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— S. Abramov, M. Petkovsek, A. Ryabenko, Hypergeometric solutions of first-order linear
difference systems with rational-function coefficients, 18-th worshop on computer algebra,
Dubna 2015, and CASC'2015, LNCS 9301, 2015, pp. 1-14.

— S. Abramov, M. Petkovsek, A. Ryabenko, Resolving sequences of operators for
linear ordinary differential and difference systems, Computational Mathematics and

Mathematical Physics (X)KBMuM®) 56, 2016, pp. 894-910.

For differential systems with rational-function coefficients to find all
formal exponential-logarithmic solutions and for difference systems
with rational-function coefficients to find all hypergeometric solutions,
the notion resolving sequence of operators (equations) was introduced.
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For a difference or a differential system
An(x)y(x 4+ n) + - + Au(x)y(x + 1) + Ao(x)y(x) = 0,

An(x)y " (x) + -+ AL(x)y (x) + Ao(x)y(x) = 0,

where Ax € Mat,,(K(x)), k=0,1,...,n, me Nsg, A, #0, K is
a field of characteristic 0, y(x) = (y1(x),...,¥m(x))" is a vector-
column of unknown functions, a resolving sequence of equations is

Liye,(x) =0,..., Liye,(x) =0,..., Lpy,(x) =0,

where
Li,...,L, € K(x)[] is the resolving sequence of operators,
Ey(x) = y(x+1) or & = &
l1,... 0, €{1,2,...,m}, {; # {; for i # j, is the indicator.
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O. Ore, Theory of non-commutative polynomials, Annals of
Mathematics 34, 1933, pp. 480-508.

Let K be a field of characteristic 0,
o : K+ K be an automorphism:

ola+b) = o(a)+a(b)
olab) = o(a)o(b)  @PEK
0 : K — K be a derivation with respect to o:

S(a+b) = &(a)+d(b)

S(ab) = o(a)i(b)+sa) HPEK
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Let Z be an indeterminate.

An Ore polynomial ring (denote K[Z; 0, 4]) is a ring of
anZ" + ...+ a1Z + ap,

where a,, ..., a1, ap € K, with the usual polynomial addition, and
the multiplication given by

Za=o(a)Z +d(a), Vaek.
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— M. Bronstein, M. Petkovsek. On Ore rings, linear operators and factorisation,
Programming and Computer Software (Mporpammuposatune), No. 1, 1994, pp. 27-43.
— M. Bronstein, M. Petkosek. An introduction to pseudo-linear algebra, Theoretical

Computer Science 157, 1996, pp. 3-33.

Let Lk be a linear space over K,
& : Lg — Lk be a pseudo-linear map with respect o and §:

§(u+v) =&(u) +&(v)

£au) = o(a)E(u) + (a)u T2 IV E LK
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K =K(x), a(x) € K(x), y(x) € L)
Derivation
E(v(x) = gy (x), o(alx)) = a(x), 8(a(x)) = £ a(x)
Euler derivation
E(y(x) = xgy(x), o(a(x)) = a(x), 8(a(x)) = x5 a(x)
Shift
§(y(x)) = y(x +1), o(a(x)) = a(x + 1), d(a(x)) = 0

Difference

E(y(x)) = y(x+1) = y(x), o(a(x)) = a(x +1), 6(a(x)) = a(x +1) — a(x)

g-Shift

§(y(x) = y(ax), o(a(x)) = a(gx), d(a(x)) =0




We consider a system

AnE"(y)+ -+ ALE(y) + Ay =0,

where
Ak € Mat(K), k =0,1,...,n, me Nyo, A, #0,
K is a field of characteristic 0 with o and ¢,
y=(y1,...,ym)" is a vector-column of unknown functions,
& : Lk — Li is a pseudo-linear map over K.

The correspondent Ore polynomial

ApZ" + -+ AL Z + Ao € Mat,(K)[Z; 0, 6].
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&(y) = Ay, A € Matn,(K)

1. Let cl® = (0,...,0,1,0,...,0).
N—— =
/1—1 m—/{1

2. Compute

M = o(cl) A+ 5(cl0) clol

@ = () A+ 5(c) 5 cli]

ol = o (clk=1) A 4 5(clk-1) clk-1]
k is the least integer (1 < k < m) such that clol ekl gre

linearly dependent over K:

uec® 4t g = 0.
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The equation

uk E(yey) + -+ ur €(ye) + oy, =0

is called the yy,-resolving equation, the (k x m)-matrix B is called
the yy,-resolving matrix.
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k=m
If y € Lk is a solution of yy,-resolving equation

Unm &M (ye) + -+ u1&(ye) +uoye, =0

then a solution of £(y) = Ay can be found by the system
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k<m
By y,-resolving equation, we can find all solutions of

£(y) = Ay such that y,, # 0.

