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UDC 517.927.7

Smallness of the formal exponents of an irregular linear
differential system, with an application to solvability by
quadratures

M. Barkatou*, R. R. Gontsov'#

* Université de Limoges, Faculté des Sciences et Techniques
123 avenue Albert Thomas, LIMOGES Cedex, F-87060, France

T Institute for Information Transmission Problems of RAS
Bolshoy Karetny per. 19, Moscow, 127051, Russia

¥ National Research University "Moscow Power Engineering Institute”
Krasnokazarmennaya str. 14, Moscow, 111250, Russia

Email: moulay.barkatou@unilim.fr,gontsovrr@gmail.com
We prove that the formal exponents of a linear differential system with non-resonant
irregular singular points whose coefficient matrix is small, are also small enough. This implies
that such a system is solvable by quadratures if, and only if its coefficient matrix is conjugated
to a triangular one (via a constant conjugating matrix), which generalizes the corresponding
theorem by Ilyashenko—-Khovanskii for Fuchsian systems.

Key words and phrases: irregular singular point, formal exponents, solvability by
quadratures.

1. Introduction

We consider a linear differential system

2L =BEy, e, (1)

of p equations near a non-resonant irregular singular point z = 0 of Poincaré rank r > 0.
This means that the coefficient matrix B has the Laurent expansion

B(z) = z%(BoJrBler...) (2)

and the eigenvalues a1, ..., oy of the matrix By are pairwise distinct. Such a system
has a formal fundamental matrix Y of the form

?(z) = ﬁ(z)erQ(l/z)7

where A = diag(A1, ..., Ap) is a diagonal matrix, F is a matrix formal Taylor series, and
Q is a polynomial (they will be described in more details further).
The elements A1,...,Ap of the matrix A are called the formal exponents of the

system (1) at the (non-resonant) irregular singular point z = 0. Their dependence on
the coefficient matrix is not so evident as the similar dependence of proper exponents in
the Fuchsian case (i.e., in the case of Poincaré rank r = 0): the latter coincide with the
eigenvalues of the residue matrix Bp. In particular, a Fuchsian system having a small
residue matrix has small exponents. Here we are interested in the following question:
when can one expect the smallness of the formal exponents at an irregular singular
point? The answer would have some application to the solvability of linear differential
systems by quadratures.

To give an answer to the addressed question, let us recall the procedure of a formal
transformation of the system (1), (2) to a diagonal form (from §11 in [1]).
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2. Transformation to the non-resonant formal normal form
Under a transformation y = T'(z)7, the system is changed as follows:

dy

L 147
dz

A(2) g, A(z) =T 1B(2)T — 2T~ ool

and a new coefficient matrix A has the Laurent expansion
1

A(z) = —T(Ao +A1z+...).
z

One may always assume that T'(z) = I + T1z+ ... and By = Ag = diag(ay,...,ap).
Then gathering the coefficients at each power z* from the relation

T(z) 2" A(z) — 2" B(2) T(z) + 2" 1 ar =0,

dz
we obtain
k—1
TpBo — BoTk + Ax — Br + »_(T1Ag_; — By Th) + (k — 1) Th—p = 0
=1

(the last summand equals zero for k < r). There are two sets of unknowns in this system
of matrix equations: Ay = (A})) and Ty, = (T,”). Requiring all the Ay’s to be diagonal
and assuming that Aj,..., Ax_1 and T1,...,T,_1 are already found, one firstly obtains

A}; — Bllcl _ Hlii’
where Hk = Zfz_ll (ﬂAk—l — Bk—ln) + (k‘ — T)Tk_r, and then
1

——(BY —HY),i#j, TP =o0.

ij _
T = ——
J 1

Thus one can see that A = A, and

~ 22 A A A
F(z) = efArsrotAria 5t 1) Q(1/2) = ——2 — ! S
rz"  (r—1)zr—1 z

Therefore, 3 B B
N =AY =B — H.
This implies the estimate

Al < ARl < 1Bl + (1 Hr ]

(we will use, for example, the matrix 1-norm || - |1 here).
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3. On the smallness of the formal exponents

Now we prove the smallness of the formal exponents A;’s in the case of small
coefficients B, ..., Br. For this, we should prove the smallness of H1, ..., H,. Denoting
p=min;»; |aj; — ;| > 0 we will have

T < — (1B 1+ [HD).-

D=

This implies the norm estimate

1
ITill < - (1Bl + 1]
hence
k—1 k—1 1
H < ST (Aol + 1 Be—ill) < S 3B+ IH) @IBr—il + [ Hi—ul])-
=1 =1

Assume that all | Bg|| <e, k=1,...,r. Then

k—1
1
IHkll < ;(252 + eI H + [[Hg—ll) + (|1 Hill (| Hi—ill) =
=1
1 k—1 k—1
= ~(20k— 1) +3e I Hll+ S IH | Heill).
P =1 =1
Thus having
2
£
Hy =0, [l Hz | <2?7

one obtains by induction
£2
15l < " Pr_2(e/p) and |Xi| <ePro1(e/p),
where P,._o and P,._; are polynomials of degree r — 2 and r — 1 respectively. Indeed, if
&2
|Hg|| < — Pr—2(e/p) for k=2,3,...,r—1
p

(where Py_» is a polynomial of degree k — 2) then

1 r—1 82 r—1 64
VB < (2= 0 482 305 Pioalelp) + 3 =5 Fioale/p) Prialelp) =
=1 =1

2 r—1 r—1
= -0+ 35 Pale/o) + 30 (5) Pale/n) Priae/n) =
P - P =1 P

2
= Prale/p).
P

This leads to the following assertion.
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Proposition 1. Consider a (Zariski open) subset W C Mat(p, C) of p X p-matrices
having pairwise distinct eigenvalues. For any open disk D € W and any € > 0, there
exists 6 = 6(D,e) > 0 such that every system (1), (2) with

BOED7 HBl||<6a cey ||BTH<67
has formal exponents satisfying the condition |\;| < €.

Remark 1. Note that if the Poincaré rank r» = 1, then |A;| < ||B1|| thus one has no
necessity to restrict the leading term By on some disk D and may take any By € W.
There is also no necessity for restricting By in the case By = ... = B, = 0: then all the
formal exponents equal zero.

4. Application to solvability by quadratures
Now we consider a system

Y _BEY  we e 3)

defined on the whole Riemann sphere C. Assume that it has non-resonant irregular
singular points a1, ..., a, of Poincaré rank r1,...,ry, respectively (for determinance we
assume here that the system has no Fuchsian singular points). Then the coefficient
matrix B has the form

B(Z):Z<(z_fﬁ+“.+#>, ;Bﬁizo (4)

zZ— a;

i=1

(if 0o is a non-singular point).
One says that a solution y of the system (3) is Liouwvillian if there is a tower of

elementary extensions

Clz)=FbCFi C...CFn

of the field C(z) of rational functions such that all components of y belong to F,. Here
each Fj41 = Fj{(x;), where z; is either an integral or an exponential of integral of some
element in F;, or algebraic over F;. The system is said to be solvable in the Liouvillian
sense (or, by quadratures), if all its solutions are Liouvillian.

The question of the solvability of a linear differential equation or system by quadra-
tures is studied usually by purely algebraic methods, since an answer depends on
properties of the differential Galois group of the system. However in some cases, with
the use of analytic methods one can leave aside the Galois group and obtain an answer
in terms of the coefficients of the system, which essentially simplifies the study. As is
explained below, one of such cases is a system with a small coefficient matrix.

For the system (3) whose formal exponents are sufficiently small, the solvability by
quadratures is equivalent to the existence of a constant matrix C' € GL(p, C) such that
CB(z)C~1 is triangular (see [2]). Thus Proposition 1 leads to the following observation.
Let Syl7 7 n™ be a set of systems (3), (4):

»Tn

Seveen — {(BY, . BL),...,(BY,...,B" )| B},..., By ew}

T1,e00sTm

(recall that W C Mat(p, C) is a set of p X p-matrices having pairwise distinct eigenvalues).

Theorem 1. For any open disk D € W there exists € = (D, p,n) > 0 such that in
a subset

{(Bh,... Bi)iy € Stivtn | By € D, |Bill <e,...,|BL |l <}

T1yeesTm
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of systems with sufficiently small non-leading coefficients, solvable by quadratures systems
are determined by the following algebraic condition: their matrices B, By, ..., By,
(i=1,...,n) are simultaneously reduced to a triangular form.

This means, roughly speaking, that a system with a sufficiently small coefficient
matrix is solvable by quadratures if and only if it is triangular. Thus we have a
generalization of the result by Ilyashenko-Khovanskii which claims that a Fuchsian
system with sufficiently small residue matrices is solvable by quadratures if and only if
it is triangular (see Ch. 6 in [3]).

Taking into consideration Remark 1 we also obtain two evident corollaries.

Corollary 1 (systems with singular points of Poincaré rank 1). There exists € =
e(p,n) > 0 such that in a subset
{(Bh, By € S 1Bl < )

of systems with sufficiently small non-leading coefficients, solvable by quadratures systems
are determined by the following algebraic condition: their matrices By, B} (i =1,...,n)
are simultaneously reduced to a triangular form.

Corollary 2. Non-resonant system (3) with the coefficient matriz B of the form

B(z) = 707 r; >0,
) ; (z —ag)ritt '
is solvable by quadratures if and only if all the matrices B(lJ, ..., By are simultaneously

reduced to a triangular form.

5. Conclusions

Let us note that the result formulated at the end of the previous section, looking like
a theoretical one, is not far from to be applied for a practical realization. For example,
the required smallness of the formal exponents of the system under consideration is
concrete: their absolute value should be not greater than 1/n(p — 1) (see [2]). The
practical calculation of the formal exponents can definitely be implemented, as follows
from the formulae for the elements A% from Section 2 (see [4] for more general questions
in this context). At last, we guess that the simultaneous triangularizability of a set of
matrices is equivalent to the nilpotence of the Lie algebra generated by them, which is
also can be checked.
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PaCCManHBaIOTCH CJIO?KHBIEe aCUMIITOTHYICCKHUE PA3JIOKECHUA peLHeHHfI IIOJIMHOMMUAJIBHOT' O
obpikHOBeHHOTO Auddepennuanbioro ypasuenus (OY). OHM ABIAIOTCH TAKUMH PsAAMH 110
1[eJIBIM CTEIEeHsIM He3aBUCHUMON IepeMeHHOH, Koa(dhpuimenTh KOTOPBIX CyTh psabl Jlopana
10 yOBIBAIOIIMM CTENEeHsIM JiorapudMa He3aBUCUMON nepeMeHHoM. [Ipearaercs ajropurm
qutst cocraBiaenust OY juist aTux koaddunuenros. IlepBoiit koaddunuenT sipisiercs: pere-
HHEM YKOPOYEHHOI'O ypaBHeHUsi. J[jIsi HEKOTOPBIX ypaBHEHUN OH OKa3bIBA€TCs IIOJIUHOMOM.
Bosnukaer Bonpoc: 6yayT s cienyrouue koddduuuenTs! nogsuHoMaMu? 34eCh 9TOT BOIPOC
paccmoTpeH s Tperbero (P3) n mecroro (Pg) ypasaennit ITensese. Oka3asiocsk, 9To st
HHUX BO BCEX CJlydasiX BTOPOil KOaddUIHMEHT TaKKe sABJISIeTCH MOJTUHOMOM, HO TpeTuil Koaddu-
IUEHT SIBJISIETCs ITOJIMHOMOM JIH6O BCerja, Jinbo IpU ONpEeAesIEHHBIX yCIOBUAX Ha MapaMeTpbl
ypaBHEHUs, JIHOO HUKOTJA.

KuroueBble cjioBa: 0oObIKHOBeHHOEe auddepeHuajbHoe ypaBHEHHE, CJI0XKHOE aCUMIITO-
TUYECKOE PA3JIO’KEHHE, ITOJINHOMHUAIBHOCTE KO3(MDMUIIMEHTOB.

1. Bsenenue

B 2004 r. s npemyioxkui croco® BBIYKMCIIEHHMS] ACUMITOTUYECKUX DAa3JIOXKEHUN pe-
mennit nosmHoMuasbaoro OTY [1]. OH n03BOJISAI BEIYUC/IATH CTEIIEHHBIE U CTEIIEHHO-
JiorapudMuYe-CKre pasjIoKeHNs, B KOTOPBIX KO3 MUIMEHTHI IIPU CTENEHSIX HE3aBUCUMOIT
IEPEMEHHON T SBJLIOTCS JTUOO MMOCTOSHHBIMU, JIMOO MHOIOYJIEHAMH OT Jiorapudma. [1os-
7K€ OKA3aJIOCh, UYTO y TAKUX YPABHEHUI aCHMITOTHYIECKUE PA3JIOXKEHUS PEIICHUA MOTYT
UMETh B KayeCTBe KO(M@MUIMEHTOB IPU CTENEHAX T psaabl Jlopana b0 1o yObIBAIOIUM
crenensm jorapudmMa z, J60 IO MHAMBIM CTENEHSM & — COOTBETCTBEHHO CJIOXKHBIE [2]
n sK3oTHdeckue [3| passoxkenus. s ux BelaucieHust MeTos! u3 [1] neynobust. Tenepnb
s1 paspaboras meroy cocrasiaeruss OLY mys kaxKaoro koadhduiueHTa Takoro psiaa. dTu
YPaBHEHMSI COJEPKAT MJIAJIINE U BBICIINE BAPUAIMU OT ONPEIETEHHBIX YacTel MCXO/I-
Horo ypasHuenusi. [lepBoiit K03 DUIHEHT CIO0KHOTO PA3JIOXKEHUSI SIBJISIETCH PEIIeHUEeM
YKOPOYEHHOI'O YpaBHEHHUs, W, BOODIIE TOBOPsI, ABJIAeTCA psAnoM JlopaHa mo jgorapudmant.
Ho ju1s1 HEKOTOPBIX ypaBHEHMIT OH OKa3bIBAETCsl OJIMHOMOM. Bo3HuKaer Bompoc: 6ydym
2u caedyrousue Koaphhuuuenmot nosuHoMamu ?

DTOT BOIIPOC I PAacCCMOTpeI /i AByX ypaBHenuii [lensiese P3 u Pg. 1160 u3 mectu
ypaBueHnuii [lennese P; — Pg Tpu UMEIOT CJIOXKHBIE PA3JIOXKEHUs pelteHnit — 3to P3, Ps u
Pgs. Ilepeble K03 DUIMEHTEI 9TUX PA3JI0XKEHU N3BECTHEI, BCE SBJISIOTCS IIOJMMHOMAMH [4]
u gis Ps onm Takue ke, Kak qiua P3 u Pg [5,6]. Okazanoce, 9T0 BO BCeX CJlydasx
ypasuenuii P3 u Ps BTOpoil K03 UIMEHT TaKKe IIOJIMHOM, HO TPeTuil KoadduimeHT
SABJIAETCA TOJIMHOMOM JINOO BCEra, JInbOO NMPHU HEKOTOPBIX YCJIOBUAX HA MapaMETPhL
ypaBHEHUsI, MO0 HUKOTA.

