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The coefficients of a linear ordinary differential equation are quite often
represented by series, and the problem can be in finding such solutions to
this equation which are series of some fixed kind.

Below, the formal power series will be used as coefficients of a given
equation, and, the coefficients of these series themselves, will be elements

of a given differential field K of characteristic 0.

The solutions we are interested in, will be belonging to the field of formal
Laurent series over K. Such solutions we will call Laurent solutions.

We will not be interested in the questions of convergence of series.
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In this talk, we suppose that series playing the role of coefficients of a given
equation are presented in an “approximate”’, namely, in truncated form.

Definition 1

Let K be a field of characteristic 0 and K[x] the ring of polynomials
with coefficients in K. We denote by K[[x]] the ring of formal power
series with coefficients in K and K((x)) its quotient field; the elements
of K((x)) are Laurent series.

For a nonzero element a(x) = 3 a;x’ of K((x)) the valuation val a(x)
is defined by val a(x) = min {i | a; # 0}. By convention val0 = cc.

Let £ € Z U {—o0}, the (-truncation a'®(x) is obtained by vanishing
all the coefficients of the terms of degree larger than ¢ in the series a(x);
if £ = —oo then a¥(x) = 0.
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Further K is a differential field of characteristic 0 with a differentiation
D= ix. We will consider differential operators and equations written using
the notation 6 = xd%. We assume that in the original operator

r

L=> ai(x)8" € K[x][#], (1)

i=0

coefficients are
ti
aj(x) = Za,-jxf, ti > degaj(x), fori=0,1,...,r
j=0

(if t; > d; = degaj then a; =0 for i =d; +1,d; +2,...,t;). We assume
that a,(x) # 0 and the constant term of at least one of the polynomials
aop(x), ..., ar(x) is non-zero.

S. Abramov, D. Khmelnov, A. Ryabenko truncated coefficients 4/17



Definition 2

Let L have the form (1), the polynomial a,(x) (the leading coefficient
of the differential operator L) is assumed to be nonzero. A prolongation
of the operator L we will call any operator L = 3"7_, bi(x)8 " € K[[x]][4]
for which

b,'(X) - a;(x) = O(Xti+1)
(i.e. valy (bi(x) —ai(x)) > t;), i=0,1,...,r.

So, a differential equation is factually given as
(ar(x) + O(x" 1) 07y + -+ (a(x) + O(x*™ ) oy +  (2)

+ (a0(x) + O(x**1)) y = 0,

t; > degai(x), i =0,1,...,r. We associate the operator L with it, as well
as the set of numbers t,, ..., tg.

A prolongation of the operator L will be called also a prolongation of
the equation (2).
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We are interested in the information on solutions belonging to the field
of Laurent formal series which can be obtained from this representation of
a given equation.

We emphasize that we are interested in such information about solutions
which is invariant with respect to possible prolongations of the truncated
series representing the coefficients of the equation.
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Let o denote the shift operator: oc, = cpy1 for any sequence (c,).

The mapping

x—ot 0—n

transforms the original differential equation L(y) = 0 into the induced
recurrent equation

up(n)cp + u—1(n)cp—1 +--- =0, (3)

where

e (Cn)—oo<n<oo is an unknown sequence such that ¢, = 0 for all
negative integers n with |n| large enough.

o u_j(n)=>7_gajj(n—j) forj=0,1,...

The constant term of at least one of ag(x), ..., a,(x) is non-zero. This
implies that up(n) is a non-zero polynomial, but also that it does not
depend on a prolongation of the original operator L.
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The equation L(y) = 0 has a Laurent solution

y(x) =cx’ + coprx T

iff the double-sided sequence
...,0,0, ¢, Cyy1, ---
satisfies the induced recurrent equation, i.e.,

up(v)e, =0,
UO(V + 1)CV+1 -+ u_1(v + 1)CV =0,
up(v +2)cys2 + u_1(v +2)cyy1 + u_a(v +2)c, =0,

The leading coefficient up(n) can be considered as a kind of the indicial
polynomial of the original differential equation. The set of the integer roots
of up(n) is finite and contains all possible valuations of Laurent solutions of
the equation.
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If up(n) # 0 for some integer n then the induced recurrent equation
allows to find ¢, by ¢p_1,¢chn, ...

If up(n) = 0 then we declare ¢, as an undetermined coefficient.
The preceding values of ¢,_1,¢p_2,... should satisfy the relation
u-1(n)cp—1 + u_2(n)cp—2+--- =0. (4)
Such relation has only finite number of non zero terms and will probably
eliminate some of the previously undetermined coefficients.

Only after incrementing the value of n does this value exceed the largest
integer root of the equation ug(n) = 0, there is a guarantee that both new
undetermined coefficients and relations of the form (4) will not arise
already.
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An algorithm will be proposed whose input is an operator L € K[x][6] and
non-negative integers to, t1,...,t,. A result of applying the algorithm is a
finite set Y ={Yy, my,..., Yv,m, } Where

Vo, = {¥™ () : L{y) = 0,val y™) (x) = vy}

for 1 < k < s, satisfies the following properties:

e If y(x) is a solution of L such that valx y(x) = vk, 1 < k <'s, then
for any prolongation L of the operator L there exists its solution
y(x), for which

J(x) =y (x) + O(x™) and y™(x) € V. (5)

o If 7(x) is a solution of some prolongation L of L and val j(x) = vy,

1 < k <'s, then there is a solution y(x) of the operator L,
for which (5) holds.

e The values of my are the largest of the possible values associated with
L in this way.

