [4,5] Mpl passuBaeM moHsiTHE (DYyHKIUH [OCTENEHHO, OTAAB LEPBBLi Ce-
MeCTp Toj pa3BuTHe AHaim3a Jyis djeMeHTapHbix dynkimit. B [4] moxpobuo pasbupaercs
Bonpoc 0 auddOEPEHIIPOBAHNE SJICMEHTAPHON (DYHKIUK, BECbMA IIOJIC3HO I Iero OKa3ar-
sacw cepus crareit Tuxona Tapnasckoro B «Linux Formaty [6]. B [5] onucsBaiorcs knaccu-
YeCKHe METObl WHTETPUPOBAHUS JIEMEHTAPHLIX (PYHKIWI ¢ KPUTHICCKIMA 3aMEIAHUIMHA,
BocxomsuMH K paboram k. Moszeca [1]. 3mech 2Ke MBI IbITAEMCS IATH 9TeMEHTAPHOE IIPE/I-
cTaBJIeHue 0 MeToe JIMyBIIIIIS i YUCIEHHBIX METOIAX BBIUNCIICHNS HHTEIPAJIOB, KOTOPBIE «HEe
Gepyrcsiy. B HemsmanHO# noka 3-eii gactu (Bropoit ceMeCTp) MBI IEPEXOIUM K (DYHKITHSIM,
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3aJaHHBIM PALAMI. 310€Ch BOSHUKAET BO3MOXKHOCTD, HE OTBJIEKASCH HA SJI€MEHTapHbIE BOLPO-
CBl, PACCMOTPETH NPAMEPHI «IIOXUX» (DYHKIMI, Ju1s rpaduka KOTOPBIX HEJb3sl IIOCTPOUTh
3cKu3. Takoe M3J107KeHne KazKeTCst HeOOBIMHBIM, OJJHAKO OHO BIIOJIHE TOYHO OTPArKaeT PasBh-
THe NOHATHS (DYHKIUU B HCTOPHIECKON PETPOCIEKTHBE: XOPOLIO U3BECTHO, YTO HOSBJICHUE B
3a1auax MareMaTuaeckoil dbusuku psanos Pypbe pajrKaIbHO H3MEHUIIO CAMO MOHSATHE (DyHK-
nuu 7).

Bsrusiy Ha KJIACCHIECKHI KypC AHANIN3a ¢ IO3UIMil KOMIIBIOTEPHOM aire0psl Hen36ezKHO
YKAa3bIBAET U Ha HEOKUJAHHBL IIEPEKOC yIeOHBIX 33189 B CTPOHY CUMBOJIBHBIX BBIIUC/ICHU.
T'pyGo rosopsi, MaTeMaTHIeCKHe KyPChI OIIPE/IEIEHHO IIPEAIIOYUTAIOT CHMBOJIBHBLI OTBET

1424

1
/ dz :%\/gﬂ+é\/§log<\/§+2)—%ﬁlog(—ﬁ—l—?)
=0

NPUOINKEHHOMY OTBETY

1

d
/ 1_1_714 = 0.8669729873399107 4 9.625333722728231 - 10715,
T

=0

st mpakTuKa, HAp., Jyisi (PU3MKa, HAIIPOTHB, BTOPOW oTBer Oosiee pasymen. Oco3HaHme
TOTrO, 9YTO CUMBOJIbBHbIE U YUCJIEHHBIE METOJIbI n— 9TO pa3/IMIHbIC METO/bI PEIIeHndA OJHUX
U TeX Ke ypaBHeHUi, Heu36e:KHO NPUBOJIUT K JIABHO HA3PEBIIEMY BOIIPOCY O MeCTe Kypca
LII/I(’JIGHHI)IX METOI0OB B YHUBEPCUTETCKOM Kypce.
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AHajiInTHYECKas CJIOXKHOCTDH KJIaCTEPHBIX JepeBbeB B 3aJavax
aHaJIn3a JaHHbIX 00JIBIIIOr0 OO beMa

A. 1. Hopmos
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B joknaze Oyjer jaHo onpejesieHne aHAJIUTHYECKONH CJIOXKHOCTH KJIACTEPHOIO JEPeBa U IIPEJJIOKEH
AJITOPUTM €€ BBIIUC/ICHUA.

KuroueBsblie ciioBa: KHaCTepI/ISaHHﬂA, JABOUMYHDBIC I€PEBb, aHAJUTUYIECKad CJIOZKHOCTD, JaHHbIC 60.]'[])—
mIoro oobema.

Ananus 1aHHBIX 60JIBIIOrO 06beMa Tpedyer, Kak IPABHU/IO, UX CUCTEMATU3AIMA 1 KJIACCH-
dukarpu. PopMupyemble KIacchl (KIaCTepbl) 0ObEKTOB MHOTOYUCJICHHON MeHePAIbHON CO-
BOKYIIHOCTH JAHHBIX, IIOJJICKAINEH M3yTeHUIO, MOIYT CPABHHUBATLCS APYT C APYTOM IIyTeM
UX OTOXKJECTBJICHUS C DJIEMEHTAMU HEKOTOPOH KOMOMHATOPHOI ¢TPYKTYphI (rpada, aepesa,
MaTPHUIBL U TP.). DTa IPyIIia METOIOB aHAJIN3a JAHHBIX BKJIOUAeT B celsl, B 4UCJIe IPOYNX,
JIMCKPUMUHAHTHBIA aHaJIM3, Kiacrepusaiio 1 GaxTopHblii anamus gasubix [2]. IIpu srom
BO3HHUKAET 33/1a7a CPABHEHUS CBOMCTB U XaPAKTEPUCTUK KOMOWHATOPHBIX CTPYKTYP, COIO-
CTAaBJIAEMBIX OOJIBIINM COBOKYITHOCTSIM HCCJIELYEMbIX JAHHBIX IIPH MOMOIIHU [IE€PETUCICHHBIX
MeTO0JI0B. B 9acTHOCTH, aKTyaJIbHOM SABJISETCS 3a/1a4a CPABHEHUS CTPYKTYDP KJIACTEPHBIX Je-
PEBBEB, KOTOPBIE CTPOATCS [IPU TIOMOIIU KJIACTEPHOTO aHaam3a [2].

Ecu u3amepenust BHIIOIHEHDI ¢ JOCTATOYTHO BHICOKON TOYHOCTBIO, & UCIIOJIB3YEMast METPH-
K& II03BOJISIET Pa3/IMYaTh BCE IMapaMeTpPbl PACCMATPUBAEMBIX OO'BEKTOB, TO IIOCTPOEHHOE 10
9TUM JaHHBIM KJIACTEPHOE JIePeBO Oy/eT ABOUYHBIM. JleiicTBUTENBbHO, TOBBIIIEHIE TOYHOCTH
U3MEpPEHHI COOTBETCTBYET MAJIOMy BO3MYIIEHUIO HAOOpa JaHHBIX, COJlepzKallero nHdopma-
U0 06 N3y4aeMoil COBOKYITHOCTH OO'bEKTOB, & 3HAYUT, U PACCTOSHUN MEXKJLy HIMU B CMbICJIE
ucnoss3yemoit Merpuku. ITo reopeme Capra MHOXKeCTBO KOHMUrypanuii, Tpu uiu dojee Jie-
MEHTa KOTOPBIX JIEXKAT Ha OJUHAKOBOM PACCTOAHUM APYT OT APYyTa (B CMBIC/IE IIPOU3BOJILHON
buKCHPOBAHHOI NOCTATOMHO IMIa KON (DYHKIME PACCTOSIHUS) MMEET HYJEBYIO Mepy. JTO U
03HAYAET, YTO COOTBETCTBYIOIEE JTAHHON KOHMUIYpAIMU KJIACTEPHOE JIEPEBO OYJIET JIBOMY-
HBIM.

B nokmage Oymer BBEIEHO MOHATHE aHAJUTHIECKOH CJIOKHOCTH JABOMYHOIO Jepesa. Ana-
JIMTHYECKAst CIOZKHOCTD (yHKunu f(,y) ABYX HEPEMEHHBIX — 9TO €€ IUCJIOBAsT XapaKTePn-
cruka co 3nadenusmu B N U {oo}, coneprkaras nHGOPMAIMIO 0 BOSMOXKHBIX [PEJCTABICHA-
ax f(z,y) B Buge cyneprnosunuit pyHKuuii 0AHOM nepeMentoil u hpukcupoBanHoil pyHKIMn
s(z,y) IByX HEpEMEHHBIX, B KAIECTBE KOTOPOH BCIOAY B JAJIbHEHIIEM HCIOIb3YeTCs CyMMa
aprymenToB: s(z,y) = x + y [1]. B gokiaze GyuyT M3/I0KeHBI CBOHCTBA AHAJIMTHIECKON
CJIOXKHOCTH JIBOMYHBIX JE€PEBLEB U IIPEJJIOKEH aJroOpuTM ee Bbruucienus. llox anamurude-
CKOIl CJIOXKHOCTBIO JBOMYHOIO JIEPEBa TOHIMAETCS AHAJIUTHICCKAS CJIOKHOCT (PYHKIUA IBYX
[IEPEMEHHBIX, COIIOCTABJICHHOI 3TOMY JIe€pPEBY HEKOTOPLIM KAHOHHIECKUM 00pa3oM. Ilomyden-
HbIe Pe3yJIbTaThl IPUMEHSIOTCS JIJIsl aHAJIN3a ¥ CPABHEHUsI CTPYKTYD KJIACTEPHBIX JIEPEBHEB.
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We consider a linear homogeneous differential system with selected unknowns. We present an algorithm
to determine a set of satellite unknowns, i.e. unselected unknowns that belong to the same differential
extension as the selected ones.
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1. Introduction

Let K = Q(z) be a differential field of rational functions with derivation d/dz. Let S be
a differential system of the form

y' = Ay, 1)

where A € Mp(K) and y = (y1,...,yn)T. Let s = {yi;,...,¥i, },0 < k < n be a given
set, of selected unknowns (components of vector y). Denote by Kg a Picard—Vessiot extension
of K containing the full solution space Vg of system S.