2. CocraBiieHne ypaBHEHUN 1Jisd KO3 DUIneHToB

2.1. Ausarebpaudeckuii cirydaii

HyCTb 3a/1aH MHOT'OYJIECH

[z, y) (1)
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u psizg
o0

y=> era’, (2
k=0

rjie KO3 UIUEHTDI Y}, ABISIOTCH MYHKIUSIMUA OT KaKUX-To Beju4auH. IlogcraBum psif
(2) B muOrouen (1) u BBIIEIUM BCe ciaraeMble ¢ (PUKCHPOBAHHOM creneHbio x. Jljs
3TOro paszobbém Muorowred (1) B cymmy

fl@,y)=> fily)a',
1=0

psaz (2) sanuiieMm B Buze

oo
def
Y=o + E orat E oo+ AL
k=1

o0
i k
A = E cik ",
k=j
rae Kod(UIHEHTEI Cjf, ABIAIOTCS ONPEIETEHHBIMU CyMMaMH IPOU3BEACHMUI j KOI(D-

bUIMEHTOB (] U COOTBETCTBYIOIMX MYJIBTHHOMHAJIBHBLIX Koaddunuentos [7]. Hakowner,
kaxkoe ciaaraemoe f; (o + A) paznoxum B psag Teitnopa

o 1 &/ f;
=Y

Torna

AT
y=%0

B urore pesynbrar mogcraHoBkE psifa (2) B MuHorowreH (1) MOXKHO 3amucaTb B BHIE
CyMMBI

m oo 1 o0
; 1 d fi(eo) k
T . pa— .
Zoc fz(soo)-i-zjl dyi chkx
i=0 j=1 k=j
cJjJaraeMbIX BUIA .
1 A
z = 7{;(:00) Cjk zF 3)
J: Y
3/1ech 1iesible UHIEKCHI 4, J, k > 0 TaKoBbI
k>j,ecmj=0, rok=0. (4)

MuoskecTBo Takux Touek (i,7],k) € Z3 obosmauum M. Haxonen, Bce ciaraembie (3) ¢
(UKCHPOBAHHOM CTENEHbIO X" BBIIEJSIOTCH PABEHCTBOM

i+k=mn.
MuozkecTBO M HOJIE3HO IIPEJCTABUTH KaK YacTh LejiouncieHnoi pemérku Z2 B R3 ¢

Toukamu (i, j, k), KOTOpBIE yAOBJIETBOPSIIOT HEpaBeHCTBaM (4).
Ecau Mbl uinem pasnoxkenne (2) Kak pelleHre ypaBHEHHs

flz,y)=0
M XOTUM IIPUMEHUTH METOJ HEOIPEIEJIEHHBIX KOIMDMUIIMEHTOB, TO i KOIDDUIEHTa

o mosyuaem ypasaenue fo(eo) = 0, a g kospdunmenta o, ¢ n > 0 — ypaBHeHHE

y|
dy Gakene I W
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rae
Nn)=MnN{j>0,i+k=nuj>1, ecmi=0}

Mozxer ciryunThest, 910 HeKoTopele d? f; /dy? = 0, BKmodast f,, u HeKoTOpEIE Cjf; = 0.
Torga B (5) COOTBETCTBYIOIIUE CJIAra€MbIE OTCYTCTBYIOT. B 9TOM ypaBHEHHH MbI MOXKEM
COKpaTHUTh Ha " U IOJIyYUTb €ro B BUJE

dfo(po) om + 1 & fi(po)
" gl dy?

iy Cjk + fulpo) =0. (6)

(4,5,k)EN(n)

Teopema 1 Ecau dfo(vo)/dy # 0, mo nocaedosamenvro no pocmy n u3d ypasrerul
(6) naxodames kospduyuernmovt o, .

2.2. Cuayuait OAY

Ecnu f(z,y) — madbdepeHmanbHblii MHOTOUISH, T.e. COAePKuT mpoussoubie d'y/dx!,
di f; FY)

TO POJIb IPOU3BOJHBIX T; UIPAIOT BapUAIUU 5—;, onu ke npousBonusle Ppere/Taro.
Y Y ) .
. &7 dI f
IIpu stom myist muOroweHa f(y) 6e3 MPOW3BOJHBIX j-Tas BapHAIHS 307 = 2 a
Y Y
dky k
BapHalysi IPOU3BOJHON eCTh — (—) = ——, JUIs1 IPOU3BeIeHNUIt
dy \ dz* dzk
5(f‘g)_fég+5f § (dby d _ dktt
by oy Oy 9> Sy \dzk dxt ) daktl’

Haxkownern, st Bapuanuii cupase s anaJsior ¢gpopmysst Teitiopa

f(y+A):Z%—]5Zg?’) AT

i=07"

ITycrs Teneps 3aman auddepenpanbapii MHOrowieH f(x,y) u 1 ypasHenus f = 0
WIIETCsI PEIlIeHUe B BUJE Pa3JIO?KEHUSs

y=> @pat.

3/1ech IpUMeHnMa TeXHHUKa, OIMCAHHAs paHee JJIf aarebpanvdecKoro ypaBHEeHUs , HO CO
CJIeTONMMU yTOIHEHUSMU.

1) duddepennmanpupiii Mmuorowies f(x,y) aBiaserca cymmoii auddepeHnuaabHbIX
MOHOMOB a(Z, y), KOTOPBIE SIBJISIOTCS IPOU3BENEHUMY OOBITHOTO MOHOMa const - z7y® u
HECKOJbKHUX IpousBomubix d'y/dx!. Kasxaomy MonoMy a(Z,y) CTABUTCH B COOTBETCTBHE
€ro BEKTOPHBI nokasarensb crenenu Q(a) = (q1,¢z2) TO CIEAYIOMUM IIpaBUIAM

Q(const) =0, Q(z"y*) = (r,s), Q(d'y/dz") = (-1,1),

115t ipousBefeHus auddepeHna bHbIX MOHOMOB UX BEKTODHbBIE IIOKA3aTEJIN CTEIeHU
CKJIAJBIBAIOTCA KaK BEKTOPBI

Q(ab) = Q(a) + Q(b) -

Teneps B gactb f;(z,y) cobupaem Bce nuddepeHpanbHble MOHOMBI a(Z, Y), Y KOTOPBIX
B Q(a) mepBasi koopamHata ¢ = i. Kpome Toro, npeamnosaraem, 9ro B f(z,y) HeT
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MoHOMOB ¢ q1 < 0, u fo(y) #Z 0. Torna cupaBeyuBbl HOPMyIIbL AIre6PANIECcKOro CIIydast
C 3aMEHO} ITPOM3BOIHBIX BaAPUAIMSIMU.

2) Bapuaiuu — 3TO 0OIepaTopbl, KOTOPBIE HE IEPECTABIAITCA ¢ AuddepeHraIbHbIMI
mHOrowreHaMu. ITostomy dhopmyna (5) npuanMaer Buj

1 sit
éﬁx"s@n—l— > zt— o fi aFej+a"fn =0, (7)
Sy j1 Syd 7

(4,3,k)€ N(n)

HO B Hell HeJIb3sI COKPATUTh Ha £ 1 mosry4uuTsb aHajor dopmyssl (6). B dopmyne (7)
Bee 07 f; /8y? Gepyrces pu y = ¢o.
Teopema 2 B pasaoorcenuu (2) xospduyuenm pn ydosaemeopsaem ypasneruto (7).

3) B zaBucumocru ot Ki1acca QyHKIUA KOIP@UIUEHTOB (), UMEIOTCS COOTBETCTBYIO-
mpie PopMyJIBbI IIepecTaHOBKH (DYHKIMI 9TOro Kiacca ¢ Bapuanusimu. Hanpumep, ecou
@k cyTh psaapl o Inz, To momoxkum € = Inz, Torma x° = e%¢ u cnpaBemHBa

Jlemma 1 ( [4])

dn ~
@(555@(5)) =e Sy R R (g),
k=0

20e CF — 6uromuanvnoii xosdduvuenm u go(k>(5) — k-2 npoussodnasn (&) no &.

Ora JeMMa JaéT IPaBUJIO IEPECTAHOBKH olleparopa u creneHu x°. [Ipumenss ero
B ypaBHeHus (7), MOXKHO COKPATUTh ypaBHEHHE Ha T W NOJyYWTh ypaBHeHHE 6e3 T,
TOJIBKO C &.

B nesiom asropurm BbrumcieHusi Ko3M@OUIMEHTOB CJIOXKHOTIO PA3JIOXKEHUST PEIleHUs!
OJIY cocTouT U3 CIEAYIONUX IIaroB.

IITar 0. 13 ucxoxnuoro ypasuenus f(z,y) = 0 BblessieM yKOPOYEHHOE ypaBHEHUE

A1 1
1< )(:v7 y) = 0, COOTBETCTBYyIOIIEEe HEKOTOPOMY pPebpy I‘§ ) MHOTOyTOJIbHUKA [
nuddepennuanbaoii cymMMbl f(Z,y) U UMEIOIIee CI0KHOE PEIICHHE, 3aBUCAIIEE OT
Inx.
IIlar 1. [JesaeM CTeleHHOE IMPeobpa3oBaHue [IEPEMEHHBIX T,y — T, Z, IePEeBOAIIIEe
1
pebpo Fg ) B BepTHKATBHOE.
def
Ilar 2. 3BanucbiBaeM npeoGpa3oBaHHOE IOJIHOE ypaBHenue g(z,z) = f(z,y) = 0B

BUZIE CYMMBL g = Y 2'g;(z, z), rie HocuTesnu cyMM g; (T, z) Je2KaT Ha BEPTHKAIBHOI

ocu.
IITar 3. B uacrax g;(z, z) 3aMeHsieM HE3aBUCUMYIO IepeMeHHyo ¢ Ha & = Inz, momy-
d,
qaeM h;(&, z) ef gi(z,z) n 'y ypaBuenus ho(€, z) = 0 naxogum Bce pentenns z(§),

SABJIAIONIAECH CTETIEHHBIME PATAMHE.

IITar 4. CornacHO TeopeMme 2 BBINKUCHIBAEM yPaBHEHHUs JJIs1 HECKOJBKUX MEePBbIX KO3(h-
bunmenToB @), (£) MCKOMOTO CIIOYKHOTO PA3JIOKEHNS 2 = Y @p Lk,

ITar 5. Vcnomssys memmy 1, u3 9TUX ypaBHEHUI UCKJIIOYMAEM CTEIEHU T U TOJIyTaeM
smnueitasie OJY s kosddunuentos g (€). Pemenus ¢ (€) stux ypabBHeHuit

SIBJISIFOTCSL CTENIEHHBIMU PSIIAMHE OT £ U MOTYT ObITH BEIIHCJIEHBI METOAAMHE CTATHH [1].

3. Pesynbrarel Oasa ypaBHenuii Pz u FPg

Ypasuenue IlensieBe Ps3, 3anucannoe B Buje qudOepeHnaIbHONl CyMMbI, €CTh

d.
Fy) Y —ayy” + 2y — gy + ay® + by + cay* + dw = 0,
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rae a, b, ¢, d — KoMmIIeKcHbIe mapameTphl. HyskHoe ero yKopodeHue 1I0CIe COOTBETCTBY-
IOIINX IPeobpa30BaHuil IepedIéT B ypaBHEHUE

—25+ 32 4+bz+d=0.

Y Hero mmeercs gBa CEMEHCTBA CJIOYKHBIX PAa3JIOXKEHHUH PEIIeHul — OCHOBHOE U [IOIIOJIHU-
TeJIbHOE, Y KOTOPBIX MePBbI KOIDDUIMEHT Y SABJISIETCH MTOJUHOMOM OT £ = In x:

b d
75(5 +8&)?2 — o Y OcHOBHOrO cemeiictBa, b # 0,

+v—-d(£+¢) y JOMOJIHUTEIbHOrO cemeiicTBa, b = 0;

wo(§) =

Vpasuenne llennese Pg, 3anucamnmoe B Buae guddepeHIHaaIbHONR CYMMbI, €CTh

Flay) S 2y a2 (@ — 1)2y(y — 1)y —2) — ()2 22 — 1)2(y — D)y — 2)+

+2%(z - 1)%yy —2) +2* (@ — 1)’y(y — 1) ]+
+2y'[a(z —1)%y(y — V)(y — =) +2° (= — Dy(y — D(y — =)+
+ 2z —1)%y(y—1)]-
—[2ay?(y — 1)*(y — 2)* + 2ba(y — 1)*(y — x)°+
+ 2c(z — Dy*(y — 2)° + 2da(z — 1)y*(y — 1)* ] = 0.

rae a, b, ¢, d — KoMIIeKkcHbIe napamMeTpsl. HyzkHoe ero ykopodeHue 1ocjae COOTBETCTBY-
IOIINX IPeobpa30BaHuil IepedIéT B ypaBHEHUE

—24jy(y — 1) +9°(2y — 1) — 2b(y — 1)® — 2cy® = 0

V Hero umeercst IBa CEMeNCTBa CJIOXKHBIX PA3JIOXKEHUN PeIIeHnii — OCHOBHOE U JIOTIOJIHU-
TEJIbHOE, ¥ KOTOPBIX MEPBbIA KOIDMUIMEHT Y SABJISIETCH ITOJTUHOMOM OT £ = In x:

b b
+ 6(5 + &2 4 —— y ocuosHorO Ccemeiictsa, b+ ¢ # 0,
po(§) =4 2 bte
+v—-2b({ +¢) y JOIIOJIHUTEIBHOTO ceMeiicTBa, b+ ¢ =0,

31ech ¢ — npousBoJibHAs ToCTosiHHAs. OKa3a/I0Ch, 9TO Y BCEX YETBIPEX STHUX CEMENCTB
BTOpbIe KOI(MDMUIMEHTbI — TAaKKe ITOJIMHOMBI.

T'unoreza 1 VYV ocnoshozo cemeticmea ypasnenun P3 ece xospduyuernmol asasomen
NOAUHOMAMU, eCAU napamemp ypasrerus d = 0.

Teopema 3 V donoanumenvrozo cemeticmea ypasHenus P3 mpemut u wemeépmuiii
KOIPPUUUEHNDL ABAAIOMCA MHOZOUAECHAMU, MOALKO eCAU napamemp ypasherus a = 0.
Iamwii kKoapPuyuenm nukoz0a He ABARELMCA MHO20UAEHOM, ecay |a| + |c| # 0.

Teopema 4 Y ocrosHozo cemeticmea ypasHenus Pg, ecau napamemp ypasnenus b =0,
mo mpemuti kKoaPPuyuenm modtcem 6vimsd MHOZOUAEHOM TMOALKO NPU MPET onpedenéH-
HOIL BHAYEHUAT OCTMAALHHL NAPAMEMPOS YPASHEHUS.

Teopema 5 V donoanumenvrozo cemeticmea ypasnenus Ps mpemutl kosgpuyuernm
MOHCEM, BBIMD MHO20UAEHOM, MOABKO ECAU NAPAMEMPYL YPAEHEHUSA YOOBAELMEOPAIOM,
onpedeséHHoOMY an2ebpauieckomy YpasHeHU.

IonpoGuee cM. B [8].
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We consider the complicated asymptotic expansions of solutions to a polynomial ordinary
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We discuss here the basic computational problems arising in recovering a shape of the
unknown Lambertian surface from two its photometric images taken consecutively under
lighting the surface by a pair distant light sources from two different directions. Using the
computer algebra system Mathematica, the necessary and sufficient conditions for unique
determination of the second-order algebraic surface from its two images are analyzed in a
general setting. Theoretical results are illustrated by examples exploiting models of the
photometric images of a genuine second-order Lambertian surface. Symbolic computation
performed with Mathematica confirms the possibility of a unique reconstruction of such
surfaces from their two photometric images and demonstrate that the considered model has
more than one solution only in rare cases.

Key words and phrases: computer algebra, photometric stereo, surface reconstruction,
existence and uniqueness of solution, bifurcations.

