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Motivation: 6D BVP

A realistic and quantized quadrupole-octupole-vibrational collective Hamiltonian
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α20, α22, α30, α31, α32, α33 quadrupole and octupole collective variables with metrics;
B2 ≡ B2(α20, α22), B3 ≡ B3(α30, α31, α32, α33) denote the quadrupole and octupole
microscopic mass tensor
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quadrupole-octupole collective model. Phys. Rev. C 97, p. 024321 (2018)
A.A. Gusev et al, Finite Element Method for Solving the Collective Nuclear Model
with Tetrahedral Symmetry. Acta Physica Polonica B Proceedings Supplement 12, p.
589–594 (2019).



Example: reduced 2D model 156Dy nucleus

The coefficients gij (x) and the potential energy V (x1, x2)
of 156Dy nucleus given in variables (q20, q32) in units
10−5~2/(MeV fm5).

A. Dobrowolski, K. Mazurek, and A. Góźdź, Rotational bands in the
quadrupole-octupole collective model. Phys. Rev. C 97, p. 024321 (2018)
A.A. Gusev et al, Finite Element Method for Solving the Collective Nuclear Model
with Tetrahedral Symmetry. Acta Physica Polonica B Proceedings Supplement 12, p.
589–594 (2019).
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Features

The mixed derivatives are present
The calculation of the tabulated
coefficients of differential equations
with even relatively low accuracy takes
quite a long time
⇒ The problem of constructing

optimal unstructured grids does
not arise

⇒ It is sufficient to limit ourselves to
constructing the FEM schemes on
hyperparallelepipedal grids

To save computer resources, the BVP
is solved on a reduced complex domain
composed of parallelepipeds and
reduced set of basis functions

Examples of 2D and 3D grids



The statement of the discrete spectrum boundary value problem (BVP)

A self-adjoint elliptic PDE in the region z = (z1, ..., zd ) ∈ Ω ⊂ Rd (Ω is polyhedra)
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Φ(z) = 0, g0(z) > 0, gji (z) = gij (z).

Boundary conditions
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n̂ is the outer normal to the boundary of the domain ∂Ω.

+ Conditions of normalization and orthogonality

Ladyzhenskaya, O. A., The Boundary Value Problems of Mathematical Physics,
Applied Mathematical Sciences, 49, (Berlin, Springer, 1985).
Shaidurov, V.V. Multigrid Methods for Finite Elements (Springer, 1995).



Finite Element Method
BVP → problem of determination of stationary points of the variational functional
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Expansion of solutions in the form of a finite sum
over the basis of local functions Ng

µ(z)

Φ(z) =
L∑

l=1

Φh
l Ng

l (z). (∗)

After substituting (*) into a variational functional
and minimizing it, we obtain the generalized
algebraic eigenvalue problem

Apξh = εhBpξh.

Here Ap is the stiffness matrix; Bp is the positive
definite mass matrix;

Structure of matrix at d = 2



Construction of basis of one dimensional local functions Ng
µ(z)

A non-uniform Finite Element grid on interval Ω = [zmin ≡ z0, zmax ≡ zqmax ]

∆q = [zq−1, zq], q = 1, ..., qmax, Ω =

qmax⋃
q=1

∆q

Shape functions

are one-dimensional LIPs or HIPs ϕrq(x) ≡ ϕκr′
r ′q (x), r = 1, ..., r max with nodes

r ′ = 0, ..., ρ of different multiplicities κmax
r ′ satisfying the relations
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′
ϕκr ′q(x)

dxκ′

∣∣∣∣
x=x

r′′

= δr ′r ′′δκκ′

and ordered by r ′, and for equal r ′ by κ.

In our implementation of the FEM κmax
0 = κmax

ρ and there is a number s such that
ϕrq(x) ≡ ϕκr′

0q (x), ϕr+sq(x) ≡ ϕκr′
ρq (x).



Construction of basis of one dimensional local functions Ng
µ(z)

The local functions Ng
µ(z) are obtained by matching of shape functions

Nl (x) =
∑

s′=0,1

{ϕr+ss′,q−s′(z), x ∈ ∆q−s′}.

The set of local functions Ng
µ(z) constructed by matching of 3rd and 4th -order shape

functions.



Construction of basis of multidimensional local functions Ng
µ(z)

A non-uniform Finite Element grid with rectangular cells in a complex domain

∆q ≡ ∆q1,...,qd = [x1;q1−1, x1;q1 ]⊗ · · · ⊗ [xd ;qd−1, xd ;qd ], qi = 1, ..., qmax
i ,

q ≡ q(q1, ..., qd ), is global number of the FE

Shape functions are products of one-dimensional LIPs or HIPs

ϕrq(x) ≡ ϕr1...rd q1...qd (x) = ϕr1q1 (x1)× ...× ϕrd qd (xd ) = ϕ
κr′1
r ′1q1

(x1)× ...× ϕ
κr′d
r ′d qd

(xd )

The local functions Ng
µ(z)

Nl (x) =
′∑

s1,...,sd =0,1

{ϕr1+ss1...rd +ssd ,q1−s1...qd−sd (x), x ∈ ∆q1−s1...qd−sd }

where the summation is taken over those s1, ..., sd for which the shape functions
ϕr1...rd q1...qd (x) and the cell ∆q1−s1...qd−sd ⊂ ∆ are defined.