Let Fs be a differential extension of K satisfying:

1. 7s(Vs) C FF, where 75(Vg) is a projection of Vs onto the selected unknowns s.

2. For any F D K if m5(Vg) C F*, then Fs C F.
We will use y; to denote the ¢-th unknown of S. Without any possible ambiguity, we will also
use y; to denote the i-th component of solution to S. Thus, we have Vy; € s = y; € Fs.
The unselected unknown y; is called satellite unknown for the set of selected unknowns s if
y; € Fs.

We will consider the following problem. Given a system S with selected unknowns s,
find all satellite unknowns. To solve this problem we need an algorithm to recognize if an
unselected component y; of unknown vector is a satellite unknown. In the next section, we
shall present such algorithm.

2. Algorithm

We will use the AB-algorithm proposed by S. A. Abramov and M. Bronstein in [1]. This
algorithm for the given differential system S of the form (1) and the set of selected unknowns
s produces a new differential system z’ = Bz, where B is a square matrix over K and the
components of the unknown vector z are the selected components from s and, possibly, some
their derivatives. Denote by S?B the resulting system produced by the AB-algorithm applied
to the system S with selected unknowns s. Then the field Fs, mentioned in Introduction,
may be formally defined as Fs = Kgap, i.e. Fs is a Picard—Vessiot extension for the system
SAB, °

By |S| denote the size of the system S (the number of equations). Then the algorithm to
determine if the unselected unknown y; is an satellite unknown for s consists of the following
steps:

1. By using the AB-algorithm, build systems S4B and S2B, where § = s U {y;}.
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2. 1f | SAP| = |S], then all unselected unknowns (not only y;) are satellite unknowns and
we have done, otherwise go to the next step.
3. If |SAB| = |S2B|, then y; is a satellite unknown by [1, Prop. 1 (iii)], otherwise go to the
next step.
4. Tf |S4B| < |S2B|, then for y; to be a satellite unknown it is necessary and sufficient to
have
KSQB = KS;.\B' (2)

The problem to check if for two given differential systems of the form (1) their Picard—Vessiot
extensions coincide was previously considered in [2, Sect. 5.3.3 (H)|. By the properties of the
AB-algorithm, we have K gas © K GAB, SO it is sufficient to check the condition

Kgan 2 KS?B- 3)

Therefore, we may use the methods similar to the ones from [2]. Denote by G SAB G 5AB
differential Galois groups of extensions K SAB; K gaB over K respectively. Consider a map
T G gAB — G SAB- It is clear that 7 is surjective. Therefore, the condition (3) holds iff 7
is inje(ftive. Fronsl Hrushovski’s algorithm [3| (or its improved version [4]) we can compute
the defining polynomial equations of the Galois groups Ggap and Ggap in their matrix
yeprets.entations associated with the given systems, and, using Grobner bﬁéses7 decide if 7 is
injective.

3. Linear differential-algebraic systems
The algorithm can be extended to handle differential systems (of full rank) of the form
Aoy’ + A1y =0, (4)

where Ag, A1 € Mp(K), y = (y1,---,yn)L. Any linear homogeneous differential system of
arbitrary order can be reduced to the form (4).

In order to use the algorithm from the section 2 we can transform the system (4) to (1)
by the Extract algorithm [5,6]. As previously we consider the task of determination if the
unselected unknown y; is a satellite unknown for s. Taking into account the specific of the
problem, we should apply the Extract algorithm to the system (4) w.r.t. § = sU{y; }. We need
slightly modify the second stage of the algorithm. Namely, when eliminating the unknown
from the set 5 7; should be eliminated if possible. As a result of the Extract algorithm we
obtain a differential system Sy for the part of unknowns § C y and an algebraic system S,
to express unknowns from & that are not a part of §. If y; is expressed from Sq, then y; is
a satellite unknown. If it is not, then y; is an unknown of Sy system and we may use the
algorithm described in the section 2.

4. Sol-satellite unknowns

Considered satellite unknowns are defined by subfield Fs of Kg. This subfield is deter-
mined by the selected components of all system solutions. So we will refer to these satellite
unknowns as sys-satellite unknowns. We also may discuss satellite unknowns, when subfield
Fs is determined only by the selected unknowns of some particular solution to the system.
An unknown y; is called sol-satellite if for any solution to the system a component y; belongs
to the same extension as all selected components of this solution. The problems to determine
all sol-satellite unknowns and all sys-satellite unknowns are seems to be similar. But they are
two different problems. The algorithm to solve the second is presented in the section 2, but
the algorithmic solution of the first is an open problem.
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We consider the problem of finding a universal denominator for linear partial differential and difference
equations with polynomial coefficients. In the case of ordinary equations, known algorithms for finding
rational function solutions are based on constructing a universal denominator. In the multivariate case
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denominator. We prove that the problem of testing the existence of universal denominators for linear
partial differential and difference equations is algorithmically undecidable.
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1. Rational solutions and universal denominator

We consider linear partial differential equations

2 : aSl"F“"‘FSmy(xl’.“,z )
(ls(fﬂl,.‘.,l'm) 5 s1 P S m =0 (1)
fv=r it Oy

and linear partial difference equations of the similar form

Zas(ml,...,xm)y(xl+sl,...,mm+sm):0, (2)
seSs

where S is a finite subset of Z;"O, Z1,...,xm are independent variables,

as(z1,...,Tm) are polynomial coefficients.

Known algorithms for finding rational function solutions for ordinary (i.e. when m = 1)
differential and difference equations of such type contain the search for universal denominator
[1]. The universal denominator is a polynomial ¢(z) such that any solution y(z) € K(z) of

the equation could be represented as y(z) = 5 Ei; where p(z) € K[z]. When we found such

g(x), we can transform the equation into another one that has a solution p(z) € Klz] if

and only if the initial equation has solution %, thus we can reduce the search for rational

function solutions to the search for polynomial solutions.

The existence testing problem for polynomial solutions, as well as rational function so-
lutions, to linear partial differential and difference equations with polynomial coefficients
is algorithmically undecidable [5,7]. Nevertheless the problem of constructing the universal
denominator for these equations is still interesting because the reduction of the search for
rational function solutions to the search for the polynomial solutions can be useful. Although
the latter problem is unsolvable in general, it is solvable if e.g. we have the upper bound for
the degree of solution.

M. Kauers and C. Schneider consider the problem of the search for the universal de-
nominator of difference equations in [4, 5]. They introduce the classification of multivariate
polynomials p(z1,...,Zm) into periodic and aperiodic:



Paramonov S.V. 83

1. a polynomial p(x1,...,Zm) is periodic if the set of such d € Z™ that

ng(p(xl,...,xm),p(ml +di,...,Tm +dm)) ;A 1

is infinite,
2. otherwise p(z1,...,Zm) is aperiodic.

Any polynomial can be factorized uniquely to the periodic and aperiodic parts. The algo-
rithm presented in [5] can find “partial” universal denominator for difference equation with
polynomial coefficients that contains all aperiodic factors and covers the wide class of periodic
factors of the denominators of all rational function solutions. Using this algorithm one can
construct the universal denominator for an ordinary difference equation because all polyno-
mials are aperiodic in the univariate case, but in the general multivariate case this algorithm
cannot, find the universal denominator. Moreover, some equations don’t have the universal
denominator, e.g. y(z1 + 1,22) — y(z1,22 + 1) = 0.

2. Main result

We prove the following theorem:

Theorem. [t is algorithmically undecidable whether there exists a universal denominator
for a given differential or difference equation of the form (1) or (2).

The proof is based on Davis-Matiyasevich-Putnam-Robinson theorem that is negative so-
lution of Hilbert’s tenth problem. This theorem implies that the problem to test the existence
of integer solution for given Diophantine equation is algorithmically undecidable. We show
that this problem can be reduced to the testing of the existence of the universal denominator.
For this purpose we consider differential and difference equations of the special kind that are
used also in [3,5]:

o o
P (11%7 s 7xma) y(xly' .. ,Zm) =0,
P(z1A1, ..., 2mAmn)y(z1,...,2m) =0,

where Ajy(z1,...,2m) = y(@1,...,2; + 1,...,2m) — y(z1,...,2Zm), P is a polynomial.
Such equations have the properties that allow to associate the existence of solutions of some
forms to the existence of integer solutions of the Diophantine equation P(ni,...nm) = 0.
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Pa('r(',l\’lanHBaeT('ﬂ 3a/1a4a IIOUCKa yHUBEPCAJbHOTO 3HaMeHaTeJId JIJId JIMHEMHBIX ypaBHeHVﬁ/’l B 9aCTHBIX
MIPOU3BO/HBIX MJIM PA3HOCTAX € HOJIMHOMHUAILHBIMU Ko durmentamu. st oObIKHOBEHHBIX JuddepeHin-
JILHBIX U PA3HOCTHDIX YPABHEHUIT aJICOPUTMbI HAXOXKICHUS Y HUBEPCAJILHbBIX 3HaMeHaTes el ussectubl. OHu
JiezkaT B OCHOBE aJI'OPUTMOB IIOCTPOCHU A peIIIeHI/Iﬁ B BU/JIE PAIlMOHAJIBHBIX (byHKILI/Il‘/‘lA B CJiy4dae HeCKOJIbKUX
[ePEMEeHHBIX YHUBEPCAJILHBI 3HAMEHATEIb CYIIECTBYET He IS JII0OOr0 yPABHEHUsI, OJIHAKO JJIsl PA3HOCT-
HBIX YPaBHEHUIl CyNIIECTBYIOT AJITOPUTMBI, [TO3BOJISAIOIINE ONPEIENIATh HEKOTOPYIO HH(MOPMAIHIO O perre-
HUSIX B PAI[MOHAJILHBIX (DYHKIUSX ¥ CTPOUTDH «9aCTUYHBIIY yHUBEPCAJIbHBIN 3HaMeHaTe b, B 910t pabore
MBI JIOKa3bIBAEM, YTO 3a/a4da [POBEPKH CYLIECTBOBAHUS yHHUBEPCAJLHOIO 3HAMEHATENH JJisd JIMHEHHBIX
ypﬂ.BHeHHﬁ B YaCTHBIX IPOU3BOJHBIX WJ/IA PA3HOCTAX C IHOJIMHOMUAJIBHBIMU KO3(1)(bl/IILMQHTHJ\’IM ABJIACTCA
AJITOPUTMUYICCKU Hepa3peluinMou.