1. Introduction

Let us consider a surface S in the three-dimensional space that is assumed to be
formed as a graph S = graph(u) of the unknown function u : @ — R of class CF
(k = 1,2) over a domain 2 C R2. The surface is illuminated by a parallel beam
of light from a remote light source that is placed in the direction of the unit vector

7= (p1,p2,p3), 1Pl = /p? + P2 +p2 =1, ps < 0. A photometric image of the surface

S may be represented as the function Ep(z,y) defined over a domain Q, = {(z,y) €
Q:0 < Ep(z,y) < 1} giving information about the intensity of light reflected from
the point s = (z,y,u(z,y)) € S. If S is a Lambertian surface yielding a reasonable
approximation for some materials, the function Ej(z,y) depends only on the cosine
of the angle between the normal vector 7(s) = (n1,n2,n3) to S at the point s (with
ng < 0) and the direction to the light source (see [1,2]). Hence, the intensity E}, is given
by
(#i|p) _ map1 + nap2 + nap3

R T .

where (7i|p) denotes the standard dot-product of vectors 7, 7'in R3. As the normal vector
to S at point s is given by 7i(s) = (ug,uy, —1), where uz(z,y) = du/0z, uy(z,y) =
Ou/dy, one can write equation (1) in the form

P1Ugz + p2Uuy — P3 )
Jud +u 41

Consequently, the reconstruction of the surface S is reduced to finding the solution to
equation (2) for the given photometric image Ep(z,y) and the unit vector p.

Note that given the surface S = graph(u) and vector p equation (2) enables to find
the photometric image Ep(x,y) easily, and this problem has a unique solution. However,

Ep(x,y) =
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a question on existence and uniqueness of solution u(z,y) to (2), corresponding to
the given photometric image Ej(z,y), is rather complicated. Careful analysis showed
that uniqueness is rather exceptional and that existence is subject to many constrains
(see [3-10]).

Using three images Ep(x,y), Eq(z,v), Er(z,y) obtained by illuminating the surface
S from three different directions specified by linearly independent unit vectors @, @, 7,
respectively, enables to pose the system

P1ugz + pauy — pP3

= Ep(z,y) ,
VJuZ +ul 41
q1uz + g2uy — g3
s = EQ(‘T:y) 3
\JuZ +u 41
riUz +T2Uy — T3 Er(z,y) . (3)

:

uZ +u +1

Performing quite standard symbolic calculations, one can reduce the system (3) to the
form

Uz = Fl (x7 y) )

uy = Fa(z,y) , (4)
where F; and Fy are explicitly expressible in terms of Ey, Ey, Er and p, ¢, 7. In sequel
integrating the gradient (4) gives a generically unique expression for u(z,y) up to an
arbitrary constant (see [1,3,11,12]).

The surface can also be reconstructed from only two photometric images (see [3,13-16].
However, this requires quite intricate analysis of necessary and sufficient conditions
for the unique determination of the function u(z,y), and such analysis involves quite
tedious symbolic calculations. In the present paper we discuss the basic computational
problems arising in recovering a shape of the unknown Lambertian surface from two
its photometric images considering the second-order algebraic surface as an example.
All relevant symbolic calculations are performed with the computer algebra system
Mathematica [17].

2. Two-image photometric stereo

Consider two photometric images Ep(z,y) and Eq(z,y) of the Lambertian surface

S obtained by illuminating it from two different directions specified by non-collinear

unit vectors § and ¢, respectively. The images are defined over the domains Q, C R?,

Qq C R? and Q = Q,NQy # 0. Upon applying equation (2) for each photometric image,
we obtain a system

P1Uz + p2uy —P3

Ep(a:7y)7
VJud Fu 41
q1uz + q2uy — g3
"= Ey(z,y) , (5)

\JuZ +ul 41
over ).

As demonstrated in [3, 13,14, the solution of system (5) is reduced to solving a
quadratic equation for uz or uy and the corresponding gradient of unknown function
u(z,y) may be represented in the form

_ Ep(a1(p1d) — p1) + Eq(p1(P3) — 1) + asVA
Ep(p3 — a3(B1@)) + Eq(q3 — p3(p|d)) + be VA’

T
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_ Ep(@2(p12) — p2) + Eq(p2(p12) — q2) + ceVA ©)
" Bp(ps — s (01) + Eq(as —ps(PID) + beVA
where £(z,y) takes the values £1 so that f(z,y) = e(z,y)\/A(x, y) is continuous (for

u € C1) or smooth (for u € C?), and the following notation is used:
A=1-E; - E} — (9l)((ld) — 2EpEq) | (7

a = p3q2 — p2q3, b= p1g2 —p2q1, ¢ =pig3 — p3q1 -
Using solution (6), one can readily show that the normalized by 1 vector 7i(s) may
be represented in the form

(ua,uy,—1) _ Bp (P = (P10 + Bq (7= (AO)P) + e (Bx PVA

\/m 1— ((p1))°

Therefore, expression (7) for A may be rewritten as

A= (@l x 9)*. ()

It follows immediately from (6), (9) that the gradient (ug,uy) is determined uniquely
only if A = 0 which geometrically means that the normal 7@ to the surface S at the
point s lies in the plane spanned by two non-collinear vectors p and ¢. In general the
normal (8) has also the component 7, that is orthogonal to this plane and there are
two possible directions for this vector corresponding to the given photometric images
Ep and E4. It is a reason of appearance of the factor e = %1 in (6).

If the chosen value of e(z, y) coincides with the sign of the dot-product (7|5 x ¢) then
equation (6) gives correct expression for the gradient (ugz,uy). Otherwise a gradient
given by (6) corresponds to the mirror reflection of the normal 7 at point s with respect
to the plane spanned by the vectors p and ¢ (see [3,13,16]).

It turns out (see [3,13]) that the image domain  is typically split into two disjoint
simply connected sub-domains Q) C Q (here j = 1,2) so that @ = QM uQ® ur,
where T is a smooth connected curve (called a potential bifurcation curve), and A = 0
along I'. It follows from (9) that A > 0 over each sub-domain (91628 Consequently, over
each component Q) either e(z,y) = 1 or e(x,y) = —1 must hold, and solution (6)
determines two vector fields (ui, uét) corresponding to the images E;, and E4. Assuming
E, and E; are genuine images of S, at least one of these two pairs of vector fields (over
each QU )) is integrable and determines the given surface S.

However, if the function u(z,y) satisfies the following partial differential equation
(see [13,15,16])

a (buy (2,y) — ¢) uaz(2,y) + c (@ — buz (z,y)) uyy (2, y)+
(a2 — 2 — abug(z,y) + beuy (2,y)) vay(z,y) =0, (10)

both of the vector fields (u;t, uyi) are integrable (i.e., there are two C? surfaces over each

7i(s) =

(8)

sub-domain Q()). Furthermore both pairs (u;",u;') and (uz ,uy ), determined by (6)
over Q) (j =1,2), can bifurcate (i.e., can be glued together) along the curve I to yield
either zero or two or four global solutions u € C? over the whole image 2 (see [3,13]).

A general solution to non-linear equation (10) for arbitrary vectors p' and ¢ is not
known and so it is not possible to separate a class of functions u(z,y) for which
equations (6) determine more than one integrable vector field. However, choosing some
special configuration of light-source directions enables to reduce this equation into a
tractable linear PDE and to exclude the ambiguous case of two integrable vector fields
(see [3,13-16]). The main purpose of this paper is to extend the necessary and sufficient
condition (10) for testing ambiguity in equation (6) to arbitrary pairs of non-collinear
vectors p and ¢ in case of the second-order Lambertian surface S.
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3. Reconstruction of the second-order surface

Let us consider an arbitrary second-order algebraic surface S = graph(u) given by

w(z,y) = usoz? + ur1wy + uo2y? + w10z + vory , (11)

where u;; are constants. Depending on the value of the discriminant D = “%1 — dug0uo2,
equation (11) determines elliptic paraboloid (D > 0), parabolic cylinder (D = 0) or
hyperbolic paraboloid (D < 0).

Two photometric images (5) of such surface are given by

(2u20z + w11y + u10)p1 + (w112 + 2uo2y + uo1)p2 — P3
V14 (2uz07 + w11y + u10)2 + (w112 + 2u02y + uo1)2

Ep(x’ y) =

_ (2u20z + w11y + w10)q1 + (w112 + 2uo2y + uwo1)g2 — g3
V14 (2u20z + u11y + u10)2 + (U117 + 2u02y + uo1)2

and are defined over the domain 2 = Q, N Qg, where

Eq(z,y) ; (12)

Qp = {(z,y) € R?: (2ua0p1 +u11p2)z + (u11p1 + 2u02p2)y + utop1 + vo1p2 — ps > 0},

Qq = {(z,y) € R? : (2uz0q1 + u11q2)x + (u11q1 + 2u02g2)y + u10q1 + Uo1g2 — g3 > O} .
This domain may be split into two disjoint sub-domains Q) by the straight line

(2ug0a + ui1c)z + (u11a + 2up2¢)y + wipa + upic+ b =0, (13)

which is obtained from the condition A = 0.

For the photometric images (12) equations (6) determine two integrable vector fields
over each Q) only if the condition (10) is fulfilled. Upon substituting the function (11)
into (10) this condition takes the form

2

b(u?; — dugoug2)(cx — ay) + (a? — ¢ — abuig + beuor )uii+

2ac(u02 — u20) + 2b(au20u01 — Cuozulo) =0. (14)

Obviously, condition (14) is satisfied identically in © for any coefficients u;; if
a = ¢ = 0 what means that both vectors p and ¢ are perpendicular to the axis Oz
(p3 = g3 = 0). For such cases the problem of reconstructing the second-order Lambertian
surface from two photometric images obtained by illuminating the surface by two light
sources from two different directions being perpendicular to the Oz axis has more than
one solutions.

Ifa#0and b# 0 or ¢ # 0 and b # 0 then condition (14) may be satisfied at an
arbitrary point (z,y) € Q only when S is a parabolic cylinder or D = “%1 —4uogug2 = 0.
Besides, coefficients uag, uo2, 410, uo1 must satisfy the following condition:

(a® — ¢ — abuig + beuor)u11 + 2ac(uoz — uag) + 2b(auzguor — cugauio) =0 .

It means that condition (14) is satisfied only if the parabolic cylinder is situated in a
special way with respect to the vector (9 X ¢) and only in a such rare case the problem
of reconstructing the second-order Lambertian surface from two photometric images has
more than one solution, detailed analysis of such cases will be done in our next paper.
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3.1. Examples

At first let us consider the surface S = graph(u) of the form
u(z,y) = 22 — 3zy + 5y + 4z | (15)

and two non-collinear unit vectors p and ¢ are given by

o 1 2V42 6462 (1 2v42  6V462 16)
P=\"1 00 10 ) YT\ Ts0 0 130 )
Upon substituting (15), (16) into (5) we obtain two photometric images
By — —20F 3Va62 + (=20 + 3v/A2)z — 5(—3 + 2v/42)y
z,y) =
iy 65+/17 + 2522 + (32 — 84y) — 24y + 109y3
20 4 3v462 4 (20 + 3vV42)x — 5(3 + 2v42)y
Byfa,y) = 0 SR (04 VAR 554 2V ()

65\/17 + 2522 + x(32 — 84y) — 24y + 10953

defined over the domain

- 9v/11 — 0 20+ 3v/A462 + (20 + 3v/42)x U

0= ,y) € R%:
{(z y) v 31 - 15 + 1042

S OVIT—40 - —20+3V462 + (=20 +3VA)z }
x Y S .

31 15+ 10v42
This domain is split into two disjoint sub-domains by the line
99z — V11
Y= 7330

that is found from the condition A = 0.
Then equations (6) determine two vector fields

u;:4x—3y+4, u;:5—3x,

50(4 + 4z — 3y) _ —3V/11+ 147z — 490y
u = , U = 5
494 911z — 30V11y Y 494 911z — 30V/11y

corresponding to the images (17) but only the first one satisfies the integrability condition
uj{y = ua} This result is expectable because the function (15) does not satisfy the
condition (13).

Let us now consider another Lambertian surface S using the same vectors p'and ¢
given by (16). Then two its photometric images are

—15v2 + 61/231 — 202z 15v/2 + 61231 + 202z
Ep(xa y) = 5 )E(I(z:y) - 5 ) (18)
130v/5 + 122 + 8z 1305 + 12z + 8z
and are defined over the domain
15v/2 + 623 15v/2 — 623
Q= (%ZDERQI_LSQCS—L .
20V/2 20V2
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Note that A > 0 for any (z,y) € Q.
Equations (6) determine two vector fields

11,;:41’4-37 u;:()7

_ 50 _ 3v11
Uy :Z9(3+4$) y Uy T
corresponding to the images (18), and both of them are integrable in . It means that
there are two surfaces

V11
(3z + 22%) — %y )

50
uy(z,y) = 222 4+ 3z, wua(z,y) = —
49
generating the same photometric images and the problem of reconstruction of the surface
S from the images (18) has two solutions. Note that both these surfaces are parabolic
cylinders.

4. Conclusions

This paper extends analysis [3,13,15,16] of the necessary and sufficient condition (10)
for testing ambiguity in equation (6) to arbitrary pairs of non-collinear vectors 7 and
¢ determining directions to the light sources in case of the second-order Lambertian
surface S. Doing necessary symbolic calculations, we have shown that in most cases two
photometric images enable to reconstruct uniquely such a surface.
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O6Cy»KIAI0TCsI OCHOBHBIE BBIYUCIIUTEJbHbIE TPOOJIEMbI, BO3HUKAIOIINE IIPU PEKOHCTPYKIUN
HEM3BECTHOI J1aMOepTOBCKOI MOBEPXHOCTH IO JIBYM €€ (POTOMETPUUECKUM HU300parKeHUsIM, I10-
JIYYE€HHBIM IIPDU OCBEIIEHUU ITOBEPXHOCTH ITOCJIeI0BATEJIbHO ABYMs HE3aBUCUMBIMHU YIAJEHHBIMUA
HNCTOYHHUKAMU CBeTa U3 JABYX Pa3J/IMYHbIX HallpaBJIeHHI‘/JI. C IIOMOIIIbIO CUCTEMbI KOMIIbIOTepHOI‘/JI
anreb6psr Mathematica npoananu3upoBanbl HEOOGXOAUMBIE U JJOCTATOYHbIE YCJIOBUsA OJHO3HAU-
HOI'O OIlpeJiesieHusl aJirebpandecKoi IMOBEPXHOCTH BTOPOI'O HOpsijiKa B obuieM ciydae. s
HJLIIOCTPAIIUH [IOJIy YeHHBIX TEOPETHYECKUX PE3YIbTATOB IIPUBOASTCH JIBa IIPUMEPA, B KOTOPBIX
MOJEJIUPYIOTCH POTOMETPUYECKHE 06pa3bl PEAIUCTUYHBIX J1aMOEePTOBCKUX MOBEPXHOCTEN BTO-
poro nopsiaka. CUMBOJIbHBIE BBIYUCJIEHUs], BLIIIOJHEHHBIE C IIOMOIIbIO cucTeMbl Mathematica,
MO TBEPKAAIOT BO3SMOXKHOCTE OJHO3HAYHOM PEKOHCTPYKIIMN TaKHUX IMOBEPXHOCTEHN MO JABYM
doromerprnyueckuM n300parKeHUsIM U IIOKA3BbIBAIOT, YTO TOJBKO B PEJAKUX CIydasX PacCMaTpHh-
BaeMasi MOJIeJIb UMeeT OoJiee OJHOTO PEIIeHUsI.