For ys, = 0, we have
By =0.

There exist m — k entries yj,,...,y; . such that the other k entries
can be expressed as linear forms in them.

The vector ¥ = (i, ...,y )" satisfies
£y =AY,

where A is an (m — k) x (m — k)-matrix.
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For
{(y) = Ay,

where A € Mat,(K),
y = (yla s 7ym)T'

we compute a resolving sequence of equations

Llyglzo,..., Ljygj:O,..., prgpzo,

where
l1,... 0y €{1,2,...,m}, {; # {; for i # j, is the indicator;
Ly,...,L, € K[¢] is the resolving sequence of operators.
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[ytat =ty

x—1 0 _x—1 0

x x+1

1 0 2 -x
[y g x+1

x+2 x+l —x—1 P4xr+l
x x (x+1)x x

=http ffwrerw. coas.rufcatresolvingsequence
> read "resolvingsequence. mpl”,
> RE-ResolvingSequence(4, y(x), CreToois-SatOrefing(x,'shift')),

|{—x‘5—x5+4x4+3x3—3x2—2x)y1(x)+(2;‘5+ﬁ;§+ 1t =62 — 6 —dx) yy a1+
A — N -2 sl sad)yx+) + (R 4t =2y (a3 =0
—x ¥ (x) + yylx+ 1)=D‘

(> LREwools -hypergeomsofs{ —x¥y(x) + yy(x + 1) =0, 7[4](x), { } output = basx’s)

[Tx)]
_http fwrerw. coas.rufcalrs
> read "Irshypergenmsols mpl";
= LRS-HypergeometricSolution(4, x);
0
-T(x)
0
T(x)
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For
An&"(y) + -+ A1é(y) + Aoy =0,

the EG-elimination is used to get an embracing system
An€(y) + -+ ALE(y) + Aoy =0,

where det A, # 0, which is converted to an equivalent normal

system
E(Y)=AY,

where A is an (mn x mn)-matrix,
Y — ()/17 v 7}/m,f)/1,- .. agyma ... 7£n_1y17 s )é-n_l.ym)T-
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Pre-defined
DifiRing = OreTaols:-SetOre Ring | x,'differential'),
DiffRing = Univariate OreRing (x, differential)
ShiftRing = OreToals-SetCreRing(x,'shift');
ShiftRing = Umivariate OreFing(x, shift)
CShiftRing = OreTools:-SatOreFing([x, ¢ ) gshift'),
CShiftRing = UnivariateOreRing(x, gskift)
COreToals -Properties -Getdelta | DiffFing)

3}
(-3 Vm‘"]*m}?

User-defined

DelwyRing = OreTools:-SetOreRing(x, 'Delta’,

‘sigma' = ((p, x) = eval(p,x=24+1)),

‘sigma_tmverse' = ((p, x)— aval(p, x=2x-1)),

‘delta' = ((p, x)—= svad(p x=x+ 1) - p),

‘thetal' = 1),

DeltaRing = Univariate OreRing | x, A}
Oreloals -Praperties -Getdelta | Delta Ring )
(2.x)—=p —»r
r=x+1
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> DeltaRing = COreTools:-SetOreRing(x, 'Delta’,
‘sigma' = ((p, x) — evad(p, x=x+ 1)),
‘sigma_imverse' = ((p, x)— eval(p, x=x-1)),
‘elta' = ((p, x) = eval(p,x=x+ 1) - p),

L ‘thetal'=10):
1 —-x—5 —-x—12 x+1 x+1 10 -x 2 x+2

> |0 2x+10 x+2 .A'zl(y(x))+ —2x—4 -Zx—4 0| Alpx))+|2x -2 -x—2 | yix)=0:
1 x+5 =x+2 -x—3 -x—3 10 x 0 -x—2

=http:ffwww ceas.ryfcatesolvingsequence
> read "resclvingsequence.mpl” :

-x 2 x+2 r+1  x+1 0][1 —x—5 —x—2])
> RE-ResolvingSequence| Orefoly| | 2x -2 -x— 2 || -2x—4 -2x—4 0| |0 2x+10 z+2
x 0 -x—12 -x—3 -—x—3 10 1 x+5 =x+12

/

Deltafing |,

4
Indicator|( ),
[Crefoly(-x+ 1, 2x+ 3, -3, -2z — 7 x+6), OrefPoly(-1,0,1)]

[L3] [63]

(r5)) = 382 (3 (x)) + (25 + 3) A3y (2)) + (=5 + 1) 3, (x) =0

(x4 ) A
5 Al
[>

(4] (3)

[yl(x)) +(-2x—T)A

(73(2)) = y3(x) =0
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The package RS is available on http://www.ccas.ru/ca/resolvingsequence

The main procedure is ResolvingSequence. It's arguments:

» a system of linear homogeneous equations with rational-function
coefficients;

» a UnivariateOreRing-structure.