KuroueBsle citoBa: jddepenimababie ypaBHeHUs, PA3HOCTHLIE YPABHEHNSI, YHIUBEPCAJIbHBII 3HA-
MeHaTeJIb, aJI'OPUTMUIECKasi HEPa3PEITUMOCTD.
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duddepeHnnaabHbIii aHAJIOT TEOPEMbBI O IIPUMUTUBHOM
3JIEMEHTEe

T. A. Ilorynun

Kagedpa evicweti anzebpu,
MT'Y um. M.B. Jlomonocosa,
ya. Jlenuncxue 2opoi, 0.1, Mocxea, Poccus, 119234

B 1942 roxy 9. Komuun gokaszan ciaeayouryio auddepeHnnalbiyo BEPCHIO KIACCHIECKONH TeOPEMbL O
HPUMATUBHOM 3JIEMEHTE.

Iyemv dupdeperyuanvroe nose E xoneuno nopootcdeno nad dugdeperyuarviom nosem F, ecarudl
anemenm u3 E ydosaemeopaem anzebpauneckomy ouddepenyuanvnomy ypasnenus ¢ Kosddhuyenmanu us
F, u F codeporcum nexoncmarnmy. Toeda E nad F mootcho nopodums 00HuM INEMEHMOM.

Bonpoc o Tom, BepHa s 9Ta TeopeMa, ecs F cocronT m3 KOHCTaHT, a E coaep:KuT HeKOHCTAHTY, ObLI
JIOJITOE BPEMsl OTKPBIT M TOJIBKO HEJABHO PEIICH MOJIOKHUTEILHO. B jlokmaze 6yer pacckazaHo, mouemy
9TOT CJIyvail HHTEPECEH, B YeM €ro OTIHdue 0T TeopeMbl Komunna.

Kirouesslie cioBa: juddepennuaibaas anredbpa, auddepeHnnaibable ToJs.

AymurusHOe oToOpaxkenune D u3 Kosbiia A B cebst HasbiBaeTcs dudepenyuposaruem,
ecsn ymosieTBopsier ToxaecTsy JleiiGumma: D(ab) = D(a)b + aD(b). O6sramo MBI Gymem
o6osuauars D(x) u D™(z) uepes &' u (") coorsercrenno. KoMMyTaTHBHOE KOJIBIO C BbI-
nejieHHbIM iud bepeHrmpoBaHneM OyIeM Ha3bIBATh JuPPepeHyuaivoHoLM KOADUOM.

JuddepenimaabHoe KOJIBIO, SIBISIONIEECs MOJEM, HA3bIBAETCA uPBPepeHuuaibHbim no-
aem. Iycrs FF C E — pacmupenue auddepeHnuanbHbix noseil u a € E. Mbr 6ynem 0603Ha-
qarh auddepennuansaoe nozanose B E, nopoxaentnoe a u F, uepe3 F(a). Duemenr a € E
Ha3bIBaeTCs Juddeperyuarvho arzebpauneckum Has F'| ecin OH yJOBJIETBOPsieT ajredpan-
geckoMy b depeHInaIbHOMY ypaBHeHuto ¢ Koaddunmernramu u3 F. Pacmupenne E D F
Ha3bIBaeTCs Judpeperyuarvo anrzebpaureckum, eciiu Kaxiplii smement a € E muddepen-
uasbHO anreGpanyer Haz F. Duement a € F HasbiBaeTcs npumumuenvim, ecin E = F(a).

Komaun poxazain ( [1]) muddepennuanbublii anagsor TeopemMbl O IPUMUATUBHOM JICMEHTE:

Teopema. Ilycmv E = Flai,...,an), u pacwupenue E O F dufdepenyuanvno
anzebpauuno. ITycms makoice F - codeporcum nexonemanmy (mo ecmov anemenm f makod,
wmo f' #0). Tozda cywecmsyem b € E maxoti, wmo E = F(b).

Caencrsue Ilycrs E = Flai,...,an) u pacumpenue F D F nuddepennnanbuo a-
rebpangso. [IycTsb Takke E cojepKuT HeKOHCTaHTy. Torma cymecrBytor b, ¢ € E Takue, 4T0
E = F(b,c).

Bameuanne B [1] Kosunn paccmarpusas Gosiee o6muii ciaydail HECKOJBKIX KOMMYTH-
pytomux nuddepenuposannit. Mbr paccMarpuBaeM ciaydail TOIbKO oxHOTO muddepenim-
pOBaHUSI.

Iocneaee ycimoBue TeopeMbl He MOXKeT ObITh UCKII0YeHO. JleficTBUTeIbHO, paccMOTpUM
none E = Q(z,y) ¢ nynesbiv auddepennuposanuem. JIerko BUAETb, 9TO y PACIIMPEHUT
F = Q C FE Her IpUMHUTHBHOIO 3JIEMEHTA.

Omnaxo, psj IPUMEPOB MOKA3LIBAIOT, ITO BO MHOIHX €CTECTBEHHBIX CUTYAIUAX, IJI€ TEO-
pema Kosuuna e npumeHnMa, IPUMUATUBHBIA 9JIEMEHT BCE-TAKH €CTh.

IIpumep 1. Pacemorpum pacumpenne C C C(x, e®) co crangaprabivm auddepenupo-
BauueM. JIETKO BUJETDH, 9TO 4epe3 a = ¥ + €% BhIpaKaroTesa oba mopoxgaomux: e = a’’,
rz=a—a".

B nokazarenscrse Komunua npuMUTHBHBINA 371eMeHT b CTPOUTCS Kak JIMHEHHAsS KOMOM-
HAaIUsl TIOPOXKIAIOIIMX A1, . . .,y ¢ Ko dumentamn u3 F. Kak 1MOKa3bIBAIOT CJIEIyIOIINE
MIPUMEDPBHI, B CJIydae, KOTJIa OCHOBHOE TIOJI€ PACIINPEHUST COCTOUT U3 KOHCTAHT, IPUMHUTHBHBIN
9JIEMEHT MOXKET He ODHADYIKUTHCS CPEIN TAKUX JIMHEHHBIX KOMOMHAIINIA.

IIpumep 2. Paccmorpum pacmmpenune Q C Q(zx,y) ¢ quddepenmuposanuem z’ = 1
y" = 0. Hu onun u3 3jeMenToB Buja T + Ay He TOpokKipaeT Beero mond, Ho Q(x,y)

Q(z? + ).
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IIpumep 3. Pacemorpum pacumpenwe C C C(z,Inz,In(z + 1)) co crangaprabiM
nuddepennupoBannem. Kax pacmmpenne auddepeHnnaIbubXx Moaeil OHO MOXKeT OBITDh
HOPOXKJIEHO JByMsl djteMenTamu Inz u In(z + 1). Paccmorpum HekoTODBIH 3/1eMeHT BuzA
a=Inz+ aln(z+1) (o € C). Jubdepennupys, nomyuaem, uro C{a’) C C(z), To ecThb
crenenn Tpancuengentaoctn pacmuperns C C C(a) He NpeBOCXOMUT JBOHKH, B TO BpeMs
kak trdeg C (z,Inz,In(z + 1)) = 3. Buaunt, cpean smementoB Bujga a = Inx + aln(z + 1)
(o € C) mer npuMUTUBHOTO.

B pabore (2| 6pl1a KoOKa3aHA CIEAYIOMAst yCUIEHHAS TEOPEMA O IIPUMHUTHBHOM JIEMEHTE,
OJ] YCJIOBUsSI KOTOPOI BCE MPUBEIEHHbIE TIPHMEPBI TOIXOJIAT.

Teopema. IIycmv E = Flai,...,an), u E dufdepenyuanvno areebpaumno nad F.
Tozda cywecmsyem b € E maxoti, wmo E = F(a).

B sroM J10Ka3aTe beTBE IPUMUTHBHBIA 3JIEMEHT HAXOJUTCS B BUJE MHOTOYJIEHA C IIEJIbI-
Mmu ko3 dunuentamu ot nopoxaaiomux E wan F. Paccykienne KOHCTPYKTHBHO M MOXKET
CJIy?KUTh OCHOBOH JIJIsI IOCTPOEHUsI aJllOPUTMa HAXOXKIEHUsI IPUMUTUBHOIO 3JIEMEHTa B Pac-
mmperny uddepeHIaIbHbIX TOJIeH.