KiroueBble ciioBa: KOMIIbIOTEpHas ajrebpa, GpoTOMETPUYIECKOE CTEPEO, PEKOHCTPY KIS
IIOBEPXHOCTH, CyI[€eCTBOBAHUE U €JIMHCTBEHHOCTH pelleHusi, oudyprannm.
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We consider symbolic computation in Pz, the algebra of Boolean functions with Mal’cev
operations. Questions such as whether a set of functions generates Ps, or if a given function
can be generated by a given basis, can be answered using Post’s results on the structure of
the lattice of subalgebras of P5. We present a short proof of Post’s Functional Completeness
Theorem, and some Mathematica implementations of the corresponding procedures.
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1. Introduction

Let B be the set of truth values in two-valued logic. In this paper, we will identify
it with the finite field GF(2) = Z/2Z = {0,1}, ordered so that 0 < 1. A mapping
f:B™ - B where n € N={1,2,3,...} is called a Boolean function or a truth function
of two-valued logic. We will denote the set of all Boolean functions of n variables by

Py} = (B"— B),

and the set of all Boolean functions by

s

P = Py

n=1

From [B| = 2 it follows that [B"| = 2™ and |P}| = 22" Our notation for some well-
known Boolean functions of one resp. two variables (denoted by z, y instead of x1, x2)
is shown in Tables 1 resp. 2.

Table 1
Prefix notation for negation.
z || -
0 1
1 0
Furthermore, for every n € N, a € B and @ € {1,2,...,n}, we denote the constant

function of value a by cf;, and the projection on i-th component by e':

ch(x1,x2,...,2n) = a,

el (z1,22,...,2n) = ;.
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When n is not important we also write a for cj, and z; for €}.
For arbitrary f € P} and g € PJ*, academician Anatoly I. Mal’cev [3| defined the
following five operations (four unary and one binary), now called Mal’cev operations:

L (Cf)(x1,22,. - 2n) = f(x2,3,...,%n,21) for n > 2, (f = f forn =1,

2. (tf)(z1,2z2,...,2n) = f(z2,21,23,...,2pn) forn > 2, 7f = f for n =1,

3. (Af)(x1, 22, ..y zn—1) = f(z1,21,22,...,&p—1) forn > 2, Af = f forn =1,

4. (VH(z1,z2,...,Zn+1) = f(z2,23,...,&ny1) for n > 1,

5. (fxg)(z1,22,. .., Tman—1) = f(g(Z1,.. ., Tm), Tm41,. .-, Tmin—1) for n,m > 1.
Note that ¢ is a cyclic permutation of variables and 7 is a transposition of variables,
which together allow arbitrary permutations of variables; A together with ¢ and 7 allows
identification of arbitrary variables; V together with { and 7 allows introduction of
arbitrary dummy variables; and x together with the other operations allows arbitrary
compositions of Boolean functions.

Definition 1 For any A C Py we denote by [A] its closure under the five Mal’cev
operations, and we call A a generating set or a basis of [A]. If [A] = A then A is called
a closed subset or a subclass of P», and if [A] = P2 then A is functionally complete.
If [A] = A # P> but [AU{f}] = P2 for every f € Po\ A then A is called a maximal
subclass of P2, or a Post’s class.

Example 1 Using the well-known disjunctive and conjunctive normal forms of Boolean
functions, we can see that the set {—, A\, V} is functionally complete. Once we have a
known functionally complete set A, presumed functional completeness of any other set
B C P> can be confirmed by showing that A C [B]. In this way we can show that each

of the sets {_'7 /\}7 {_'7 \/}, {_'7 —>}; {_':74}: {/\) +, 1}; {T}; {J,} is functionally complete.

On the other hand, it is not obvious how to prove that a certain set A C P>, such
as {—, <} or {A,V, =, <, <}, is not functionally complete. Here we are interested in
algorithms for answering questions and solving problems such as the following:

P1. How to represent Boolean functions on a computer?
P2. Given a finite set A C P», is A functionally complete?
P3. Given f € P, and a finite set A C P», is f € [A]?

P4. Given a finite set A C P>, compute its closure [A].

In Section 2 we discuss question P1, in particular representation of Boolean functions
in terms of Zhegalkin polynomials. In Section 3 we present a short, self-contained proof
of Post’s Functional Completeness Theorem which identifies the maximal subclasses of
Ps, and offers a theoretical basis for an efficient algorithm for answering question P2. In
Section 4 we discuss problems P3 and P4, and give some Mathematica implementations.

Table 2
Infix notation for some functions from P22.
x‘ny/\y‘x\/y‘x—)y‘xﬁy‘x(—)y‘x—i—y‘x'ry‘xiy
01]0 0 0 1 0 1 0 1 1
01 0 1 1 0 0 1 1 0
110 0 1 0 1 0 1 1 0
1|1 1 1 1 0 1 0 0 0
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2. Representation of Boolean functions

Concerning question P1, there is the obvious way of representing f € P3' by its table,
as we did in Tables 1 and 2. But such a table has 2™ rows, and it is often possible to get
a more succinct representation by using a normal form. This means that we fix a finite
functionally complete set B C P>, and represent f as an arithmetic expression built
from the variables {z1,z2,...,2Zn} using the elements of B as operations. For example,
in disjunctive and conjunctive normal forms we have B = {—, A, V}.

As it turns out, it is advantageous for our purpose to take B = {A,+,1} (which,
according to Example 1, is functionally complete) and write A as multiplication. Then
the corresponding arithmetic expressions can be construed as representing polynomials
from the ring K := GF(2)[z1,22,...,%n]. Let vy : K — P} be the mapping which
to every p € KI assigns f € PJ such that f(b1,b2,...,bn) = p(b1,b2,...,bn) for all
b1,b2,...,bn € B. Clearly, v, is a ring epimorphism from (K%, +, -) to (P3*, +,-). Denote
by J% the ideal generated in K% by {22 — 21,22 — 29,...,22 — 2, }. Since 2% = z for
z € B, we have J§ C Ker vy, so, by the Ring Homomorphism Theorem, there is a
unique isomorphism ¢, : K5 /J3 — P} such that, with m, : K§ — K& /J% being the
natural projection, v, = ¢n o m,. Note that each equivalence class in K3 /J% contains a
unique polynomial p € K which is of degree at most 1 in each of the variables; these
special polynomials, which are in one-to-one correspondence with the elements of PJ',
are called Zhegalkin polynomials in honor of I. I. Zhegalkin who defined them in [8].
Zhegalkin-polynomial forms of some of the Boolean functions listed in Tables 1 and 2
are shown in Table 3.

Table 3
Zhegalkin-polynomial forms of some of the functions from Ps.

e laeny| avy | eoy | sey |2ty | iy
lte| oy |etytaoy | ltatay|ltaty|ltay| ltatytay

3. Post’s Functional Completeness Theorem
Definition 2 A function f € P} is

1. O-preserving if f(0,0,...,0) =0;
2. l-preserving if f(1,1,...,1) =1;
3. monotonically non-decreasing or monotone if f(ai,az,...,an) < f(b1,b2,...,byn)
for all a1,a2,...,an,b1,b2,...,by € B such that a1 < b1, az < bz, ..., an < bp;
4. self-dual if =f(=b1, =ba,...,—bp) = f(b1,b2,...,bn) for all b1,ba,... by € B;
5. affine if the total degree of its Zhegalkin-polynomial form is at most 1.
The sets of all 0-preserving; 1-preserving; monotone; self-dual; affine Boolean functions
will be denoted by To; Thv; M; S; L, respectively.

It is easy to see that each of the sets Ty, 11, M, S, and L is a subclass of Py. It is
also easy to see that the set of all subclasses of P> ordered by inclusion forms a lattice
(with A meet B= AN B and A join B = [AU B] for any two subclasses A, B of Py).

Theorem 1 A set A C P» is functionally complete if and only if it is not contained
in any of the subclasses Ty, Ty, M, S, or L.
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This is Post’s Functional Completeness Theorem (PFCT). It is well known and often
quoted in the literature, but self-contained, short proofs are not so easy to come by.
PFCT follows easily from the results of [5,6] where Emil L. Post exhaustively described
the structure of the above-mentioned lattice of all subclasses of P» (henceforth called
Post’s lattice) as consisting of 8 countable families of subclasses and additional 34
individual subclasses, and also provided finite bases for all the subclasses. Post’s proof
of his results is long and written in very complicated notation. It has been streamlined
and recast in modern notation (see, e.g., [1] and [2]), but still it remains long and
complicated. Here we present a short direct proof of PFCT, based on [4] and [7].

Proof of Theorem 1: That non-containment of A in any of these subclasses is necessary
for functional completeness of A is clear, since otherwise [A] would be contained in one
of them. However, none of them equals P» (since, e.g., none of them contains 7).

Conversely, let A contain functions fo, f1, far, fs, fr (not necessarily distinct) such
that fo & To, f1 € T1, fm € M, fs &S, fr ¢ L. We wish to show that [A] = P».

Let f} € Ps be obtained from fo by identifying all its variables. Then f} € [A] and
f4(0) = 1. We distinguish two cases according to the value of f§(1).

Case 1: fi(1)=1

In this case, f§ = 1. Let f] € P21 be obtained from f; by identifying all its variables.
Then f| € [A] and f](f}) = fi(1) = 0 € [A] as well. Assume that fy; € PJ*. Since
fm & M, there are ai,az,...,an,b1,b2,...,bp € B such that a1 < b1, ag < ba, ...,
an <bn, flai,a2,...,an) =1, and f(b1,b2,...,bn) =0. Let f}, € P4 be the function
obtained from fj; by replacing x; with 0 if a; = b; = 0, with 1 if a; = b; = 1, and with
x1 if a; = 0 and b; = 1. Then f}, € [A] and f},(0) = fa(a1,a2,...,an) = 1 while
(1) = far (b1, b2, ..., bn) = 0. It follows that f}, = —, so {0,1,-} C [A].

Now we use fr,. Since fr, ¢ L, we can write it in the Zhegalkin-polynomial form

n
fr(zi,@2,...,xn) = ao + Zail’i + @i Tiy @i, + g(T1, T2, ..., Tn)
i=1
where ag,a1,...,an € B, r > 2,1 <41 <i2 < --- < i < n, and g is a Zhegalkin
polynomial with all terms of total degree r or more, but with no x;, z;, - - - z;, term.
Let f} € P22 be the function obtained from fr, by substituting 1 = « for x;,, z2 =y
for x;,, @iy, ..., T, and O for all the remaining variables. Then f} € [A], and we have

fr(z,y) =a+be+cy+ay

for some a,b,c € B. So there are eight possibilities for f , as shown in Table 4. From
Example 1 it follows that the set {—, 7} C A is functionally complete in all eight cases,
hence A is functionally complete as well.

Case 2: fi(1)=0

In this case, f§ = —. Assume that fg € PJ'. Since fg ¢ S, there are a1, az,...,an € B
such that fs(a1,az,...,an) = fs(na1,-az,...,-an). Let fi € P21 be the function
obtained from fg by replacing x; with z; if a; = 1, and with -z if a; = 0. Then
fs € [A] and f4(1) = fs(ai,a2,...,an) = fs(—a1,-az,...,—an) = f5(0), so either
f& =1or fi = 0. Since we also have -, we see that {0,1, -} C [A], and we can continue
in the same way as in Case 1. O

Corollary 1 Let P = {Tp,T1,M,S,L}, and let M denote the set of all mazimal
subclasses of Pa. Then M = P.
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Proof: Note first that none of the elements of P is contained in any other element of
P, as witnessed by Table 5 (where the self-dual, non-affine function h € P23 is defined
by h(z,y,2) = zy + zz + yz).

Next we show that the elements of P are mazimal subclasses of P>. Assume not, and
let some A € P be non-maximal. Then there is an f € P> \ A such that [AU {f}] # P>.
By Theorem 1, it follows that A U {f} is contained in some C € P\ {A}, contradicting
the mutual incomparability of the elements of P, hence P C M.

Finally, we show that M C P. Assume not; then there is a maximal subclass A of
P> which is not in P. Then A, being maximal, is not contained in any of the elements
of P. Hence, by Theorem 1 again, we have [A] = P>, contradicting the definition of a
maximal subclass. This finishes the proof. [

4. Some Mathematica implementations

In this section we present some representations and algorithms for solving prob-
lems P1 — P4 and their Mathematica implementations. Concerning P1, we use the
Zhegalkin-polynomial normal form to represent Boolean functions, converting an arbi-
trary polynomial with integer coefficients to the corresponding Zhegalkin polynomial by
reducing its coefficients modulo 2, and replacing powers of variables by the first powers:

Table 4
The eight possible values of f7 .

le|latbrteytay| s

xyY A
y+ay Ve
T+ zy -+

r+y+zy Vv
1+zy T

1+y+ay A

1+z+4+2zy —

1

b
0
0
1
1
0
0
1
1 1+z+y+ay

=== = O O O Ol
= O = O = O = O

Table 5
Some elements of P> witnessing mutual incomparability of Ty, T7, M, S, and L.

l¢mlen [¢m|es|¢r

€Ty 0 + 0 A
S5 1 — 1 A
e M 1 0 0 A
es - - h
€L 1 0 - 0
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(* Zhegalkin-polynomial form of a polynomial over Z *)
zp[p_] := PolynomialMod[Expand[p] //. Power[x_, n_] -> x, 2];
(* some Boolean functions in Zhegalkin-polynomial form *)

notlp_]l := 1+ p // zp;

and[p__] := Times[p] // zp;

or[p__] := not[and @@ not /@ {p}] // zp;
xor[p__] := Plus[pl // zp;

equivalent[p__] := not[xor @@ not /@ {p}] // zp;
implies[p_, q_] or[not[pl, ql // zp;
sheffer([p_, q_] not [and[p, qll] // zp;
peircelp_, q_] := notlorlp, ql] // zp;

To solve P2, we use Theorem 1 according to which a set A C Ps is functionally complete
iff it is not contained in any of the five Post’s classes Ty, T1, M, S, or L.