S. Abramov, D. Khmelnov, A. Ryabenko truncated coefficients 10/17



If the polynomial ug(n) does not have integer roots then none of the
prolongations of the original differential equation has solutions in K((x)).
The algorithm reports this and stops.

If there are integer roots a3 < --- < a then for L and its prolongations,
only for s, the existence of a Laurent solution with such a value is
guaranteed. We need to deal with a1,...,as_1. For each of these roots,
there are three possibilities:

(a) Laurent solutions exist for all prolongations;
(b) Laurent solutions exist for some, but not for all prolongations;

(c) Laurent solutions do not exist for any prolongation.
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By adding symbolic coefficients (not originally specified) to a;j(x)’s, it is
possible to determine for each integer root ay, which of the mentioned
three possibilities takes place. If it is (a), then we find the corresponding

my for
7(x) = y ™ (x) + O(x™ ),

where y(x) is a having the valuation « solution of the original truncated
equation L(y) =0, and y(x) is a solution of a prolonged equation.
If it is (b) or (c), then we remove ay from consideration.
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Example 1

L:—92—29, to=t =t =0. (6)
ug(n) = —n? — 2n, its integer roots are a1 = —2, ap = 0. u_1(n), u_a(n)
contain unspecified coefficients of the prolongation of L.
Compute c_», c_1, ¢g for a; = —2:
@ n=—-2: up(—2)c_ =0-c_» =0, c_p remains undetermined.
e n=-—1: Uo(—].) c_1+ U_1(—].) C_p= C_1+ U_1(—2) c_>=0. Thus
C_1= —u_1(—1) C_»o.

o n=20:
UO(O) co + u,l(O) c_1+ U72(0) c2=0¢+ U,1(0) c_1+ U,Q(O) C_o =
—U_1(0) U_1(—1) Cc_o+ U_2(0) C_o =
(—u—1(0) u—1(—1) + u—2(0)) c_2 = 0. ¢ remains undetermined with
c_p =0, if —u_1(0) u_1(—1) + u_2(0) # 0. Since u_1(n) and u_5(n)
depend on the unspecified coefficients the case (b) is faced, i.e.
Laurent solutions with the valuation a; = —2 exist only if
—u_1(0) u—1(—1) + u_2(0) = 0. The valuation is removed.
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For ap = 0:
@ n=20: up(0)cp =0-co =0, ¢ remains undetermined.
e n=1: uo(l) c + u,l(l) c=-3c + u,1(1) cg=20. Thus

%. u—1(1), and hence c;, depend on the unspecified

G =
coefficients.
n = 0, corresponding to the maximal possible valuation is passed, so
no further computation is needed.

The case (a) is faced here. Any prolongation of the equation has Laurent

solution:

y(x) = C+ O(x), (7)
where C is an arbitrary constant, C # 0.

Y:{YO,O:{C: CeC\{o}}}.
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Example 2

Add new terms to the coefficients of L:

[=(-14+x+x2)02-20+(x+6x%), =3, t1=tr=2. (8)
uo(n) and its roots for L are the same as for L.

u_i(n)=(n—1)2+1, us(n)=(n—-2)>+6.

The computation for a; = —2 is similar to the same for L. But for n =10
—u_1(0) u_1(—1)+u_2(0) = —((0-1)2+1)((—1-1)>+1)+((0-2)*+6) = 0,
and hence c_» remains undetermined.
Soc_1 = —U_1(—1) C_o= —((—1—1)2+1) c_r»=—b5c_o.
n = 0, corresponding to the maximal possible valuation is passed and the
expressions for further ¢; contain unspecified coefficients, so no further

computation is needed. The case (a) is faced here. Any prolongation of
L(y) = 0 has Laurent solution with the valuation v; = —2:

G 5C
Yz,lz{xé—X1+C2:CleC\{0},CgeC}.
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For ap = 0:

e n=0: up(0) o =0-¢cp =0. ¢ remains undetermined.

en=1 w(l)ca+u_1(l)co=-3c1+1c=0. Thus ¢ = %co.

e n=2: UO(2) C + u,1(2) c1 + u,2(2) c=-8c+2c+6¢c =0.
Thus ¢ = %co.

o n=3: Compute u_3(n) = a(n —3)% + b(n — 3), where a and b are
unspecified coefficients. So up(3)cz+u_1(3)ca+u—2(3)ar+u—3(3)c
=—15c+56+7c;+0¢c=0. Thus c3 = %co. c3 is computed, in
spite of the fact that u_3(n) contains unspecified coefficients, since
u_3(3) = 0 for any values of these unspecified coefficients.

n = 0, corresponding to the maximal possible valuation is passed and the
expressions for further ¢; contain unspecified coefficients, so no further
computation is needed. The case (a) is faced here as well. Any
prolongation of L(y) = 0 has Laurent solution with the valuation v, = 0:

_ 1 5,2, 13 35
Y073—{C+3Cx+6Cx +3OCX.C€(C\{O}}.
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If new terms are added to the coefficients of (6) differently:
z: (—1+x+x2)02—|—(—2+x2)9, th=3 t1 =t =2,
then the similar computation shows that

Y:{y073:{C: CEC\{O}}}

for Z(y) = 0. Any prolongation of the equation has Laurent solution:
C + O(x*). The case (c) is faced here, which causes the removal of the
possible valuation a3 = —2.

S. Abramov, D. Khmelnov, A. Ryabenko truncated coefficients 17/17