Crmcok JurepaTypbl

1. Kolchin E.R., Extensions of differential fields, I, Annals of Mathematics, vol. 43, 1942.
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UDC 512.628.2

Differential Analogue of the Primitive Element theorem

G. A. Pogudin

Chair of Higher Algebra
Moscow State University
Leninskie gory, Moscow, 119234, Russia

In 1942 E. Kolchin obtained the following differential analogue of the Primitive Element theorem.

Let E be a finitely generated differential field extension of a differential field F. Assume that every
element of E satisfies an algebraic differential equation over F and F contains a nonconstant element.
Then, there exists a in E such that E is generated by a and F.

It was unknown for several decades if the theorem holds in the case when F consists of constants and E
contains a nonconstant element. Recently, this question was answered affirmatively.

Key words and phrases: differential algebra, differential fields.
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HOCTPOGHI/IG pa3spemianimx HOCJ'IeﬂOBaTe.TIbHOCTeﬁ AJidd CUCTEM,
3aJaHHbIX IMTOJIMHOMAaMMN Ope

A. A. Psa6enko

Buoiuucaumenvroiti yenmp um. A. A. Jopoonuuyvna @PUL] 1Y PAH,
ya. Baeunosa, 0. 40, BL] PAH, Mocxkea, Poccus, 119333

Tpeacrasasiercss Mopudukams anropnrma (u ero peanmsamun B Maple 2015) mocrpoenns paspemaio-
[IMX TI0CJIE/I0BATEILHOCTEH ONEePATOPOB Jisl CJIydasl CUCTEM JIMHEIHBIX ONEePATOPHBIX yPABHEHHI, 3a/1aH-
HBIX ITOJIMHOMAaMMW Ope

KumroueBbie ciioBa: KOMIIbIOTepHad aﬂre6pa, CHCTEeMbI JINHEITHBIX ypaBIIeIII/Iﬁ, TTOJIMHOMBI Ope

1. Bsenenwme

B [1] 6bu10 IPETIOKEHO HOHATHE PA3PEHIAIONIEH OCIEI0BATEIBHOCTH /Il HOPMAJILHOI
CHCTeMBbl PA3HOCTHBIX yPABHEHHII [IEPBOro HOpsaka. 3areM, B [2] 310 nonarue 6buio chop-
MYJIMPOBAHO JJIsT JIMHEHHBIX muddepeHnnaIbHbIX U PA3HOCTHBIX CHCTEM ITPOM3BOJILHOIO TIO-
pszka. BbuI IpeioXKeH aJrOpuTM IIOCTPOEHUs Pa3PelIaoliX [0CJIe0BaTeIbHOCTE M, ero
peasmsanus B cucreme Maple 2015 ( [3]). IIpuBezensl aaropuT™Mbl, UCIOIB3YONHE Pa3pe-
IIAOIIHE [TOCJIE0BATEILHOCTH, — TOCTPOEHHS TUIIEPreOMETPUYECKIX PEIICHUl PA3HOCTHBIX
cucreM, POPMAJIbHBIX IKCIOHEHIINAJIBHO-JTorapudMudecknx perternii auddepeHanbHbIx
CHICTEM.

AJIropUTMBI IOCTPOEHMS PA3PEIIAIONICH TOC/IEI0BATEILHOCTH B PA3HOCTHOM 1 jind depen-
[MAJILHOM CJIydae UMeloT MHOro obuiero. OHE MOI'yT GbITH OIUCAHBI €MHOOOPA3HO, UCIIOJIb-
3ys MOHSATHE HeKOMMyTaTuBHbIX mosmuomos Ope ( [4], [5, §3,84.5]). B cucreme Maple cymie-
CTBYEeT peasin3aliisl OCHOBHBIX OIlepalluii B KoJiblle nosmHoMoB Ope — maker OreTools, 9To
MO3BOJIMJIO PEAJIN30BATH AJITOPUTM ITOCTPOEHUS Pa3PENIAiONUX IOCIEI0BATEILHOCTEH JIIst
MPOU3BOJILHBIX CUCTEM JIMHEHHBIX OIIEPATOPHBIX YPABHEHUIA.

2. Pa3pema10m;asl IIocJ/jIeJ0BaTEJIBHOCTH OIllepaTopoB

IIycts K — mone xapakrepuctuku (0 ¢ apromopdusmoMm o u auddepeHupoBaHueM §
OTHOCHTEIBHO 0 TAKUM, YTO BBIIOIHSIOTC yesaosus: 6(a+b) = da+ 0b u §(ab) = o(a)db+
(6a)b naa mobbix a,b € K.

Iycrs manee Lx — muHeiiHoe npocTpaHcTBO Hay K. PaccMarpuBaeM cucTeMbl OmepaTop-
HBIX ypaBHeHHil Bujia

Aty + -+ A1y + Aoy =0, (1)

e Ap € Mat,, (K), k = 0,1,...,n, m € Nxg, Ay # 0,y = (y1,...,ym)? — Bek-
Top-crosbern HeusBecTHbix. OTobpazxkenue £ : L +— Lk — NCEBIOJIMHEHHO OTHOCUTEILHO O
nd, re. E(u+v) =E&u)+ &), £lau) = o(a)é(u) + d(a)u pa mobeix a € K, u,v € Lk.
OupeiesieHne pasperaomei moc/aeI0BaATeIbHOCTH OIIEPATOPOB, ¢hOPMYJIMPOBAHHOE B |2,
pasnen 2.3] qs gactHbIX caydaes £ = 6, 0 = id u £ = o, § = 0, 1erko oGobmaercs:

Omnpepnenenne 1. Ilycrs (1) — cucrema nonsoro pamra. Ilycrs rakxe I, ..., I, — mo-
IIaPHO PA3JINYIHBIC ITOJIOZKUTEJIbHBIE TNC/Ia, HE IIPEBOCXOAAIINE 1M, U IIYCTh CKaJIAPHBIC OIlepa-
topet L1, ..., Ly € K[£] TakoBer, uto ecim gy, = -+ = yi; =0 (mpu j < p) A7 HEKOTOPOTO

pemenna y € L cucremsr (1), To

— B CJIy4dae ] = P BC€ KOMIIOHEHTBI 3TOI'0 pelIeHusl paBHbI HYJIIO: Y1 = Y2 = ... = Ym =

b
— B caygae j < p Ul KOMIOHCHTBI §y; | TOIO PEIIEHHUsT BBIIO/HEHO Ljiq (ylj+1) =0.
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Torma KoHe4Has 1ocJIe/I0BaTeILHOCT onepaTopos L1, . . ., Ly Ha3piBaeTca paspewarow,eti no-
€1e006aMeEALHOCTILI0 DAHHON cucTeMbl, a BekTop (I1,...,1p) UHOUKGMOPOM ITOH TOCIIEe-
JIOBATEJIbHOCTH.

OJH U3 TANOB AJITOPUTMa TTOCTPOCHUS PA3PEITAIONIEH TTOCIEI0BATEIBHOCTH — HAXOXK-
nenue ypasuenus L1 (y;, ) = 0, Koropoe naspiBaerce yy, -paspewarousum njs (1). Dopmyiist
9TOrO JTAla, IpeJJIoKeHHbIe B [2, pasaen 2.1], Mmomudunmpyorcs Ha o6muil cirydail cie/ry-
olM 0bpazom. Bmecto

o —

c ¢, i =cl=HA 4 scli=1 (nuddepenumanbubiii coyuaii: £ = 6)

A = ¢, =gl A ((g-)pasnocrustii cyuaii: £ = o)

ucnosb3yeM hopmyILy
A =¢, il =o(li"A 4501,

3. Peanuzanus

B |2, pasgen 6.1] npencrasnena Maple-nponenypa ResolvingSequence HOCTPOEHHS pas-
PEIIAONINX [T0CIIEI0BATEIbHOCTEH JIJIst JIMHEHHBIX OOBIKHOBEHHBIX A dDepeHIralbHbIX, Pa3-
HOCTHBIX U @-PA3HOCTHBIX CUCTEM. BO31\/IO)KHOCTI/I ITOU TIpOonEeayphl, KOTOPasd Tenepb ABJIACTCA
4ACTBIO TTAKeTa RS, pacmmpensl Ha cirydail o6oit cucremsr (1), 3aIaHHON ¢ HOMOIIBIO TIOJIH-
Homa Ope Ap&™ + -+ -+ A1€ + Ao ¢ marpuunbivMu Koadduipentamu.

B npejaraemoii peasusanuu mosie K sBIISIeTCS 10J€M PAIMOHAJIBHBIX (DYHKIHHA Of-
noit mepemennoit man Q. Aprymentsr nponemypbl: moauaoM Ope ¢ MATPUYHBIMU KOID-
dunmerTamu 1 npejcrapienre Kojbiia Ope, CO3JaHHOE C MOMOINbI0 cTaHgapTHONH Maple-
mporeayps! SetOreRing makera OreTools. ITomuaom Ope B Maple npezcrasisercs BeIpazke-
nmem OrePoly(Ag, A1,..., Ay). Ilponeaypa Bo3BpamaeT MOCJIEI0BATEILHOCTD PA3PEIIAo-
IIUX OIIepaTOPOB KaK CIIMCOK ITOJIMHOMOB Ope I/IH,LLI/IKaTOp uochoequﬁ IIocJjieJ0BaTeJIbHOCTU
BO3BpalaeTcd nporeaypoit Indicator makera RS.