(* test a Boolean function for membership in the five Post’s classes *)

TO[expr_] :=

zplexpr /. Thread[Cases[expr, _Symbol, Infinity] -> 0]] === 0;
Ti[expr_] :=

zplexpr /. Thread[Cases[expr, _Symbol, Infinity] -> 1]] === 1;
M[expr_] :=

Module[{zpe = zplexpr], vars = Cases[expr, _Symbol, Infinityl, n, y, vi},
n = Length[vars]; vl = y /@ Rangel[n];
zp[implies[and @@ Thread[implies[vars, vi]]

implies[zpe, zpe /. Thread[vars -> v1]]]] === 1];
Slexpr_] :=
Module[{zpe = zp[expr], vars = Cases[expr, _Symbol, Infinityl},
zpl(expr /. Thread[vars -> vars + 1]) + 1] === zpel;

L[expr_] := FreeQ[zp[expr], Times];
(* test a set of Boolean functions for functional completeness *)

FCompleteQ[f_List] :=
Module [{properties = Thread[Through[{TO, T1, L, S, M}[#]] & /@ f1},
Not [0r @@ ((And @@ #) & /@ properties)]];

Problem P3 can be solved by first solving P4 (given A, compute [A]), then checking
if f € [A]. We present here a simple procedure closurel[f, n, x] where £ is a list of
Boolean functions and their arities, n is a natural number, and x is the symbol used to
name variables, which incrementally builds all functions of at most n variables that can
be obtained from the functions in £ and the variables =1, z2,...,z, by compositions.

closure[f_List, n_Integer, x_Symbol] :=
Module[{o0ld, new, increment},

(x £ is a list of the form {{f1,mi1},{f2,m2}, .., {fr,mr}}
where fi denotes a Boolean function of mi variables *)

(* n is the number of variables *)

(* "closure" returns all Boolean functions of x[1], x[2], .., x[n]
that can be constructed by composing f1, f2, .., fm *)

For[(* start *) old = {}; new = Table[x[i], {i, 1, n}],
(* test *) old !'= new, (* incr *) ,
(* body *)
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increment =
Union[zp /@
Flatten[Outer @@ Join[{#[[1]1]}, Table[new, {#[[2]11}]1] & /@ £f11;
old = new;
new = Union[new, increment];
Print [Length[old]]

Return[new]];

This procedure is very time- and space-consuming, so it can be used on small examples
only. We believe that a much more efficient closure computation can be devised by
closely following Post’s construction of finite bases for all the subclasses of Px.
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PaccmaTpuBaroTcst CHMBOJIbHBIE BBIUHCIIEHUs B asirebpe Po GyiieBbIX (DyHKIMI ¢ OnepamusMu

Maunbuesa. Takne BOnpochl, Kak “mopoxkmaercst au Po HEKOTOPBIM KOHKPETHBIM MHOYKECTBOM
dbyskumit” niam “BbipasuMa Jin JaHHas KOHKpeTHas MyHKIUA B JaHHOM 6a3nce” MoJly4aioT OTBET
GJtaromapst UCIIOJIB30BAHUIO PE3yJIbTATOB [locTa O CTPYKType pemeTkn nojanrebp aareGpbr
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Ps. Mbl 1puBOoIMM KOPOTKOE JOKa3aTeJbCTBO TeopeMbl ITocra 0o dpyHKIMOHAIBHON HOHOTE, a
Takyke peajnsanuio B cucreme Mathematica coorBeTcTByIONMX IIPOIELYD.

KiroueBbie cioBa: OysieBbl dyHKIMH, noianHoMbl 2Kerasknna, oneparnuun Masibliesa,
onepanuu 3aMblkaHusi, TeopeMa [locra o dpyHKIMOHANBHON nTONIHOTE, pernerka [locra.
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We study the saddle-node bifurcation in codimension-k families of holomorphic planar
vector fields, admitting a persistent invariant central manifold. This situation corresponds
generically to the coalescence of k + 1 simple stationary points into a single multiple (i.e.
irregular) point. In a previous work with C. Rousseau, we studied the corresponding family
of non-linear Stokes phenomena, measured by a functional modulus encoding completely the
conjugacy class of the bifurcation up to local analytic changes of coordinates, parameters
and time. We were also interested in the inverse problem, which is far more difficult than
for the non-parametric case. This study led us to provide analytic normal forms with simple
expressions. Here we investigate to which extent these objects can be computed (numerically
or symbolically) and how these computations pertain to the problem of family-wise Liouvillian
integrability and to the inverse problem.

Key words and phrases: Saddle-node bifurcation, classification moduli, normal forms,
differential Galois theory.

1. Introduction

Heuristically, moduli spaces of holomorphic dynamical systems not only encode
but also describe qualitatively the dynamics itself, and to some extent allow a better
understanding of dynamical phenomena and Galoisian properties. The present work
is based on the article [1] by C. Rousseau and myself, which is a part of a long-
lasting program aimed at studying the orbital conjugacy classes of vector fields in the
neighborhood of stationary points (up to local changes of analytic coordinates, parameter
and time reparameterization).

A natural tool for studying conjugacy classes is the use of normal forms. For
hyperbolic stationary points (generic situation), the system is locally conjugate to its
linear part so that the quotient space of (local) hyperbolic systems is given by the space
of linear dynamical systems. However, for most non-hyperbolic stationary points the
normalizing changes of coordinates (sending formally the system to a normal form) is
given by a divergent power series. Divergence is very instructive: it tells us that the
dynamics of the original system and that of the normal form are qualitatively different.
In that respect, a subclass of systems that has been thoroughly studied in the beginning
of the 80’s is that of 1-resonant singular points, more specifically saddle-node singularities
of 2-dimensional vector fields and irregular singular points of linear differential systems.
Both systems share a major feature: they can be understood as the coalescence of
systems made up of “simple” stationary points.

The most basic example of such a coalescence is given by the codimension-1 saddle-
node unfolding

o 0
Ze (z,y) = (2> +¢) — +y— ,eeC.
6( y) ( ) o yay
Real slices of the phase-portraits are shown in Figure 1.1. The merging (bifurcation)

occurs at € = 0: for € # 0 the system has two stationary points located at (:I:\/—e, 0)
which collide as € reaches 0.
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(a) e<O (b)y e=0 (c)e>0

Figure 1.1. Typical members of the simplest saddle-node bifurcation.

The idea of analyzing “complicated” dynamics as the limit of “simple” dynamics was
suggested by several mathematicians, including V. ArRNoLD, A. BoLiBRUCH and J. MAR-
TINET. It was put in practice for unfoldings of saddle-node points by A. GLUTSYUK [2]
on regions in parameter space over which the confluent points are all hyperbolic. The
system can be linearized in the neighborhood of each singularity, and the mismatch in
the normalizing changes of coordinates tends to the components of the saddle-node’s
Martinet-Ramis functional modulus [3] when the singularities merge. It took some more
years to build the tools that were missing for a full classification of unfoldings of multiple
singularities, in particular on a full neighborhood in parameter space of the bifurcation
value. The gap was bridged mostly by C. Rousseau and her collaborators using the
visionary ideas of A. Douapy and P. SENTENAC [4].

In [5] was described a set of functional moduli for unfoldings of codimension-k saddle-
node vector fields Z = (Z¢), depending on a finite-dimensional parameter ¢ € ((Ck, 0)
and equating the Martinet-Ramis modulus for ¢ = 0. Here we focus mainly on the
inverse problem and on the question of computing normal forms. The problem under
investigation is twofold: what quantities attached to the conjugacy class can be effectively
computed, either symbolically or numerically, and what Galoisian information may be
gained from such computations.

In the rest of the introduction we recall the material needed for the rest of the
presentation.

1.1. Modulus of orbital classification

A saddle-node point of codimension-k is viewed as the limiting object of the coalescence
of k + 1 simple (regular) stationary points. Each merging stationary point organizes
the dynamics in its own neighborhood in a rigid way. The local models of these
rigid dynamics seldom agree on overlapping areas and in general cannot be glued
together. If this incompatibility persists as the confluence happens, then we have
divergence of the normalizing series at the limit (the normalizing series is nonetheless
k-summable). The divergence is measured by the Stokes phenomenon: there exists
a formal normalizing transformation, and a covering of a punctured neighborhood
of the singularity by 2k sectors over which there exist unique sectorial normalizing
transformations that are Gevrey-asymptotic to the formal normalization. Comparing the
normalizing transformations on intersections of consecutive sectors provides a modulus
of analytic classification. This modulus takes the form of Stokes matrices for irregular
singularities of linear differential systems, and functional moduli for singularities of
nonlinear dynamical systems.
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In the spirit of this general context we can associate to any saddle-node unfolding Z
a (family of) functional data

m = (1@71/1?)56(@,0) )

which is a complete invariant for orbital analytical classification. For fixed ¢ each
component of m is an element of C{h} i.e. a germ of a holomorphic function near 0.

The very nature of this geometric construction in [5] prevents the modulus to be
continuous on the whole parameter space. This space needs to be split into a finite
number of cells whose adherences cover a neighborhood of the bifurcation value, on
which the modulus is analytic with continuous extension to the adherence.

1.2. Inverse problem and normal forms

At the time of the first works on the question, identifying the moduli space was still out
of reach. Performing this identification is called the inverse problem. Let us formulate it
in the case at hands.
Inverse problem. Among all elements of the vector space M to which m = (me),
belongs, to identify those coming as moduli of a saddle-node unfolding.

The paper [1] answers completely this challenge in the case of bifurcations with
a persistent analytic center manifold, which we call convergent unfoldings (this
property can be read in the modulus as the condition ™ = Id). The nice feature is
that solving the inverse problem ultimately provides unique normal forms (privileged
representative in each analytic class).

Normalization Theorem [1]. Let k € N be given. Fore = (o, ...,e5_1) € CF define
the polynomial

k—1
P. (z) ;= zFt1 4 Z ajxj.
J=0

Take an unfolding Z of a saddle-node of codimension-k.

1. There exists p € C{e} such that Z is formally orbitally conjugate to the formal
normal form

7] 7]
X, (z,y) := P: (x) B +y (1 +uexk> 3

The stationary points coincides with P=* (0) x {0}.
2. Let us introduce the functional space in the complex multivariable (e, x,v) € Ck+2;

k
Sectiony, {v} := ¢ fe (z,v) = ngyj ()zd : fej (v) € Cle, v}

j=1

Fiz p € C{e} and choose T € Z>( such that pug + (k+1)7 ¢ R<g. For every
convergent unfolding Z with formal invariant p, there exist R € Sectiony { Py}
such that Z is analytically orbitally conjugate to the analytical normal form

N 0
X=X 4+ Ry—.
+ yay
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Although any element of the specialization of M at € = 0 can be realized as the
modulus of a saddle-node vector field [3, 6], this property does not hold anymore for
unfoldings: the typical element of M N {y™ = Id} can never be realized as a modulus of
saddle-node bifurcation. Let us explain how this is so. It is rather easy to get convinced
that there is no obstruction to realize any given deformation (mc) ¢ of a saddle-node’s
modulus mg over any given cell £ in parameter space. The sole obstacle lies in gluing
these cellular realizations together over cellular intersections in order to obtain a genuine
analytic parametric family Z whose modulus agrees with m. Favorable situations can
be characterized by a strong criterion imposed on m, called compatibility condition.
The condition is that the abstract holonomy pseudogroups generated by m on different
cells be conjugate.

Realization Theorem [1]. Take m € M and assume ¥™ = Id. The inverse problem
for m can be solved if, and only if, m satisfies the compatibility condition.

Remark 1. The general case of a bifurcation without analytic center manifold (arbitrary
™) remains open.

1.3. Some bizarre phenomenon and some computations

Let us give an example of the kind of unexpected situations that can arise.

Global Moduli Theorem [1]. Let i € C{e} and m = (¢°,1d) € M be given. Assume
that m is holomorphic, in the sense that the expression of ¥° over any cell is given by
the restriction of a function M holomorphic on a whole neighborhood of 0 in parameter
space. The following conditions are equivalent:

1. m satisfies the compatibility condition,

2. either m =0, or k =1 and there exists d € N, o € C{e} \ {0} such that
— du € Z (in particular p is a rational constant),
— M (e,h) = —Llog (1 — ach?).

If one of the conditions is satisfied and m # 0, then a normal form realizing m is:

X =X +¢&%zP(z)¢ derlag
Y

for some Kk € N. We then speak of Bernoulli unfoldings because the underlying
non-autonomous differential equation induced by the flow is Bernoulli.

Remark 2. This theorem implies that, when k£ > 1, it will surely be very difficult to
compute “explicit” examples of moduli m, even in the case of Liouville-integrable vector
fields, which is in complete contrast with the limiting case ¢ = 0 [7].

Although this theorem is proved by a rather subtle dynamical analysis, we can get
the gist of why du € Z by performing an explicit computation.

Computational Lemma [8]. Here k = 1. Let us introduce the double covering
e = —s? in the parameter space so that P: (z) = (z—s)(z+s). Assume Z. =
Xo+y™ (Aez™ +0(2™) +0(y)) Biy with Ae # 0.

1.
me (h) = Ach™ A (s) + o (h™)

where

)
A(s) = Em)™ X (some abstruse even function of s) x T (s)
' (mpy)
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_ R T+ )
) .

T (s):= X :
Lsp = D(—g— "

2. The function s — A(s) is holomorphic and bounded on the sector

1 7
S:= {0<|s|< —_—, z <args<1}
2[pol " 4 4

and extends continuously at 0.
3. The function A is an even function of s (i.e. holomorphic in €) if and only if
mu € Z. In that case p is a rational constant.

The result is shown by using the Pochhammer contour integral formula for the Beta

function. Indeed an affine change of coordinates sends (z — s)® (z + s)° to a multiple of
(1-2)* zP. The final expression comes from diverse classical properties of the Gamma
function. The eventual lack of evenness of the period comes from the term T (s). If
mp is not an integer then T (s) is multivalued and has an accumulation of zeros and
poles as s — 0 outside the sector S. Only the coincidence of these two infinite sets when
mpy € Z allows the dominant part of m to be holomorphic through lucky root / pole
cancellations.
Remark 3. When k > 1 it is not clear that it is possible to even compute “explicitly’
the dominant part of m. It seems that hypergeometric functions may be involved, but
the computations are hardly tractable. I wonder if this coincidence with the conclusion
of the Global Moduli Theorem (if £ > 1 then no “nice” non-trivial modulus may exists)
is purely fortuitous.

R3]

2. Computing the modulus and the normal forms

In all the following all unfoldings are assumed to be in prepared form [1], that is
~ 9 o
ZS (%Z/):Xg (x7y)+y A(x7y)87y

where A is some holomorphic germ.

Definition 1. We say that a power series > anz™ is numerically computable

n€Z>q
if for each n € Z>( there exists a Turing machine imputing a precision § > 0 and
outputting a floating point approximation of a, up to 4.

Theorem 1. Take a convergent unfolding Z and a value of € € ((Ck, 0) for which Z.
is numerically computable. Then the corresponding modulus me and normal form X,
are numerically computable.

This theorem is an adaptation of the work done in [6] for € = 0. The cornerstone of
the argument is that the correspondence Z +— m is “upper k X k-block triangular”, in
the sense that the p-jet of m only depends on the p-jet of Z. As noted before, the main
difference with the case € = 0 is that it is probably not possible to compute “explicitly”
the diagonal blocks.

In the same vein we obtain another result similar to the case € = 0 regarding symbolic
computations.

Theorem 2. The modulus m associated to a convergent unfolding Z can be expressed

in finite terms by Liouvillian towers of path-integrals involving only rational constants,

the components of Z, the orbital invariant p and the 1-forms Pd(i>.
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The proof relies on the fact that the Taylor coefficient of m can be determined
by comparing local normalizations around hyperbolic points, which are obtained by
iteratively solving inhomogeneous linear differential equations involving only the formal
normal form X and the components of Z. It is not clear to which extent one can get rid
of the use of iterated integrals. Yet the recent work of O. BouiLLoT and J. EcaLLE [9)
on multizetas and the effective computation of moduli of resonant diffeomorphisms seems
to clear the path towards more “explicit” formulas.

3. Computing the compatibility condition

In the convergent case it is possible to prove the following result.
Theorem 3. The compatibility condition is an analytic condition in m.

By this we mean that whether m fulfills the compatibility condition is encoded by a
set of analytic constraints on its Taylor coefficients (see [10] for a precise and practical
framework of analyticity in spaces of power series). Although the number of Taylor
coefficients is infinite, each constraint only involves finitely many of these variables.
Writing down these constraints seems a very tedious task, but because it is nonetheless
possible to do so we obtain a way of ruling out in finite time those m that do not meet
the compatibility condition.

Corollary 1. Determining whether m fulfills the compatibility condition is semi-
decidable.