To reduce the dim of AEP we drop Nl (x) with κr ′1
+ ...+ κr ′d

≥ κ̌



Test 1: The Moshinsky atom
(system of A ≥ 3 identical particles with pair oscillatory interaction)

The BVP of the relative motion in the c.m.s. in symmetrized coordinates X
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the nonrectangular domain is bounded by planes

2−
√

A√
A− 1

X1 +
1√

A− 1

A−1∑
i=2

Xi = 0, Xj−1 − Xj = 0, j = 2, ...,A− 1.

To construct states that are symmetric (S) or antisymmetric (A) w.r.t. permutations
of pairs of particles, the Dirichlet or Neumann BCs, should be applied.

The degenerate spectrum

ES
n =A−1,A+3,A+5,A+7,A+9, ..., EA

n =A2−1,A2+3,A2+5,A2+7,A2+9, ...

A.A. Gusev, S.I. Vinitsky, O. Chuluunbaatar, L.L. Hai, V.L. Derbov and P.M.
Krassovitskiy, Resonant tunneling of the few bound particles through repulsive
barriers, Physics of Atomic Nuclei 77, 389 (2014).



The Moshinsky atom

Affine coordinates z=(z1, ..., zd )∈Rd , d=A−1

z1 =
2−
√

A√
A− 1

X1 +
1√

A− 1

A−1∑
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Xi , zj = Xj−1 − Xj , j = 2, ...,A− 1,

The BVP in a rectangular domain Ω(z) = {z ∈ Rd
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Φ(z) = 0,

g0(z) = 1, gij (z) = {2, i = j ;−1, i = j ± 1; 0 otherwise}, i , j = 1, ...,A− 1



The Moshinsky atom



The Moshinsky atom



Test 2: the Helmholtz problem on hyperellipsoid
The BVP with Dirichlet BCs
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The non-orthogonal coordinates z1 = r , zk = θk−1, k = 2, ..., d

X1 = a1r sin θd−1... sin θ2 sin θ1,

Xk = ak r sin θd−1... sin θk cos θk−1, k = 2, ..., d − 1

Xd = ad r cos θd−1

r ∈ [0,+∞), θ1 ∈ [0,+2π], θk−1 ∈ [0,+π], k = 3, ..., d − 1, θd−1 ∈ [0,+π].

The coefficients g0(x) and gij (x) of BVP at d = 3

g0(z)=r2 sin θ1, V (z)=0,
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g33(z)= sin θ2((a−2
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2 sin2
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3 sin2
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Helmholtz problem on hyperspheroid ai=0.84, aj=1, j=1, ...,d , j 6=i

4D Hyperspheroid

< pN >≡ EpN
j and

δpN means the
mean value and
difference between
the upper and
lower calculated
eigenvalues from
the level. Here
κ̌ = 3.

(p,N) (3,3) (3,4) (3,7) (4,3) (4,4)
DS 2368 6000 41472 11326 30672
NS , 106 0.48 1.45 12.81 5.97 18.60
DA 1600 4450 34816 9034 25826
NA, 106 0.27 0.97 10.31 4.19 14.38

d 4 5 6
DS 432 1539 5346
NS , 106 0.03 0.32 3.01

Here p = 3, κ̌ = 2,
grid {0( 1

3 )1}⊗{0, π4 ,
π
2 }

d−1

Grid {0(1/N)1} ⊗ {0(π/N)π}d−1 with Dirichlet BCs at r = 1 and θ1 = 0, π for
antysymmetric states and Neumann otherwise.
KANTBP 5M (by Kantorovich method 28 eqs) for 5th-order HIPs [2,1,1,2], grid:
{0, 0.01, 0.03, 0.06, 0.1(0.1), 0.9, 0.94, 0.97, 0.99, 1} at d<6 and {0.01, ..., 1} at d=6.



Resume

When solving multidimensional boundary value problems, the main problem
with increasing dimension is the exponential increase in both the dimension of
the algebraic boundary value problem and, to a greater extent, the number of
nonzero elements.
To restrain such an increase, we use complex rectangular grids and the exclusion
of functions with large multiplicity of the grid nodes from the piecewise
polynomial basis functions were used.
Available on PCs: to solve AEP of dimension ∼ 30000, the number of nonzero
elements is ∼ 20 million.

I This enough to solve with good accuracy the 2D, 3D and 4D BVPs, and with low
accuracy 5D and 6D BVPs.

The expectations to solve with appropriate accuracy 6D BVPs: dimension of
AEP 100000, the number of nonzero elements being 150 million.
In addition, it is possible to reduce memory, for example, by eliminating small
non-diagonal matrix elements, which allows solving problems of describing
quadrupole-octupole deformations on a personal computer to be reported in our
further papers.
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