ITaker OreTools mpemOCTaBIIAET BO3MOKHOCTD omucaTh joboe kosabuo Ope. Hampumep,
KPOMe yKa3aHHBIX BbIIE, B KOMIIBIOTEPHOIT ajreGpe UCHOJb3YI0TCss A-Pa3HOCTHBIE OLEPATO-
put (3y(z) = Ay(x) = y(a +1) — y(@); oy(x) = y(z + 1)); oneparopt ¢ mdbdeperupo-
Banuem Ditnepa (6 = m%; o = id) u apyrue. Ha help-crpanune SetOreRing ciremyrommum
0bpaszoM 3amaercss A-pasHOCTHBI CITydaii:
>0R := OreTools:-SetOreRing(x, 'Delta’,

'sigma' = proc(p, x) eval(p, x=x+1) end,

'sigma_inverse' = proc(p, x) eval(p, x=x-1) end,

'delta' = proc(p, x) eval(p, x=x+1) - p end,

'thetal' = 0);

st cucremMbl
1 —x—-5 —x-—-2 z+1 z+1 0
0 2z+10 z+2 |A%y(@)+ | —20—-4 —22-4 0] Ay(x)+
1 T+ 5 T+ 2 —x—3 —-rx—3 0
—x 2 T+ 2
20 -2 —x—2|y(x)=0 (2)
T 0 —x —2

II0JIy9aeM II0CJICOBATE/IbHOCTL pa3peHiaronux ornepaToposB:

> RS:-ResolvingSequence(

OrePoly(<<-x | 2 | x+2>, <2%x | -2 | -x-2>, <x | 0 | -x-2>>,
<<x+1 | x+1 | 0>, <-2%x-4 | -2%x-4 | 0>, <-x-3 | -x-3 | 0>>,
<<1 | -x-5 | -x-2>, <0 | 2*x+10 | x+2>, <1 | x+5 | x+2>>),

OR) ;
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[OrePoly(—x + 1,22 + 3,—3,—2z — 7,z + 6), OrePoly(—1,0,1)]

7 WHAXKATOP 3TOH TMOCTeI0BATETHHOCTH:
> RS:-Indicator()

(1,3]

ITaker RS ¥ IIpUMEpbI UCIOJIB30OBAHUS €0 MPOLEAYP JAOCTYIHbI IO aIpecy
http://www.ccas.ru/ca/doku.php/resolvingsequence.
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A modification of the algorithm (and its implementation in Maple 2015) to construct resolving sequences
for the case of linear operator systems given by Ore polynomials is presented.
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Efficient Computation of Bounds of Polynomial Roots
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We discuss the efficiency of the computation of bounds for polynomial roots. We overview some classical
devices and we discuss recent trends concerning the location of roots of univariate polynomials with real
or complex coefficients.

Key words and phrases: computer polynomial algebra, bounds for roots.

1. Introduction

There are known many bounds for the absolute values of univariate polynomials with
complex coefficients. A natural question is to know how far such bounds are from the true
bounds. If P is such a polynomial we denote by B(P) a bound for the absolute values of
the roots and by T'(P) the true bound for the moduli of the roots. We discuss the relation
between B(P) and T'(P).

2. Bounds for polynomial roots

We know, by the Fundamental Theorem of Algebra, that any nonconstant univariate
polynomial has complex roots and that their number, counted with multiplicities, is equal to
the degree. However, this beautiful theorem does not give an algorithmic device to compute
the roots. But in the real life we need to compute these roots. This is done by - hopefully
accurate - numerical approximations. A key step in the numerical computation of the roots is
their location, i.e. the computation of bounds for the moduli of the roots. Bounds for complex
roots were obtained, among other, by Cauchy, Kuniyeda, Fujiwara and others.

3. Complex Polynomials

Theorem 1. (A-L. Cauchy, 1829) All the roots of the nonconstant complex polynomial
PX)=ao+a X+ -+ agX® are contained in the disk |z| < &, where & is the unique
positive solution of the equation

laalX® = lao| + lar|X + - + ag_1]XI~". (1)

One of the most efficient is the following bound of Fujiwara:

1/i
ad—j /

aq

Fw(P) = 2-max

In fact, the previous bound is a general one for complex roots AND can be easily deduced
from a Theorem of Lagrange. It can be also be obtained from a theorem of Kuniyeda.
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4. Real Polynomials
Theorem 2. (J. B. Kioustelidis, 1986) Let
P(X) = X4 —pyxd—m ... _p x4 4 Z a; X9,
JFEML,.,my
with by, ...,by, >0 and a; >0 for all j & {m1,...,my}.

The number
K(P) = 2-{b}/™,...,b)/ ™"}

is an upper bound for the positive roots of P.

Theorem 3. (D. Stefanescu, 2005) Let
P(X) = X4 —pyxdmm — o xTme 4 N x4
JFEM,.,my
with by, ...,by >0 and aj >0 for all j & {m1,...,my}.

The number
B1(P) = max{(kb))"/™1, ..., (kby)'/ ™k}

is an upper bound for the positive roots of P.

Theorem 4. (D. Stefanescu, 2005) Let P(X) € R[X] be such that the number of sign
variations of its coefficients is even. If

P(X) = a1 XM — b1 X™ 4 ... fas X% — b X 4 g(X),

where g(X) € Ry [X], a; >0, b; >0, dj > my for all j, the number

b\ 1/(dj—mj)
St(P) = max (—]>
1<5<s | \a;

is an upper bound for the positive roots.

5. Current trends

Theorem 5. (Lagrange, 1767) Let F' be a nonconstant monic polynomial of degree n
over R and let {a;; j € J} be the set of its negative coefficients. An upper bound for the
positive real roots of F' is given by the sum of the largest and the second largest numbers in

the set
{{/|aj|;j€J} .

Theorem 6. Let F(X) = X%4+a1 X414 -+ay_1 X+ag be a polynomial with complex
coefficients, with d > 0 and agq # 0. Suppose that |a;, |V/1 > |a;, |2 > .. > \aid|l/id
and put R = |a;, ['11, p = |as, [V, i1 = j and

R+ p+/R2 —2Rp + 5p2
2

if Jj=1,
Cj =

(RIY 4 RI7=2p 4 ... 4 pi= )GV for j=2,...,d
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Then for any complez root z of F we have

R+p ++/RZ—2Rp +5p2}
b 2 .

|z] < max {Cj

Theorem 7. Let F(X) = X% + a1 X%t + .-+ ag_1X + aq be a polynomial with
complex coefficients, with d > 0 and ag # 0 and
lai |1 > ag, V2 > > ag, [V
We put R = |a;, |1/i1 ,p=lai, \1/i2 and j = i1 . Then the positive root of the polynomial
u(X) = (X = 2p)X7 = (R = p))(X — p)

is an upper bound for the absolute values of the roots of the polynomial F'.
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DddekTuBHOE BBIYUCIECHNE 'PAHUI] KOPHEl IMOJNHOMOB

. IIlredanecky

Daxyavmem meopemuseckoli Puaury U MAMEMAMUKY
Byxapecmerul ynusepcumem
Byaveap M. Kozonnuvany, 3646
050107 Byxapecm, Pymwvirus

O6cyxmaerca 3bdEKTUBHOCTD BBIYUCJIEHNsT IPAHMI] KOPHEil moJmHOMOB. [laercst 0630p Kak Kiaccude-
CKUX peSyJ'lB’l‘a"l"OB7 TaK 1 HeJJaBHUX }'LOCTW)KBHHI‘/‘I, KacCarolnuxcd aHaJIn3a pa‘CHO‘TIO)KeHT/IfI KOpHef;I TIOJIMHOMOB
OLLHOI‘/’I Hepel\IeHHOI‘/'I C BeIIeCTBEHHBIMU HJIN KOMILIEKCHBIMHA KO3CI)CbI/IL[I/IEHTal\II/I.

KumroueBbie ciioBa: KOMIIbIOTepHad a.ﬂrcﬁpa IIOJIMHOMOB, I'DaAHUIIbL KOpIICﬁ.
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CucremMma cuHTE3a TEKCTa Ha PYCCKOM 4d3bIKEe passare.ru

T. A. 2Kykos, T. M. CanpikoB

Poccutickuti axKonomuveckuls ynusepcumem
um. I'. B. Ilaexanosa
Cmpemannoili nep., 36, Mockea, Poccus, 117997

S&L[HHI/I CHUHTE3a 'PpaMMaTUYECKA IPaBUJIBHOI'O TEKCTa Ha €CTECTBEHHOM A3BIKE U aBTO]\I&TH'SHpOBaHHOI‘/’I
KOpPEKIUN TEKCTa U3BECTHLI CBOEIl CJIOZKHOCTBIO. OIII/I TEeCHO CBA3aHbl C 3a;(a'101'/‘1 aBTOMaTU3UPOBAHHOT'O
nepeBoga, KoTopad, HeCMOTPA Ha 3HAYUTEJIbHBIC YCUIINA, BPAL JIA MOXKET CHUTATHCA peI.HEHHOI‘/'I. B JOKJIa~
e 6y,Z[yT npeacTaB/JIeHbl OCHOBHBIE aJIl'OPUTMBIL, JieXKalllue B OCHOBE pa6OTLI caiita aBTOl\'IaTI/IBI/IpOBaIIIIOf/'I
O6p§160'1'K14 JIMHIMBUCTUYCCKUX JAaHHBIX U CAHTEe3a 'PaMMaTUYeCKU 1IPaBUJIBHOI'O TEKCTa passare.ru.

KumroueBbie cioBa: ABTOM&TMTSMDOBHHHb}ﬁ CHUHTE3 TeKCTa, KOMIIbIOTepHasd KOPppeKIud TeKCTa, aBTo-
1\18.’1‘143l/lp0BaHHbll7[ epeBo/l.