4. A Galoisian application

Heuristically, classification moduli carry Galoisian information (pertaining to the
integrability in Liouvillian closed-form). For instance, in the limiting case of a saddle-
node singularity it is well-known that Martinet-Ramis moduli play the same role for
non-linear equations as Stokes matrices do for linear systems near an irregular singularity.
A Galoisian formulation of this fact in terms of the Galois-Malgrange groupoid [11,12]
can be found in the work of G. CasaLE [13]. When the differential equation depends on
a parameter ¢, the recent thesis of D. Davy describes a form of “semi-continuity” for
specializations of its parametrized Galois-Malgrange groupoid 9. He proves that the
size of the groupoid 9. is constant if € is generic, more precisely if the parameter does
not belong to a (maybe empty) countable union §2 of hypersurfaces, while for e € Q the
groupoid M. can only get smaller.

Consider the extreme case P: (x) % +y (1+ pea® + eRe (z,y)) (,% for R arbitrary:

the vector field Xg is surely “not less integrable” (it is the formal normal form) than
for € # 0. This is actually the only possible kind of degeneracy near the saddle-node
bifurcation, for we have established that QN (C*,0) c {0}.
Integrability Theorem [1]. Let (Z:)
statements are equivalent.

1. The vector field Z. admits a Liouvillian first integral for all € € ((Ck, 0).

2. The vector field Z. admits a Liouvillian first integral for infinitely many € €

(C*,0).
3. Its normal form is a Bernoulli unfolding.
4. The modulus ms is of the form h — —% log (1 - aghd) for alle € ((Ck,O).

Because we can compute (at least numerically) the modulus of a (computable)
unfolding for a given (computable) value of the parameter e, we can detect in finite time
that a given unfolding is not Liouville-integrable.

. be a convergent unfolding. The following
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Corollary 2. Determining whether a (computable) convergent unfolding admits a
family of Liouvillian first integrals is semi-decidable.

The recent work of G. Chéze and T. Combot on the determination of the transverse
rank of a 2-dimensional polynomial vector field brings hope that for polynomial unfoldings
it may be possible to design an actual algorithm solving the en famille integrability.

5. Conclusions

We study non-linear saddle-node bifurcations of arbitrary codimension with a per-
sistent invariant central manifold. We address the issue of the inverse problem for the
classification modulus, which leads us to tackle the question of computing related objects.
We have proved that at least numerical computations can be performed on convergent
unfoldings to effectively determine:

— their modulus of classification,
— their analytic normal forms,
— if they do not admit a family of Liouvillian first integrals.

The path to symbolic computation is more difficult to tread, except if one allows iterated
integrals as basic building blocks or take into account very recent results regarding
mould / alien calculus or estimation of the transverse rank of the Galois-Malgrange
groupoid.
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CinsiHne KOMILJIEKCHBIX OCOOBIX TOYEK
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Jla6opamopus IRMA, Cmpacbypeckuii ynusepcumem, Cmpacbype cedexc 67084, Pparuus

Email: teyssier@math.unistra.fr

PaccmarpuBatorcs 6udypkanun “cemiioysen’ B ceMeiicTBaX KOpasMEPHOCTH k rojoMopd-
HBIX BEKTOPHBIX IIOJIEH Ha IJIOCKOCTH, JOIYCKAIIIUX YyCTOHYNBOEe NMHBAPUAHTHOE I[€HTPaJIbHOEe
MHOroo6pasue. B ciydae 06IIEro MoJIozKeHus, 3Ta CUTyalls COOTBETCTBYET ciausiuuio k + 1
NPOCTBIX CTAIMOHAPHBIX TOYEK B OAHY KpaTHYIO (T.€. MPPEeryisipHyio) TOUKy. B mpeabimyeii
pabore Mbl coBMecTHO ¢ K. Pycco usydasu coorBeTcTByIoliee ceMeiicTBO HEJIMHEHHBIX SBJIe-
uuii CTokca, onpeaesnsieMblXx OYyHKIMOHAIBHBIM MOJYJIEM, TOJHOCTHIO OIMUCBHIBAIOIINM KJIACC
COIIPSAYKEHHOCTU 6UdypPKAIUU C TOYHOCTBHIO JI0 JIOKAJbHON aHAJIUTUYECKON 3aMEHbI KOODIH-
HAT, MapaMeTPOB M BPEeMEHHU. BBUIO TakXKe yJeJieHO BHUMaHue o0paTHON 3ajave, HAMHOIO
6oJiee CJI0’KHOM, YeM B HellapaMeTPUUYECKOM Cjlydae. DTO IPUBEJIO HAC K IIOUCKY NPOCTBHIX BbI-
paXkeHuil sl aHAJIMTUIECKUX HOPMaJbHbIX dhopM. B HacTosmel craTbe JesaeTcst MONbITKa
BBIFICHUTBH, HACKOJIBKO 3THU O6'beKTbI IIOA/1a0TCA BbBIYUCJIEHUIO (‘II/ICﬂeHHOMy MJIM CUMBOJIBHO-
My) M HACKOJIBKO TaKHe BBIUNCIIEHUS aJeKBATHBI KaK IpobyieMe HHTErPUPYEMOCTH CceMeicTB
no JInyBuutio, Tak u 06paTHOM 3ajadue.

KuroueBble cioBa: 6udypkamus “cemioysetr’, KaacCuUIUPYIOIe MO/IYJIN, HOPMAaJIb-
ubie dpopwmbl, nuddepennuanbaas Teopus Lamya.
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Jlenuncrue 2opw, 0. 1, Mockea, Poccus, 119991
t Darnysvmem womnvromepnor nayr,
Havyuornarvruli uccaedosamenvekull yrusepcumem «Buicuiai ukona dKOHOMUKUS,
Mocxksa, Kounoscrkuti npoesd, 0. 3, Mocksa, Poccus, 125319

Email: m_tikhonova94@mail.ru,alexey.zobnin@gmail.com

Broruncienue 6asuca I'pébHepa MOJIMHOMUAIBLHOTO HUJEAJA SIBJISETCA BBIUUCIUTEILHO CJIOMK-
HOH aKTyaJbHOU NpoGJIeMOl COBPEMEHHON KOMIIbIOTEepHO# anrebpnl. s ee penrenus: 6bL1
NPEJIOXKEH PsiJ] aJI'OPUTMOB, OOJILIIMHCTBO M3 KOTOPLIX ONUPAIlOTCsA B cBoeil pabore Ha
pasJyindHble 3BpUCTUKU. B pabore paccMaTpuBaeTcsi BOIPOC O NPUMEHUMOCTH MAIIMHHOTO 06y~
YeHUs /IS ONTUMU3ANUU paboThl OJHOIO U3 TAKUX AJITOPUTMOB — ajropurma Fy — myrem
YMEHBIIIEHUs] YNUCJIa UTepaluii, HeOOXOJUMBIX [JIsl BBIYUCIeHHUs 6a3uca ['pébuepa, Guaromaps
ONTUMAJILHOMY BBIGOPY cTpaTeruu. Tak»Ke MPOU3BOAUTCH PsiJi SKCIIEPUMEHTOB, JIEMOHCTPUPY-
01X 3OPEKTUBHOCTD IPUMEHEHUSI OJHOIO U3 JAHHBIX METOJOB, U3BECTHOTI'O KaK MallnHa
OIOPHBIX BEKTOPOB, JJIsl YCKOPEHUsl paboThl Fy.

KuiroueBble cjioBa: KOMIBIOTEPHBIE HAyKH, KOMIILIOTEpHast ajirebpa, MAIIuHHOE 00y JeHune,
MAaIllMHa OINOPHBIX BEKTOPOB, 6a3uc I'pébuepa.

1. Bsenenue

CucreMbl KOMIBIOTEPHOM aarebpbl IPUMEHSIIOTCS J1JIs PELIEHNs Psiga MaTeMaTHde-
ckux npobseM. OQHAKO BO MHOTHX IIPOTPaMMaXx HCIOJIbL3YETCs DAL 9BPUCTUK U HAOOD
apaMeTpoB, BEIOOP KOTOPBIX 3a4acTyi0 OCHOBAH JIMIIb HA SMIIMPUYECKOM omnbiTe. Vx
[IPUXOAUTCS 3aJaBaTh BPYYHYIO IIePeJl HEIIOCPEICTBEHHBIM 3allyCKOM IIpOrpaMMbl. B
JAHHOM KOHTEKCTE Npobaema 6b60pa as20pumma — 3TO MpobiiemMa BbIOOpa HACTPOEK
mapaMeTpoB, ONTHUMAJbHBIX [JIsI PEIIeHUsI KOHKPETHON 3amadu. Bribop mapamerpos
MOXKET 3HAYUTEJbHO IOBJIMATH Ha CKOPOCTb PabOTBI Iporpammbl. Maesi npumeHuTH
METOIBI MAULUHHO20 06YHEHUA, a UMEHHO OOydeHHEe C ydHTesEeM, JJIs HoA00pa OITH-
MaJIbHOrO Habopa ImapaMeTpPOB BO3HHUKJIA JOCTATOYHO HEJABHO, OMHAKO SIBJISIETCS BECHMAa
nepcnektuBHoi. Tak gaHHbI oAX0N GBI paccMorpeH B [1] u [2].

B mannoit pabore mcciesyercss BOIIPOC O TOM, HACKOJIBKO XOPOIIO PabOTAaIOT METOIbI
MAIIMHHOIO O0yYeHUsl JJIsl PEIIeHNs] Psifia IPOBJIeM KOMIIBIOTEPHOM ajrebphbl, CBsi3aHHBIX
¢ npobJiemMoii BbIGOpa ajropur™Ma. A MMEHHO IIPOU3BOAUTC aHAIU3 3(PDEKTUBHOCTH
HCIIOJIb30BAHMSI OJHOIO M3 METOIOB MAIIMHHOIO OOYUEHMsI, U3BECTHOI'O KaK MAallllHA
onopHbIX BeKTopoB (SVM) jyuist yckopenusi paboThl alropurMa mocrpoenus 6asuca I'pét-
Hepa — Fy. C HOMOIIBIO MAIIMHBI OIIOPHBIX BEKTOPOB U1t KaK/I0T'0 UeaJia OlIPeIe/IAeTCs
ONTHMAJIbHAs CTPATErusi BEIOOpa S-IIOJIMHOMOB ISl PELyKIJUH.

2. OcHoBHas YacTb
2.1. HWcnosas3yemble 0603HAYEHUS

k[z1,...,2Zn] — KOJBIO MHOIOYJIEHOB OT 1 NEPEMEHHBIX HaJ nojeM k;
1t(f) — crapmuit MoHOM MHOTOWIEHA [}

1t(f) — crapmmuii koaddurment Muorowiena f;

16(f) = 1t(f) - t(f) — crapmuit repm MHOrOUICHA f;

lem(m1, m2) — HanMeHbIIee O0OIIEe KPATHOE MOHOMOB M| U TM2;

_ lem(1t(f), 1t(g)) lem(1t(f), It
S(fug)* < (lt(f) g f_ = 1&(;) (g))

g — S-nosmmHOM.
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2.2. Basucsel I'pébuepa

Basuc I'pébrepa — MIEPOKO UCIOIb3yeMblil HHCTPYMEHT COBPEMEHHON ayrebpst. B Tom
qucJjie, OH HUCIOJIb3yeTCdA IIPU PEIIEeHNN CUCTEeM IIOJIMHOMUAJIbHBIX ypaBHeHI/II‘;I; C ero
IIOMOIIIBIO peraeTcd HpOGJ’IeIVIa, BXOXK/JE€HHWA MHOI'OYJI€EHa B TTOJIMHOMHUAJIbHBIN uaeaJi.

PaccMoTpuM KOJIBIIO MHOTOYJIEHOB OT 7 IIEPEMEHHBIX k[T1, ..., Zn]. 3adurcupyem
HEKOTOPbIl MOHOMUAJIbHBII HOPsIJIOK Ha [IEPEMEHHBIX. DTO HO3BOJISIET JJIsi KayKJO0ro HEHY-
JIEBOI'O MHOT'OYJIEHA OIPEIEIUTH CTapIINil MOHOM, CTapIINii KO3 MUINEHT U CTAPIINi
TepM.

OnPEAENEHUE. Basucom ['pébrepa monmumHOMHUAIBLHOIO ugeasta | Ha3bIBAETCH KO-
He4Hasl CHCTeMa IIOPOXKIAIOIINX, TaKasi, 4YTO JJIis Jiloboro Henysesoro f € I Haiiiercs
g € G, Takoit aro Im(g)|lm(f).

ONPENENEHUE.  Pedyyuposarmvim 6asucom I'pébrepa mommHOMUAIBLHOrO uaeana I
Ha3bIBaeTcs ero 6asuc I'pébuepa GG, Takoit, ITo:

1) koaddurmenT npu crapiineM MOHOME KaxKa0ro g € G paBeH eIMHHUIIE;
2) HUKaKOil M3 MOHOMOB HUKAaKoro g € G He JeIUTCs HU HA OJUH CTAPUIMHA MOHOM
APYTUX JIEMEHTOB 6a3uca;

IIycts I — nonumHOMHUAIBHBIA Ha€AJ, U 3aJaHO HEKOTOPOE MOHOMHUAJILHOE YIIOPSIIOtIe-
Hue. Torga cyliecTByeT €IMHCTBEHHBIN pelyunpoBaHHblii bazuc ['pébuepa umaeasna I.

OnpPEAENEHUE. PuKCHpyeM MOHOMHUAJIbHBIN Hopsaok. Ilycrs f u g — nBa mHOrO-
wiena, npuieM g # 0. Ilycrs Takxke (g) gesmt m — OJMH U3 MOHOMOB MHOrOWIEHA f,
To ectb m = ult(g) st HeKoTOpPOrO MOHOMa u. Torma mepexon

foh=f—-ug
g

Ha30BEM asnemermaprotl pedyxyued f no g.
OnPEAENEHUE. Muorounes f pedyyupyemcs K MHOTOUIEHY T IIO MHOXKECTBY
B ={g1,...,9n} (0Go3navaercs f Y ), ecy HafiJleTcsl KOHeUHasl [I0CJIeI0BATEIbHOCTD

9JIEMEHTAPHBIX PEAYKIMI ¢ HaYajaoM f, KOHIIOM T U JeJauTeIaMu g; u3 B. Muorownen r
Ha3bIBAETCSl 0CMAmMokom pedykyuu. Ha 5ToM Kpurepun OCHOBaH OJUH U3 aJrOPUTMOB
HaxoxJenus 6asuca I'pébuepa — anzopumm Byxrbepeepa, KOTOPBIN IPOCT B PeaAIU3ALNAN
¥ MHTEPIPEeTAIUU, OJJHAKO BeCbMa Hed(M(MEKTUBEH C TOUKYU 3PEHUsI BHIYUCIECHUN U3-32
GOJIBIIOrO YnCia PeLyKIUH S-II0JIMHOMOB.

TeopreMA (Kpurepuii S-nap Byx6eprepa). Basuc G noauromuanrvrozo udeana I 6
klz1,...,zn] asasemca ezo 6azucom ['pébrepa mozda u moavko mozoda, xkozda A1060%
S-noaurom om mobuxr 08yxr noauromos basuca pedyyupyemcea x 0 no smomy basucy.