The system can be represented by OrePoly-structure or (in the
differential, difference or g-difference cases) in an explicit form.

Additional procedures  are  Indicator, ResolvingEquation,
ResolvingMatrix, EG, ResolvingDependence, CyclicVector.
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20 £ 3 oo 4 3 0 -x+2
0 u} {?Y(x),+ 0 1} [Eym,H P R
> syst = [xj[cb.}ﬂ |+ -x+2)y2(x) =10

%J‘Q(x) + (x+ 2)yi(x) =U-} :

=http'ﬂwww coas nifcaresolvingsedquence
> read "resolvmgsequence mpl';
» L= RS-ResolvingSequence(syst, (yI(x), y2(x)}, OreTools-SetOreRing (x\differential') ),

2
L= ‘(x"— sl e+ lex— 32) [%yi (x) | + (825 — 182 — 602+ 160 5) [ e y;(x\ (L
& \
+ (75— 1625 — 3627 + s0xY) [—y!(;{) +(F-2—af+8x) [ T ¥i(z) ‘-u‘
e J dx
[> DEtwols formal_sol(L[1], 3 (x), 'ordsr=1),
L
[1+0() t=x] e & (1+O(r)l,$t3= @
=http:ﬂwww.ccas.rufca;’formalsolution
> read "ldsformalsols mpl';
> FormalSolution(syst, [yI(x), y2(x)]. &, ‘order'=2);
[
“Z | -s+o0lf
e E (#) Loy @)
frolf) [ 4
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;> reskart,
yla+r )= y(x)

x—1 0 _x—1 i
x x+1
1 0 2 -x
o4 = x+1

-1 1 i—1 1

_x+32 x+1 Pox—1 F4x+l
x x (x+1)x x

:> read "resolvingsequence.mpl';
> L= RE-ResohingHguation(4, y(x), OreTools-SetOreFing(x'shift') ),
L= (AP +af 4530 52— 2y + 2P+ + 27— s —ad — 4y +1) @

(s - e s sx )+ )+ (P a4+ 0 —axt) p(x+ 3)=0

> RS-Reselvirghatrix( )[1],

1 0 0 0
x—1 i _x—1 0
x r+1 @)
2{X2+X71] __x _X(X*l]{X2+3x+3) o
(x+2)(x+1) z+2 (x+ 1% (x+2) x+ 2

> LREtools-hypergeomsols( L, y[1](x), { }, oulput = basis),
1

—1

&)
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1 0 0 0
x—1 0 _r—1 0
x x+1
2{X2+}(—1] % _x(x—l)[x2+3x+3} X
(x+2)(x+ 1) T+ 2 (x+ 172 (x+2) i+12
x—1 0 _x=1 0
x x+1
24 2x— 2 % _x(x—l)(x2+3x+3} X
(x+2)(x+ 1) x+ 2 (x+ 17 (x+2) i+ 2
1
yl(x) —1
¥ylx) _
= y4[?f)+x_1
J’3(x)
0
7o Yx)
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yl(x)
yl(x"' 1.
yilx+2)

— =

x+1



M=

yylx+
yylx+

Yylx+

yylx+
yylx+

Yylx+

r—1 0 _x—1 0

X r+1 yl(x)

2
1 1] - x
71 x yg()

-1 1 x—1 1 ¥3lx)
Cx+2 x4l Fox—1 Aax+1 ||l

x x (x+1)x x
xr—1 0 _x—1 0

x x+1

=1
2
1 1] -x 1
x+1 —¥y(%) P

-1 1 x—1 1
_x+2 x4+l P—x—1 #F+zx+l y4(x)

x x (x+1)x x
—xy,lx) + !

Y4 —1

0
1

T
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x—1

=-T'(x)

1 + 1
wi=a X (2l — 1) T(xf + 1) r—1

0

r—1
S S
yizaxd (i = 1)T(xf+1)
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