Amnanus, CUHTe3 U KOPPEKIHsl TEKCTa Ha €CTECTBEHHOM si3bIKe 00Pa3yioT KJIACC TPY/IHBIX
3a184 KOMIIbIOTEPHOI 06paboTku JaHHbIX. OHU TECHO CBS3aHbI C 3aja4eil aBTOMATH3UPOBAH-
HOTO TIepeBojia TeKeTa [1], KoTopast B HACTOSIIMIT MOMEHT SIBJISIETCS, [IO-BUIMOMY, HEIIOMEp-
HO CJIO’KHOM JIJIsl CYHIECTBYIOIIUX BBIYUCJIUTEILHBIX CUCTEM U MMEIONIeNcs aIropuTMIIeCKON
6a3bl 1 TpebyeT CO3/IaHNs KaueCTBEHHO HOBBIX IIOJIXO/IOB K ee pemrenuio 2,3]. B nokmiaze 6y-
JIyT IPEICTABICHBI OCHOBHBIC BO3MOXKHOCTH U AJIFOPUTMBL, JICZKAIIUE B OCHOBE PAOOTHL caiiTa
WWW.passare.I'l, CofepzKaero QyHKIU aHAIN3a U CHHTE3d IPAMMATHYICCKH KOPPEKTHOTO
TEKCTa HA PYCCKOM SI3BIKE.

Pyccxuit a3k oTyimgaeTcs pa3sBUTON IpaMMATHKON u obmineM (OpM 33JAHHOTO CJIO-
Ba [4]. Hanpumep, cpepnee 3nadenne pasinuubix hOPM IIPHIATATEIHLHOIO PYCCKOTO SI3BIKA
6e3 ydera creneHeil cpaBHeHHs 6JM3KO K 12, B TO BpeMsl KaK CpejHee 3HAUYEHNE TJIArOJIbHBIX
dopm (¢ ygerom npuvacTHBIX U JeenpudacTHbx 060poros) pocruraer 44. C TouKu 3peHust
KOMIIBIOTEPHOI 00pabOTKM TEKCTa JaHHOE OOCTOATEJILCTBO OOJIervaeT PelleHue 3aaud pac-
[IO3HABAHUS CJIOBA U YACTU pevd, K KOTOPOil OHO OTHOCHUTCH, U 3aTPYAHIET PElIeHUe 3aa4n
dopMupoBaHUs TPAMMATHIECKH [IPABHJILHOIO TEKCTA.

PopMupoBaHie rpaMMaTHYECKN TPABUIBHOIO TEKCTA HA PYCCKOM sI3bIKE TPeOyeT, B JacT-
HOCTH, peaJIN3aliy aJIrOPUTMAa BHJIOU3MEHEHH: OTIEIBHOI'O CJIO0Ba II0 TeM IapaMeTpaM, OT
KOTOPBIX MOJKET 3aBHCETH ero ¢opma. VMCXoaHbIME JAHHBIMA B 9TOM CJIytae SIBJISIIOTCS WH-
uruTHuB cosa (5] n HAGOP 3HAUeHHIT napameTpos. CucTeMa ABTOMATH3NPOBAHHOIO CHHTE3a
TEKCTa passare.r'l BKJIIOYaeT B cebs, B YUCJIe IPOYNX, ClaeAylomue dyHKIIH:

1. Onpezenenue poja CyIIECTBUTEILHOIO PYCCKOIO SI3LIKA.

2. Onpenenenne CUPSKEHIST U MOJIEIIN TJIAT0JIAa PYCCKOTO SI3BIKA.

3. Bumousmenenne CyImecTBUTEIBHDIX, IPUIATATEIbHBIX, [VIATOIOB, HAPEIN, IPUIACTHI
U MECTOMMEHUH (JIMUHBIX, IIPUTAKATEILHBIX M yKA3aTEIbHbIX) PYCCKOrO A3bIKA.

4. OcyuiecTBiieH)€e COIVIACOBAHUS YJIEHOB CJIOBOCOYETAHUIT M IIPEIJIOKEHUIT HA PYCCKOM
A3BIKE 0 YUCJLY, POAY, HAJEXKY, OLYIIEBJCHHOCTH U T.II.

5. CuHTe3 rpaMMATHIECKH [IPABIJILHOIO TEKCTA HA PYCCKOM SI3bIKE Ha OT/IEIbHLIC TEMbI
10 YHCJIOBLIM JAHHBIM.

B mokmane OymyT ocBeIleHBI 9TH U IPYI'He BO3MOXKHOCTH CETEBOTO CEPBHCA passare.rl.
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Passare.ru: a Web-service for Automatic Text Synthesis in
Russian

T. A. Zhukov, T. A. Sadykov

Department of Mathematics and Computer Science
Plekhanov Russian University
125993, Moscow, Russia

The problems of synthesis of a grammatically correct text in a natural language and of an automated cor-

rection of a text are known to be highly complex. They are closely related to the problem of computer-aided
translation that can hardly be considered to be solved despite the considerable effort. The present paper
presents the main algorithms used in the web-service passare.ru which is aimed at automatic processing

of

linguistic data.

Key words and phrases: Automated synthesis of text, computer-aided text correction, automated

translation.
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BeiBog cucrembr ypaBHeHuii ajisa Ko3duimeHTHbIX QYyHKIUN
MEeTO/Ia MOMEPEYHbIX CEYEHU J1JIsi NUHTErPATbHO—OIITUIECKOTO
BOJIHOBO/Ia C MOMOIIIBIO ITaKeTa CUMBOJIbHBIX BbIumucjgeHuii Maple

A. JI. CeBactpsinos*, JI. A. CeBactpsinos*!, A. A. TroToHHUK*

* Kagpedpa npuraadnot ungopmamuru u meopuu 6eposmmnocmed,
Poccutickuti yrusepcumem dpyacov, Hapodos,
ya. Muxayzo-Maxaas, 0.6, Mocksa, Poccus, 117198
T Jla6opamopus meopemurecroti Pusuru,
Obsedunenronti uncmumym AdepHols uccredosanut,
ya. Koauvo-Krwopu 6, Tyona, Mockosckas obaacmsv, Poccus, 141980

B pabore nosydena cucrema OOBIKHOBEHHBIX i dePEeHIHATbHBIX yPaBHEHAN [T KOIDDUIHEHTHBIX
(byHKLLMﬁ MeTO/la II0IePeIHbIX cedeHunit JUI HalIpaBJIseMbIX MO/ IIJIABHO-HEPery/idpHoro MHTerpaJibHO-
OIITUYECKOI'0 BOJIHOBOJIA C IIOMOIIBIO CUCTEMbI KOI\THB}OTepHoﬁ anre6p},1.

KurodeBble ciioBa: IUIaBHO-HEPETYIAPHBIIl HHTErPAJIBLHO-OIITHICCKHIl BOJTHOBOJ, CHCTEMa OOBIKHO-
BEHHBIX JU(MOEPeHIHATBHBIX YPaBHEHUI 1T KOI(MDMUIMEHTHBIX PYHKIHI METOIA MOIEPETHBIX CCUCHUIA.

1. Bsexgenue

B ocHoBe MeTONa MOIIEPEYHBIX CEYEHNMIT JTEKUT 3 HabaTHdecKoe IPUOINKEHIE aCHMIITO-
TUYECKOI0 Pa3JIOZKeHNsl JIOKAJIBHO IIJIOCKHX BOJIH, YIPOIIEHHOE JBYMs IPEIIOJIOKEHHAMU:
1) B IpPOM3BOAHBIX aJMA0ATHYECKUX BOJHOBOJIHBIX MOJ, YUUTHIBAIOTCA TOJIBKO BKJIAJILI Hy-
JIEBOTO MOPAJIKA; 2) BMECTO KACATEIbHBIX IJIOCKOCTEH B TOUKAX HEPErY/IAPHBIX MDAHMUIL JIJIA
GOPMYIUPOBKY T'PAHIYHBIX YCIOBHH HCIOIBL3YIOTCA WX HMPUOJIMAKEHUS «TOPH30HTATBHBIMA
npoexiuamuy . Vcmonp3oBanne BTOPOro MpearoIoyKeHus CBOAUT IePEInC/IeHue IIOJIHOM Cu-
CTEMBI MOJI METOZIa K CHCTEMe MOJI PEryJIsiPHOTO BOJHOBOAA cpaBHeHU:A. Vcrmonp3oBanne mep-
BOTO IIPEIIOJIOKEHNST IPUBO/IUT K IOSBICHHUIO CHCTEMBI OOBIKHOBEHHBIX AU PePeHIINATBHBIX
ypaBHeHH! 1715 KO3(MDDUIMEHTHBIX DYHKINH PA3IOKEHUST OOIIETr0 PEIIeHNUs.

2. BmiBojg cucTtembl ypaBHEeHU

st onmcanusi PacIpOCTPAHEHHsT JIEKTPOMAIHUTHOIO M3JIyUeHWsI B HEperyssipHoM (B
OJIHOMEPHOM HAIIPABJIEHUHN ) MHTErpaJbHo-onTudeckoM Bosnosoze lesuenko B.B. paspao-
TaJI [1] MeTO/I TIOIIEPEYHBIX CeYeHMit, 0O0OIIAOIIIIT METO/ OEPEYHBIX CeYEHUIl ISt 3aKPhl-
THIX HEperyJspHbIX (B OJHOMEPHOM HapaBieHHH) BoyHOBOIOB Karnenenenbayma B.3. [2].
st peasM3aniuy TAaHHOTO METOJ[Aa B IJIABHOM II€PEXOJle MEXKJly JIBYMs IJIAHAPHBIME BOJIHO-
BOJIAMHU HEOGXOUMO TOJIy YU T (BBIBECTH) CUCTEMY HHTErpO-uddepeHIHaabHbIX yPABHEeHHI
1t K03 buimeHTHbIX (PYyHKIUN METO/IA, & 3aTeM PEILIUTh Ty CUCTEMY HOJIXOIANIIM YHCICH-
HBbIM MeTosioM. Ha 1mepBoM sTalie cymecTBeHHYIO POJIb UI'DAET IOTHAS CUCTeMa KJIACCHIECKUX
1 060DIIEHHBIX COOCTBEHHBIX MO/ PErYJISIPHOIO IIJIAHAPHOI'O BOJHOBOJIA CDABHEHUSI, & TaKXKe
Ta0JIMIA CKAJISIPHBIX ITPOU3BEIEHII STUX MO MEXK1y CODOOiA.