2.3. MammnHa onopHbIX BeKTopoB (SVM)

ONPEJAENEHUE. Mawuna onophur eexmopos (Support Vector Machine) — onua us
HaubOoJIee MOMYJIAPHBIX METOIOJIOMUH MAIIMHHOrO O0yY€HUsl, IPUMEHsIeMasl s 3a0a4
KJIacCuUKAIUU U PErPECCUOHHOTO aHAJIU3a. DTOT METOJI IPUHAJIEXKUT K CEMENCTBY
JIMHENHbIX KiaaccudukaTopoB. OCHOBHas €ro ujes — IIEPEBOJ UCXOIHBIX BEKTOPOB B
IPOCTPAHCTBO 60JIee BHICOKON PA3MEPHOCTU U IOUCK PA3JIEJISIONIEN TUIIEPILIIOCKOCTH C
MaKCUMAaJIbHBIM 3a30POM B 9TOM IIPOCTPAHCTBe. JIBe mapaJiiesibHbIe TUIIEPILIOCKOCTH
CTPOSATCA 1O 06EMM CTOPOHAM THIIEPILIOCKOCTH, PA3/IeJIsAoneil Kiaaccol. Pasnesnsoneit
TUIEPIIOCKOCTHIO OYZET IMIIEPIIIOCKOCTb, MaKCHMU3UPYIOMIasi PACCTOSHHUE OO0 ABYX
napaJijie/IbHbIX TUIIEPILIOCKOCTEH. AJITOpUTM paboTaeT B IPEIIOJIOXKEHUH, UYTO YeM
GoJIbIIle PA3HUIA WIJIM PACCTOSIHUE MEXK/Iy STUMH [TapaJlJIe/IbHBIMK TUIIEPILIOCKOCTIMH,
TeM MeHbIIe 6yAeT CpeliHssl OIMubKa KacCuduKaTopa.

st onerku paborsr SVM HE0OX01uMO BBIOpATbh HEKOTODBI CIIOCOO IOMEPUTH Kade-
CTBO KJ1accudUKaIUU, TO eCTh BbIOpaTh Mmempuky xauwecmea. K Hanbosiee U3BECTHHIM
METPUKaM KaveCTBa OTHOCATCA accuracy (00As MpasusbHull 0MEemos), precision (mow-
nocmu ), recall (noanoma), Roc-Auc (naouyadv nod Roc-kpusod).
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2.4. Augaropurm Fjy

Asnropurm Fy siBiisiercst ofHUM U3 HauboOJIee IOIYJISIPHBIX aJI'TOPUTMOB JJIsl BBIYUCJIEHUS
6asuca ['pébuepa. Ou 6p11 npemtoxken 2K.-111. @oxxkepom B 1999 romy, u aBisercs OIHAM
W3 CaMBIX OBICTPBIX Ha CEIOJHSINIHUI IEHb.

Ero uges 3akmouaercs B cienyromeM. IlycTb ecTb HEKOTOPOE KOHEYHOE MHOYKECTBO
muOrowieHoB F'. ITo aToMy MHOXKeCTBY cTponTcsl 60Jblast paspeskKeHHasi MaTPHIA, CTPO-
KU KOTOPOH COOTBETCTBYIOT MHOro4wieHaMm u3 F', a crosdupl — MOHOMaM. B marpuie
3anucanbl KO3 MUIMEHTH MHOTOMJIEHOB IIPU COOTBETCTBYIOMMX MoHOMax. CTosbipr MaT-
PHIIBI OTCOPTUPOBAHBI COTJIACHO BHIGPAHHOMY MOHOMHUAJIBHOMY YTIOPSZIOUEHHUIO (CTapImit
MOHOM COOTBETCTBYET IIEPBOMY CTOJIOIYY ). IIpuBe/ieHre TaKO# MaTpHILI K CTYIEHIATOMY
BHJY [IO3BOJISIET y3HATH 06a3WC JIHHEHHON 0060I0YUKN MHOrOWIEHOB u3 F' B mpocTpaHCcTBe
muOro4wiIeHos. Ilycts B KiaccuueckoM asropurme Byx6eprepa TpeGyercs MpOBECTH Imar
PEAYKIMH MHOIOYWIEHa f OTHOCHUTEJBHO ¢, U IIPH 9TOM ¢ JOJI?KEH OBITH JTOMHOXKEH Ha
monoMm M. B anropurme Fy B maTpunyy 6yayT cnenpansao nomernensl f u Mg. B [3] moka-
3aHO, ITO MOYKHO 3apaHee IIOATOTOBUTH MHOXKECTBO BCEX ITOTEHIHAIBHBIX JOMHOKEHHBIX
PeJLlyKTOPOB, KOTOPBIE MOI'YT IOTPeGOBATHCS, M IOMECTUTH UX 3apaHee B MaTpUILly (Takas
[IPOIE/LyPa HA3BIBAETCS CUMBOALHBM NPENPOUECCUHZOM).

Kpome Toro, BMecTO S-IOIMHOMOB MOKHO IIOMECTHTDH B MATPHUILY UX JIEBBbIE U IPABbIE
yacTH (IPH PEAYKIUH OJHOM CTPOKH 110 APYTroif aBTOMATHIECKH IOy YATCS S-IIOJIMHOM).
Haxkomnen, Tperbum orsmanem ot ajgropurMa ByxbGeprepa siBisieTcst TO, ITO B aJIlOPUTME
F, pasperiaeTcs MOMECTUTD B OAHY MaTPHUILy YaCTH CPa3y HECKOIbKUX S-IIOJIUHOMOB, BbI-
OpaHHBIX COIVIACHO KAKOW-/In0O cTparernu. Tak, ecii Ha KaxKJIOM I1are BbIOUPAETCs OIMH
S-mosIMHOM, TO OH MOBTOPSIET Kjaccuieckuil anroput™m Byx6eprepa. Ipyras kpaiiHOCTH
— KOTJIa Ha OYEpPEHOM Ilare PeaylnupyeTcss MHOXKECTBO BCEX MMEIOIIUXCH S-IIOJTMHOMOB.
Takoit moaxon Takxxke He 04eHb M PEKTUBEH U3-3a GOIBINIUX pa3MepoB MaTpuil. ABTOp
AJITOPUTMA MPEIJIOKIIT HOPMAALHYIO CMPAME2UI0 BBIOOPa S-ITOJIMHOMOB ISl PEJLyKIIWH,
COTJIACHO KOTOPO#l BBIOUPAIOTCST S-TIOJIMHOMBI C HAUMEHBIIIEH CTEIEeHbIO JIEBBIX U IIPAaBbIX
qacreil. OHa JaeT XOPOIIIe SMINPUIECKHIE Pe3yIbTaThl Ajsl ynopsgodenus DegRevLex
U ee BBIOOD SIBJISIETCS €CTECTBEHHBIM [IJIsI OJHOPO/IHBIX WJI€aJIOB.

Hpyroit u3sBecTHOI cTpaTerueii, KOTopas IPUMEHSETCS [Jjis BbIOOpa S-IIOJTMHOMOB
SIBJISIETCSL CATAPHAA CMpamezus, TOnpobHO paccMorpernHas B [4]. s ee onucanus
HEeoOXOMMO BBECTH NOHATHE carapa S /A TPOU3BOJILHOTO MOJHHOMA f, JIEPKAIIEero B
ugease I.

OMNPEJE/IEHHUE.

1) Hna obpasyiomux uaeana I nojmunomos f; caxap Sy, = deg(f;) pasen crenenu (a
HE CTENIeHH CTAPIIEro YJIeHa).

2) Ecmu f - moiMHOM, [JIsf KOTOPOrO y2Ke BBIYHMCIIECH caxap, a t - TepM, To Sif =
deg(t) + Sy.

3) Ecmu f =g+ h, u qns g u h yxe Boraucien caxap, To Sy = max(Sg, Sp).

B CaxapHOﬁ cTpaTerun BI>I6I/IpaIOTCH S-IIOJIMHOMBI C HAMMEHBIITUM caxapoM.

2.5. IIpumenenue SVM gJjist BbiGopa crpareruu. IlpeaBapuresibHbIN
aHaIN3 JaHHBIX.

OKCIEPUMEHTHI MMOKAa3bIBAIOT, YTO B OGHUX CJIydasx Oosee 3(PpEPHEKTUBHOMN sBIISIETCS
HOpMaJIbHasl CTPATErus, a B APYTUX Ciydasx — caxapHas. CyIecTByeT psiJi 9BPUCTUK,
KOTOPBIE IIO3BOJISIIOT MIPECKA3aTh BHIOOD CTPATErHH, OJHAKO OJHO3HAYHOTO IIPABUJIA
o0 cuX IOp He cylecTByeT. B manuoit pabore ¢ momoinpio SVM kiaccudukaropa
[IPE/ICKA3BIBAETCS ONITUMAJIbHAS CTPATErUsi, HOpMaJIbHAsl WJIM CaXapHasi, JJIsi BBIYUCICHUS
6azuca ['pébuepa ujeaJia.

B cucreme komnbroTepHOi anarebpsl Sage OblIa HAIMCAHA IIPOrPAMMA JIJIsi TeHepaIun
nopoxkgaomux ureata. C ee IOMOMIBIO OBLIO CreHEPEPOBAHO TPHU PA3INIHBIX HAOOpa
HUIeasoB:

1) 225 uzmeasoB B KOJIbIle MHOIOYWIEHOB OT TPEX IIEPEMEHHBIX I, Y, Z2 ¢ HEOTPHUIATEIb-
HBIMU TeJIbIMEu Koad dunpentamu Hag Q. s Kaxkioro ugeasa B CreHEPUPOBAHHOM
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Habope JaHHBIX YHUCJIO MOPOXKJAIOIIUX BapPbUPOBAJIOCH OT 2 10 4, MaKCHMaJlb-
HO€ YHCJIO MOHOMOB B Ka>KJIOM ITOJINHOME PaBHSJIOCh 3 U MaKCUMaJIbHasl CTEIEeHb
Ka>KJIOTr'0 ITOJIMHOMA T10 KaXKJ0¥ IIepeMeHHOI He IIPEeBOCXoAuIa 3.

2) 200 maeasoB B KOJIBIE MHOTOYWIEHOB OT TPeX IIEPEMEHHBIX T, Y, Z ¢ HEOTPULATE b
HbiMu KOs dunuentamu wan Q. HYucso nopoxkgaonmux 2 wian 3, MaKCUMaJIbHAs
CTeleHb 10 KaXKJO0i IIepeMEHHOM 1 MaKCUMAaJIbHOE YHCJI0 MOHOMOB B IIOJIMHOME HE
IIPEBOCXOIUIIO 3.

3) 225 upeanos HaJ Zz. YUCIIO0 NOPOXKIAOIMX OT 2 10 4, MAKCUMaJIbHAsI CTEINEHD 110
KaXKJIoi IIepeMeHHON U MaKCUMAaJIbHOE YHCJIO MOHOMOB B IIOJIMHOME HE IIPEBOCXOUIIO

Takue orpaHuYeHUs] TOHAOOMIUCH, YTOOBI OTPAHUYUTD CJIOXKHOCTb ¥ BpeMsi paboThl
ajiropurma.

Kaxxapiit Habop ureasos 6611 06paboTan cieyronmM obpasoM. Jjist Kaxk10ro ueasia
OBLIIO M3BJIEYEHO 8 IIPU3HAKOB:

1) 9mCI0 MOPOXKIAIOMNX;

2) MakKCHMAaJbHAas U3 CTENeHell MOPOXKIAIMINX 110 KAKOH-IN00 U3 IIepEeMEHHBIX;
) MaKcuMaJjibHAs U3 CTelleHel MOPOXKIAIONIUX;

) MaKCHMAaJIbHOE 9IHCJIO MOHOMOB CPEIU IOPOKIAOIINX;

) MHHUMaJbHas U3 CTENEHeil IOPOK/IAIOIIHX;

) MUHMMAJILHOE YUCJIO0 MOHOMOB CPEJH HMOPOXK/IAIOIIUX;

) MHOWKATOP TOrO, 9TO HIeas OZHOPOLHBII;

8) HMHIUKATOp TOTO, YTO H/eaJl yHUBAPHAHTHBII.

~ O Utk W

Takum 06pa30M, KarXKI0My U3 UIEaJIOB ObLII COIOCTABJIEH BEKTOP U3 BOCBMU YHCJIOBBIX
[IPU3HAKOB.

BareM Juisi KaXkJ0ro ujeasta ObLl HaitjeH 6asuc I'péGHepa ¢ MCIIOIB30BAaHUEM KakK
HOPMAaJIbHOM, TaK M CaXapHOW CTPAaTErwud, IIPH 9TOM ObLIO 3aMEpPEHO HHCJIO IIaroB
aJroOpuTMa B KaXKIOM Ciydae. B KadecTBe onTHMaJIbHOM crpareruu ObLia BLIOpaHA
cTpaTerusi ¢ MEHBIIUM 9HCJIOM IIAroB, & B CJIytdae, KOLZAa UHUCJIO IIAroB COBIIAJIO IJIst
oboux crpareruii, NpeAoYTEeHNEe OTJABAIOCh HOPMAJIBHON CTPATErUHU.

Ilepen npumenernemM ManmHHOrO OOy4YeHHs GBI Ipou3BeneH 0T60p mpu3HakoB. OKka-
3aJ10Ch, YTO TIOCJEAHUI NpU3HAK (MHAMKATOD YHUBAPHAHTHOCTHU HJeaJia) JJis HabopoB
JAHHBIX SIBJISETC HEMH(MOPMATUBHBIM, IIO9TOMY OH ObIJI MCKJIIOYEH U3 PACCMOTPEHUS.
Tak>ke GBI IPOBEIEH KOPPEJISIIIUOHHBIN aHAJIN3 U IOCIUTAHBL IIONaPHbIE KOPPEJIAIINT
MezK/y npusHakaMu. II0CKOIbKY BBICOKO KOPPEJIMPOBAHHBIX IIPH3HAKOB HE OKa3aJIoCh,
OBbLI OCTABJICH HAOOD U3 NAHHBIX CEMU IIPH3HAKOB.

C mOMOIIBIO aJropuTMa MAIIMHHOIO OOYyYEHUsi, M3BECTHOIO KaK CAYHAUHbLL aec
(random forest) Gblia POU3BeIEHA OIEHKA BAayKHOCTHU IIPU3HAKOB (J1JIs1 IIepBOro Habopa
JIAHHBIX) U IIOJIy9€Hbl CJIELYIONe PE3yJIbTaThL:

Feature name Importance
min_total degree 0.299
max_total degree 0.235

min_monomial num | 0.173
n_gens 0.139
max_monomial num | 0.131

is__homogeneous 0.02

max _degree 0.004

W3 tabmuust BugHO, uTO Hanbosiee NHGOPMATUBHBIMHA SIBJISIIOTCS IPU3HAKH, KOTOPHIE
OTBEYAalOT 33 CTEIEHU 00Pa3yoIUX UIAeasIa.
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Tabmuna 1
Yucsio peayKuuii IpH IOMIArOBOM BbIGOPE CTPATEruu
Howmep dataset | ML | Sugar Strategy | Normal Strategy
1 754 936 799
2 632 696 669
3 732 837 77
Tabuna 2

Hucsio peayKuuil Ipu IpeBapuUTeIbHOM BbBIOOpE CTpaTeruu

Homep | ML | Sugar Strategy | Normal Strategy
1 559 653 587
2 503 526 514
3 564 579 576
2.6. PesyabTaThl 9KCIIEPUMEHTOB

TTocste npeaBapuTeILHOTO aHAIN3a JAHHBIX Mbl IPUCTYIIUINA K BHIOOPY ONTUMAJIBHOMN
crparerun ¢ nomonisio SVM (6bu1 ucnonb3oBan KiaccuuKaTop SV U3 CTAHIAPTHON
6ubsimoreku python sklearn). Ilporpamma paGoraer B AByX pPas/M9IHBIX PeKUMaxX: [OIIa-
rOBBIH BBIOOD CTpATErny Ha KaXKJIOH MTepalyy aJropuTMa U Pa3oBblil BLIGOP cTpaTeruu
nepen BerauciaenueM 6asuca ['pébuepa Bcero naeasa. ITmocoM nepBoro noaxosa siBIsIeTCsT
GosbIasi rTUOKOCTh, Ha KAXKJIOM IIare ajJrOPUTM TOJACTPAMBACTCS MO, TEKYIIYIO 3a1ady.
IIpu Bropom moaxone SVM kitaccudukarop npumMensieTcss npu 06paboTKe Heasta JIUIib
€JIMHOXK b, HEe IPUXOJUTCA Ha KAaXKIOM IIare U3BJEKATH MPU3HAKU JJIs TPEICKA3AHUS
CcTpaTerud. 3a c4eT TOr0 IPOUCXOAUT SKOHOMUS YHCIIa OIIEPALUil, HO TepsIeTCsl THOKOCTb.