Paccmorpun mraBHO-HeperyIsapHbI BOJIHOBOZ, M300pasKEeHHBIH HA puc. 1. B IpeAmoso-
2KEHUU, 9TO (% =0.

Breipazkenne s 3JIeKTPOMArHUTHOTO TOJISL COJEPXKHUT Kak IpsIMble, TaK U OOpaTHBbIE
Bosmbr T.e. mveer B |1, 4, 5] ¥ (x,2) = ¢t (z,2) + b (z,2), tne T (z,2) =

oo o0

S CF () U (w52) + [ dkoCF (ks,2) OF (hs,32) + [ dkeCE (e, 2) OF (e, m; 2).
J —n2 —n2

TMosiHast cucreMa MoJ, pEryJIsipHOro IJIAHAPHOTO BOJIHOBOZA Omucana B paborax [3-5], npu-
YeM IpeJICTaBICHuEe [47 5] SIBJISIETCsI, 110 HAIEMY MHEHUIO, 0OJiee TOAXOMIAIIMM JJIsi HAIIX
neJieit. XoTs, cjieflyeT OTMETUTDb, 9TO PA3JIMIHbIE MIPEJCTABJICHNS MOJTHON CHCTEMBbI MO K-
BHUBAJICHTHBI MEKIy COOOIL.
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z
0 n, 7

Puc. 1. Cxema 1m1aBHO-HEPEryJISIPHOIO BOJTHOBOJIA

B paGote [1] BbIBOz cucTeMbl ypaBHEHHIl BLIIOJHEH BPYUHYIO JJIs IPOCTEHIIErO CJIydast
HEPETyJISPHOTO OTKPBITOIO MHTETrPAIbHO-ONTHIECKOIO BOJIHOBOMA. B Gosee obmem cirydae
[IJIABHO—HEPETYIISIPHOIO OTKPBITOTO IEPEX0/Ia MEKTy JBYMsI IIJIAHAPHBIMU BOJHOBOJAMHU Ta-
KOIf BBIBOJ BPYYHYIO BCTPEUAET IIOYTH HEIPEOJOJUMbBIE TPYAHOCTH B CBA3H C TPOMO3IKO-
CTBIO KaK MMPOM3BOIMMBIX IIPeOOpPA30BAHMIA, TAaK U OKOHUYATEbHBIX BhIpaykeHmii. B cBasu ¢
9TUMHU CJIO?KHOCTSIME HAMH BLIOPAH IIyThH IIOJIy9eHUs CHCTEMbI UMD OEPCHIHANBHBIX yPaB-
HeHnil 11 KO3(MMUIMEHTHBIX (DYHKIUNA METOJA IOIEPETIHLIX CEUCHU I MHTEIPAIBLHO—
ONTUYIECKUX BOJHOBOIOB C IIOMOIIBIO CHMBOJILHBIX BBITHCIICHUI, PEATH30BAHHBIX B IMAKETAX
Maple u Maxima.

Panee, B paborax [6—8| HaMu GBI IOy I€HBI CUCTEMBI yPABHEHNI 17151 Dy HKIIMOHAIBHBIX
PAJIOB TI0 TIOJIHOM cuCTeMe COGCTBEHHBIX BOJIHOBOIHBIX MOJI IJIAHAPHBIX BOJHOBOJIOB CPABHE-
Hus. B macrosmeit paboTe Mbl, Ha OCHOBAHUW ITIOJyY€HHBIX DAHEE COOTHONIEHWUH, BBIBOIMM
cucTeMy MHTErpo—IudepeHaabHbiX ypaBHEHHH JijTsi KOI(DMUIUMEHTHBIX (DYHKITHIA.

Ocobplii TPaKTUYECKUI HHTEPEC TPEACTABIAET COOO YKOPOUEHHAs CUCTEMA JJId KO3~
dunpenTabix GyHKOMil 1pH HAIPABIAeMbIX (IPAMBIX ¥ 0OPATHBIX) BOJIHOBOJHBIX Mojax. B
pe3ysbrare IMpOBEICHNs BCEX CUMBOJILHBIX BBIMUCJICHUN MOIYIUM CJICAYIONLYIo cucremy 2N
OOBIKHOBEHHBIX /(P bEPEHIINAIBHBIX YPABHEHMI:

(%—l—i(ko—l)]B(z)) Ct(z)=0

(~iB () & +P () C* () =, M

B () ... 0 ct (2)
B(z) = : ol Ot = S PG =
0 o BT () C (2)
p11(2) ... pin(2)
: . Ipu stom pji(2) = [ XJQ- (5 2) \Ilj (z3 2) \Ilg (z;2)dz +
pn1(2) ... Pnn(2)

2 dBl(2)
(k?—ko(ﬁ; (z)) —zéiz) Sk

st Hee MBI MOYKEM C TIOMOIIIBIO TTAPIUAJIBHBIX YCJIOBHIA C(hOPMYIMPOBATH KPAEBYIO 3a-
7a4qy, KOTOPYIO MPEACTOUT PEIIUTD IO/IXOIATIAM YUCIEHHBIM METOIOM.

3. 3akJjroueHune

B pabore mosyuena cucrema OOBIKHOBEHHBIX AU(@EPEHINAIBHBIX YPABHEHUH I KO-
s dunmenTabix GyHKIUIA, T.e. pacdeTHasi (POPMysIa METOJIa TONEPEeYHbIX CeUeHUl B Ciydae
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nHajuaug N HaIpasiiseMbIX MO BoJHOBozA. Jljia paciera pacipocTpaHeHus IOIAPH30BAHHO-
r'0 9JEKTPOMATHUTHOIO U3JIyI€HHs CJIEAYeT IIPONHTEIPUPOBATD IIOJIYIeHHYIO CHCTEMY OOBIK-
HOBEHHBIX 1nddepeHImanbHbIX YPaBHEHH, TOMOMHAB €6 COOTBETCTBYIOMUMI I'PAHNTHBIMA
yeaoBusamu. Ilpu n = 1 dpopmysnst ananormansl hopmMyaam, BeiBegeHHbM 1lesuenko B.B. qa
OTKPBITHIX IIJIABHO-HEPETYIAPHBIX BOJTHOBOJOB C OJHOTOYETHBIM JUCKPETHBIM CIIEKTPOM.
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Derivation of Equations for the Coefficient Functions of the
Method of Cross-Sections for the Integrated Optical Waveguide
Using the Maple Symbolic Computation Package

A. L. Sevastianov*, L. A. Sevastianov*!, A. A. Tiutiunnik*

* Department of Applied Probability and Informatics
Peoples’ Friendship University of Russia
Miklukho-Maklaya str. 6, Moscow, 117198, Russia
t Bogoliubov Laboratory of Theoretical Physics
Joint Institute for Nuclear Research
Joliot-Curie 6, Dubna, Moscow region, 141980, Russia

We obtain a system of ordinary differential equations for the coefficient functions of the method of
cross—sections for the guided modes of a smoothly irregular integrated-optical waveguide using a computer
algebra system.

Key words and phrases: a smoothly irregular integrated-optical waveguide, system of ordinary
differential equations for the coefficient functions of the method of cross-sections.
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Basucser I'pebHepa HEKOTOPHIX MapaMeTPUIECKUX CEMEHCTB

A. 1. 306uun*, M. !I. Tuxonosa'

* Qaxyavmem KoMNvIOMEPHBT HAYK,
Hayuorarvnou ucciedosamenbekuts Yynusepcumen
«Boicwan wkoaa aKoHOMUKYY ,
Kounosckuti np., d. 3., Mockea, Poccus, 125319
T Mezanuro-mamemamuneckuts daryavmem
MI'Y umernu M. B. Jlomonocosa,
Jlenunckue 20pw, 0. 1, Mockesa, Poccus, 119991

Mb1 u3yuaem 6asucel ['peGHEpa 11€aJ10B B KOJIbIE MHOTOWIEHOB K ([T, . . ., Tn, . . .] OT CUeTHOrO HAGOPA
MePEMEHHBIX, TIOPOKIEHHBIX KOHEYHBIM HA0OPOM IapaMeTPUYeCKIX MHOTOUYJIEHOB 0cOO0ro Buja. ¥ TaKux
UJICAJIOB CYIIIECTBYET KOHEYHBIN SKBUBapUaHTHBIT Gasuc ['pebuepa.

KuroueBble cijioBa: KOMIBbIOTEpHad ajiredbpa, basucel I'pebHepa.

1. Bsegenwme

Basuc I'pebrepa— Xopomio n3ydeHnblii HHCTPYMEHT KOMIIBIOTepHOit anre6psl. Ilycrs & —
noxne, Ry, = Flzo,...,%n] — KOabLo MHOrOWIeHOB Hazg k. IIpn KaskJ0M JOIyCTEMOM MOHO-
MUAJIBHOM YTIOPSAIOYEHNH y BeAKoro uiaeana [ < R cymecrByer koneunsiii 6a3uc ['pebuepa G.
JlokazaTesbeTBO 9TOro hakra onupaercd Ha JemMmy Jlukcona u cBsa3ano ¢ Teopemoii ['mirb-
Gepra o basuce.

Hac 6y1yT unrepecoBars 6asuce ['pebHepa m1eaoB 0co00ro BUIa B KOJIbIIE MHOTOYJIEHOB
OT cueTHOro Habopa mepeMeHHbIX. Kobino Muorounenos Reo = k[zo, ..., Tn,...] HE gaBIg-
€TCsl HETEPOBBIM, ¥, XOTs JIJIsT HJICAJIOB 9TOT0 KOJIbIIA MOXKHO onpeesnThb 6asuc ['pebuepa, oH,
BOOOIIE TOBOPsI, yKe Byzer GeckonednbiM. OMHAKO ecu 06pasyIolye ueaia 3a/1aHbl HEKO-
TOPBIM ITAPAMETPUIECKHM CIIocoboM, To nHOrIa U 6asuc ['pebHepa ToXKe MOKHO aHAJOTHIHO
3a1apaMeTPU30BATh.

Paccemorpum cienyrommuit mpumMep:

I= <moxk+1 — Z1Tk ‘ ke N). (1)

V 3T0T0 MICAsTa IpH JEKCUKOrPahUIeCKOM yIIOPSAI0YCHUH, TAKOM, 9TO To < L] < ..., 0a3uc
I'pebrepa cocrouT m3 JByX cepuii MHOIOYJIEHOB:

ToTpy1 — 12k, kEN, (2)
T1TETI41 — T1Tpr12, Kkl EN, k<Ll 3)
DakTHYeCKH, IepBasi cepusi — 3TO HMCXOJHbIe OOpasylolue, a BTopas cepus — ux S-

[TOJITHOMBIL.

C mapamMeTprYecKUMU UJIeajaMy CBA3AH 3aMevuaresbHblil dakT: umean B Roo, ycTONun-
BBIil OTHOCHTEJILHO JEHCTBUs TPYNIbl Soo HA MEPEMEHHBIX, Soo-KOHETHO MOPOXKIEH (1 06-
JIaJIaeT KOHEYHBIM aHajoroM Gasuca ['pebuepa). dror daxr 6wt orkpoir Kosnom [1] u ne-
PEOTKPHIT B paboTax |2,3]. AHATIOIMYHOE yTBEPKIEHNe IMEETCS B IIPO UJIEAJIBI, yCTOINBbIe
OTHOCHTEIBHO JEeHCTBUSA TOMYyTPYNIbl Bo3pacTaiomux GyHKuii (T0 ecThb, CBUIOB HOMEPOB
[EPEMEHHBIX ), UTO HAXOAUT NPUMEHEHUE TP UCCIICJAOBAHUN PA3HOCTHBIX MHOIOUJICHOB [4,5].
Takwe KOHCTPYKIUH OBLITH 00OOIIEHBI HA CIydail AefiCTBIS MPOM3BOJLHOIO MOHOUIA, & COOT-
BETCTBYIOIME aHajoru 6a3ucoB ['pebHepa HA3BIBAIOTCS SKBUBAPHAHTHBIME Oasucamu ['pebd-
Hepa [6-8].

Takzke ¢ mapaMeTPUYECKUMU CUCTEMAMU CBA3AHO MOHATHE JUbDEPEHITMAILHOIO CTaH-
napTHOTO Gasuca [9], rie B posm mapamerpa BBICTYHAeT NOPAIOK 1uddepeHInpOBaHNSL.

Mpbr GyzeM paccMaTpUBATH CHCTEMBI, IIOXOKUE B HEKOTOPOM cMbicie Ha (1): wacrb me-
PEMEHHBIX B MHOTOYJICHAX OyIeT «3aUKCHPOBAHAY, a APYyTas JacThb OyJeT UMeThb BUI T,
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Tht1, k42 U T. ., L€ kK — HeoTpULaTe bHbLA napamerp. V3-3a Hammnuus «bUKCHPOBAHHON»
YACTH TAKHE CUCTEMBI YK€ He SBJISIOTCS YCTONYUBBIMU OTHOCUTEJBHO JEHCTBUS MOJYTPYII-
bl Bozpacraomux Gyukimit. OHAKO IPU HEKOTOPBIX OTPAHMYCHUAX Y TAKUX CUCTEM TaKIKe
MMeeTcs KOHeYHbIil aHayor 6asuca ['pebuepa.

2. O6ozuHayeHus

Bseanem dopmasbable 0603HAMEHNMST JTsT MHOTOWICHA, COACPIKAIIETO TApAMETPUICCKAE TIe-
peMeHHbIe. 3aBUCETH OT MapaMeTPa B HAIIEM CIydae Oy/IyT TOIBKO IEePEMEHHBIE, IIPIIEM ITa
3aBUCHMOCTD Oyzer smHeiiHoil. B mokazarensx n B KoadduimeHTax mapaMerpbl TOIBIATHCST
He OyyT (XOTsl MOXKHO OGOOIIMTE Pe3yJIbTAThl U Ha Takoii ciydaii). IlycTs s — KosmdaecTBo
napameTpoB. Byjem o6o3HauaTh caMu mapamMeTpbl CUMBOJIaMuU k; (M mpocto k, Korja ma-
pamerp omuH). PaceMorpum (HhOPMATIBHOE KOJIBIO ITAPAMETPUIECKUX MHOTOUICHOB:

Ps:Roo[in_H' | 1<i<8,j>0].

st kazkgoro Habopa 3HadeHuit mapamerpos p = (p1, ..., Ps) € N§ cymecrsyer oTo6paske-
HUE TOJCTAHOBKH

op : Ps = Reo,
Xki+j " Tpity-

ITycrs F' C Ps. MHOXKeCTBO BCEBOSMOXKHBIX IOACTaHOBOK {0p f | f € F'} Gymem obosHa-
qarh yepes o (F).

Paccmorpum ssement f € Ps Kak MHOIOYIEH U OT IApAMETPUYECKUX [EPEMEeHHbIX, U
oT 1lepeMeHHbIX u3 Roo. Toryma ecrecTBeHHBIM 0OPA30M OIPEIEIISIeTCs] ero MOJIHAsT CTEIeHb.
Bynem rosopurhb, 4To f OIHOPOJEH 1O BECY, €CJIH JIJIS BCEX €r0 CJAraeéMbIX CyMMa UHJEKCOB
BCEX IEPEMEHHBIX (C yd4eToM HMX creneHeil) oxumHakoBa (Kak JiuHeiiHas (QyHKIMSA OT Hapa-
Mmerpos). Tak, mapamerpudeckuil MHOrOWwIeH u3 npuMepa (1) mmeer cremenb 2 u ABIAETCA
OZIHOPOJIHBIM TIO Becy (IPH 9TOM €ro Bec paseH k + 1).

3. OcHoBHOII pe3yabTaT

HyCTb 3&(1)PIKCI/IpOBaHO MOHOMHUAJIBHOE YIOPANOYECHUE Ha MOHOMAX OT IO, ...;Lny .- -
yoroﬁqyusoe OTHOCUTEJIBHO IIPOU3BOJIBHOT'O CIBUT'a HOMEPOB II€PEMEHHBIX, IIPUYIEM T < Ti41-
B kauectse npuMepa MOXKHO B34ATb JIeKCI/IKOI‘pa(i)I/I‘{eCKOB yunopdamo4deHnue.

ITycrb koueunas cucrema F = (f1,..., fm) C Ps TakoBa, 910
1. xaxgpii f € F 3aBucuT He 6oJiee 9eM OT OJHOTO IIapaMeTpa k;, IpUYeM CTEleHb f 110

mapaMeTpruIecKuM IIePEMEHHBIM He MIPEBOCXOUT 1;
2. Kaxjplit f € F' 0IHOPOJIEH TI0 BECY W IO CTEIEeHH;

Torza Mbl yrBepxkaaeM, aro uiean I = (o(F)) obnagaer koneunoit cucremoit G C P,
takoii, uro o(G) — (6eckoHeuHbI, BOOOIIE rOBOPs HepeaylupoBannblii) Gasuc ['pebuepa
nneana I. Bosee Toro, srta cumcremMa MOXKeT GBITH IIOCTPOEHA 3 KOHEYHOE HHCJIO IMAroB C
LOMOIIBIO AIFOPUTMA, AHAJIOIUYHOIO aIroputMy Byx6eprepa m aaropuTMy, CTpOAMIEMY K-
BuBapuanTublii 6asuc I'pebuepa [8,10].

Hamnpumep, sis cucrembl (1) aJropuT™ mOCTPOUT CUCTEMY

TOXky+1 — T1Xfy,

xlxklxkz_,_l - $1Xk1+1xk2.

MBI TOTOBUM peajin3aIliio TAKOIO aJrOPUTMa B CHCTEMe KOMIIBIOTEPHOII ajrebpbl Sage.
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4. 3akiodyeHue

Mpbr yTBEepzKIaeM, ITO JJjid OIIPEACJIEHHOI'O KJIacCa IIapaMeTPUYIeCKUX CUCTEM MHOTrO4JIe-

HOB OT CYETHOI'0 HabOpa IEPEMEHHbBIX, B KOTOPBIX [IAPAMETD y4YacTBYeT B HOMEPaX IePEeMeH-
HBIX, IMEETCsl KOHEYHBII aHAJIOT SKBUBAPHAHTHOIO Oasuca I'pebHepa, KOTOPBIA MOKET ObITh
IIOCTPOEH 33 KOHEYHOEe YUC/IO IIaroB.

10.
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