Bruna mpoBesena cepusi 9KCIIEPUMEHTOB [IJIsl TPEX CPEHEPUPOBAHHBIX HAOOPOB JTAHHBIX
KaK C IONIArOBbIM BLIOOPOM CTPATErUH, TaK U C IIPEIBAPUTEIHHBIM BEIGOpOM cTpaTeruu. B
KayKJIOM 9KCIIEpUMEHTE JaHHbIE ObLIM Pa3/eIeHbl Ha 00YYalolLyI0 U TECTOBYIO BHIOOPKYU
c test size = 0.2. [lns1 nsmepeHusi kadecrsa paboThl KIacCHMUKATOPa HU3MEPSIOCh
CyMMapHO€e YHCJIO UTepaluil, HeoOX0IUMOe JJIsl BBIMUCIEHNUs Beex Gasucos ['pébuepa u3
TECTOBOM BBIOOPKH, & 3aTEM CPaBHUBAJIOCH C UHUCIOM HTepanuil mpu pabore oObraHOro Fy
6e3 MalIMHHOrO 0Oy4YeHus C KaxKJI0i u3 crparernii. Jljist momaroBoro Bpibopa CTpaTEruu
ObLIO 3aMEPEHO YHCIIO U3MEHEHUl cTpareruu B mporecce paborsl anropurma (6e3 ydera
BBIGOpA CTpATErny Iepe]] HadajloM o6paboTKHU uaeasa). PesynbraThl 9KCIIEPUMEHTOB
[IPY MOIIATOBOM BBIOOPE CTPATEruu JJIsl KayKJIOr0 U3 TPEeX MHOXKECTB CM€HEPUPOBAHHBIX
HUIeaJIOB NPEJICTABJIEHBI B Tabymie 1, a pe3ysbTaThl IPU IPEIBAPUTEILHOM BBIGODE
cTpaTeruu B TadJmie 2.

B nepBoMm 3KcniepuMenTe 718 UAEAJIOB C HEOTPUIATEIBHBIMHY [IEJIBIMU KOI(MDDUIIEH-
Tamu Haj Q NpuMeHEeHHE MAIIMHHOTO O0yYeHUsl TIO3BOJIMIIO COKPATUTD YUCJIO UTEPaIuii,
HEOOXOMMBIX JJIsI BbIYUC/IeHus1 6a3uca ['pébHepa Kak Ipu IOMIAroBOM BbIOOpE CTpa-
Ternu, TaK W IPU BBIOOpE CTpaTeruu B caMoM HadaJjie. [Ipu 3ToM momaroBbiii BEIGOP
cTpaTeruy MOKa3aJl JIydllHe pe3y/IbTaTbl. Bo BTOPOM 3KCIIEPUMEHTE JJIs UIEAJIOB C
nestbiMu Kodddunmentamu Has Q MamuHHOE 00yUYeHMe MO3BOJINIO YMEHBIIUTD KOJIUYe-
CTBO WTepalii, XOTs U HE TaK CUJIbHO. [Ipu paccMoTpeHnn naeasioB HaJ Zo KapTUHA
aHajiorndHasi. [Ipu 3TOM IIpy MOIMIArOBOM BBIOOPE CTPATErMU COKpallleHne HOJIbIlle, YeM
[IPY TIPEJBAPUTETHHOM BBIOODE CTPATETHU.
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3. 3akirodyeHue

B pabore mpomeMOHCTPHPOBAHO, ITO NPUMEHEHNE MAIIUHHOIO O0YI€HHUsI IO3BOJISET
ONTUMU3UPOBaTh pabory asjropurMa Fjy. C nomouibio MeToLa MaLIMHHOIO O0yYeHwUsl,
M3BECTHOI'O KaK MAIlMHA OIOPHBIX BEKTOPOB, yJIAJIOCh JTOOUTHCS COKPAIEHUS JHCIa
UTepannuit ¥ TEM CaMbIM YCKOPUTBH PabOTy aJIlOPHUTMA.

B panbHeiieM BO3MOXKHO PACHIMPHUTh YHCJIO CTPATErWil BIOOpA MOJIMHOMOB ISt
PeyKINH, UCIIOJIb30BATh [JIs IIPEICKa3aHNsl IPYTHe METOAbI MAIIMHHOIO 00y YeHsT 1
PacCMOTPETh IPUMEHEHUE MAIIMHHOIO OOyIeHUs ISl ONTUMUI3ANNY AJIbTEePHATUBHBIX
aJITOPUTMOB Bbluucjenus 6asuca ['pébuepa.
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Groenber basis computation of a polynomial ideal is an important problem of computer
algebra. At the same time it is computationally difficult. For its solution various algorithms
were proposed. Most of them use different heurestics. In this paper we examine the applicability
of machine learning for the optimization of one of the algorithms, namely Fy algorithm. A
range of different experiments were also performed which showed the efficiency of the usage of
one of the machine learning methods, known as support vector machine, for the F4 algorithm.
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Mahler equations relate evaluations of the same function f at iterated bth powers of the
variable. They arise in particular in the study of automatic sequences and in the complexity
analysis of divide-and-conquer algorithms. Recently, the problem of solving Mahler equations
in closed form has occurred in connection with number-theoretic questions. A difficulty in
the manipulation of Mahler equations is the exponential blow-up of degrees when applying
a Mahler operator to a polynomial. In this work, we present algorithms for solving linear
Mahler equations for series, polynomials, and rational functions, and get polynomial-time
complexity under a mild assumption. Incidentally, we develop an algorithm for computing
the gerd of a family of linear Mahler operators.

Key words and phrases: Mahler equations, rational solutions, series solutions, com-
plexity, transcendence.
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VYpasaenusi MaJjiepa CBA3BIBAIOT (DYHKIUH, [IOJIyYalOIIUecs: U3 UCXOAHON dyHKuuu [ 3aMe-
HOI He3aBUCHUMOI IIepeMEeHHON HEKOTOPOIl ee 1eJI0# CTeNeHbIo, I0KA3aTe/Ib KOTOPO KpaTeH
3aJaHHOMY LeJIoMy b. DTH ypaBHEHHs BO3HHMKAIOT, HAIIPUMED, [IPU U3YyUYEHUU aBTOMATHBIX
[10CJIEIOBATEILHOCTEH U IIPU aHAJIU3E CJIOXKHOCTU aJrOPUTMOB, OCHOBAHHBIX Ha IPHUHIUIE “Da3-
nesstit u BiacTByit’. HemaBHO Gbl10 OOHApPY?KEHO, UTO 3ajadva pelleHus ypaBHeHuit MaJsiepa B
3aMKHYTOM BHJIE CBsi3aHA C TEOPETHKO-YHUCIOBbLIMHU Borpocamu. OnHa U3 TpyaHocTeil paboThl
c ypaBHeHusiMH MaJjiepa — 9TO 9KCIIOHEHIIUAJBHBIN POCT cTemeHel, korga omneparop Maste-
pa IpUMEHsIeTCs K IOJMHOMY. MBI IIpejJjiaraeM ajJrOpUTMbl PEIIeHUsI JTUHEHHbIX yPaBHEHUIT
MauJsepa B BHJIe PsA0OB, [IOJIMHOMOB M PAaIlMOHAJBHBIX (DYHKIUHM, U [IOJydaeM JJIsd STUX aJIro-
PUTMOB HOJIMHOMUAJIbHYIO OLIEHKY CJIOXKHOCTHU IPU HEOOPEMEHUTEJILHBIX IPEJBAPUTEILHBIX
npezanosoxkeHusix. Mbl Tak»ke npejajaraem ajgroputm Haxoxzaenuss HOJL cemeiicTBa JuHERHBIX
oneparopos Mauiepa.

KiroueBble ciyioBa: ypaBHeHusi MaJiepa, pelleHHsI B BUJE PAIlMOHAJIbHBIX (DYHKIIHIL,
pellleHus B BHU/JIE PsJIOB, CJIOXKHOCTB, TPAHCIEHJIEHTHOCTD.
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We consider systems of linear g-difference equations with polynomial coefficients. The
equations of systems can be of arbitrary order. Using EG-eliminations, we propose for such
systems, a direct algorithm for finding rational solutions, i.e., solutions whose components are
rational functions. The algorithm is direct, i.e., it does not require preliminary cyclic vector
method applying, or another type of uncoupling of the system.

Key words and phrases: linear g-difference systems, induced recurrent systems, EG-
eliminations, rational solutions.

1. Introduction

Algorithms for g-difference equations are of interest for many areas of mathematics,
especially for combinatorics and partitions theory ( [1]).

Below, we consider linear g-difference systems with coefficients belonging to K[z],
where K = K(g), and K is a field of characteristic 0, and ¢ is transcendental over K. A
system is of the form

Ar(2)y(¢"z) + - - - + A1 (2)y(gz) + Ao(2)y(z) = b(2), (1)

where
— Ap(z), A1(z),..., Ar(z) are m X m-matrices, whose elements belong to K[z] (we
write: Ag(x), A1(x), ..., Ar(x) € Mat., (Kz])), it is supposed that the matrices

Ao(z), Ar(x) are non-zero,
— b(x) = (b1(z), ..., bm(x))T € K[z]™ is the right-hand side of the system,
— y(z) = (y1(x), - ..,ym(z))T is an unknown column.

r is the order of system (1).
The system

Ar(z)y(q"z) + - -+ + Ar(2)y(gz) + Ao(2)y () = 0 (2)

is the homogeneous system for (1). Systems (1), (2) can be rewritten using the g-shift
operator ¢,: ¢,y(x) = y(qz). The matrices Ar(x) and Ap(x) are called the leading and,
resp., the trailing matrices of systems (1), (2).

One of known computer algebra approaches to the search for solutions of linear
systems is the cyclic vector method, which transforms a system into a scalar equation
(a scalar equation can be considered as a system having only one equation involving
one unknown), which is equivalent in in a certain sense to the original system. Here
the main problem is the overgrowth of the coefficients. This is the reason why this
method works in general, for systems of small orders. This stimulates elaborating of
direct algorithms which do not require preliminary cyclic vector method applying, or
another type of uncoupling of a system.

In this paper we consider direct algorithms for constructing the solutions of a system
having the form (1) with y1 (), ..., ym(z) belonging to the field K(x) of rational functions
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of x over K. We call such solutions rational. If y(z) € K[z]™, then this solution is
polynomial (a particular case of rational solutions). Rational solutions may be a building
block for other types of solutions, and more general, such algorithms may be a part of
various computer algebra algorithms.

We will also need solutions y(z) = (y1(x),y2(x),...,ym(x))T € K((x))™ whose
components are formal Laurent series (Laurent solutions).

We will suppose that equations of the original system as well as equations of the
homogeneous system (2), are independent over K[z, o, 0;1] (i.e., those systems are of

full rank).

Various questions related the search for rational solutions both for the scalar equations
and for systems were discussed in, e.g., [2-8| For the g-difference case, some algorithms
were proposed in, e.g., [9], [10] for constructing all rational solutions of scalar linear
equations and for first-order linear normal systems, i.e., the systems of the form

y(qz) = A(z)y(), ®3)

where A(x) is a non-singular (invertible in Mat, (K(x))) matrix.

The possible singularity of the leading or the trailing matrices give rise to interruptions
of the search for solutions of a system (by the way, if the system (3) is rewritten as
Imy(qz) — A(z)y(xz) = 0, where I, is the identity m x m-matrix then —A(x) is the
trailing matrix of the system.

The same can be said about the possible singularity of the leading or the trail-
ing matrices of the so called induced recurrent (difference) system: a formal series
> anz™, an € K™, satisfies the original g-difference system if and only if the sequence
(an) of m-dimensional vectors satisfies the induced recurrent system. In Section 2,
we discuss the algorithm of EG-eliminations which allows to transform the original
g-difference system and the induced recurrent system into systems having a non-singular
leading or trailing matrix. After computing the determinant of the non-singular leading
matrix one can find a lower bound for valuations of formal Laurent series solutions.
An upper bound for degrees of polynomial solutions can be found using the non-zero
determinant of the trailing matrix (see subsection 2.2).

As for rational solutions, the search for them consists of two steps:

1) constructing a so called universal denominator or, in another terminology, a
denominator bound, and

2) constructing the corresponding numerators of the components of the solutions.

The numerators mentioned in step 2 are the components of polynomial solutions of
the system obtained from the original system by means of a special substitution on the
base of the universal denominator constructed on step 1. Using the leading and the
trailing matrices of the original system (possibly that after applying EG-eliminations)
allows to construct the part of the universal denominator that contains only the factors
other than z. Concerning the factors of the form z*, it is remarked in [10, Sect. 2.2
that a bound for n can be obtained when one considers rational solutions as Laurent
series solutions at z = 0.

The first algorithm and an example of constructing polynomial solutions of ¢-diffe-
rence systems of arbitrary order were given in [13, Sect. 3.6, Ex. 9]. Concerning
the universal denominators, note that strictly speaking the paper [10] is dedicated to
first-order systems. However, in that paper, some general principals are formulated
which allow to solve the problem of constructing rational solutions in the case of higher
order systems, by modifying algorithms for the difference case (such algorithms were
published earlier). In [10], [11] it is noted that for constructing the part of the universal
denominator that contains only the factors other than z, it is reasonable to use the
slightly modified version (x + i — xq%) of an algorithm for the difference case (such
an algorithm for higher order difference systems was proposed in [12]). The treatment
of I["at]ional solutions as Laurent ones to work with the factors z*¥ was considered also
in [10].
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In the present paper we follow this natural plan and obtain an algorithm for con-
structing rational solutions of systems of the form (1) (we suppose that the system
is of full rank). More, in Section 3 we mention another approach, transferring to
the g-difference case the approach which was discussed in [6], [7], [8] for constructing
universal denominators in the difference case. For constructing polynomial solutions
the algorithms from [13], [18], [16] can be used. Those algorithms are also based on
EG-eliminations.

In [17], J.Middeke shown that the Popov normal form can also be used for finding
bounds for the exponent k and the degrees of polynomial solutions. At the same time,
comparisons of the different tools were not carried out.

2. Preliminaries
2.1. Embracing systems

Consideration of the so-called embracing systems, described in Section 2.2, allows us to
avoid the assumption of invertibility of the matrices A, (z), Ao(z). ~
For any system S of the form (1) one can construct an l-embracing system S

Ar(z)y(q"w) + - - + A1(z)y(qz) + Ao(z)y(x) = b(x), 4)

with the leading matrix A, (z) being non-singular, and with the set of solutions containing
all the solutions of the system S. Similarly, one can construct a t-embracing system S

Ar(@)y(a"z) + - + Ar()y(qz) + Ao(2)y(z) = b(a), ()

whose trailing matrix is non-singular, and with the set of solutions containing all the
solutions of the system S. All the entries of the matrices and of the right-hand sides of
(1), (2) are in K[z]. It is possible that the matrices Ag(x), Ar(z) are zero, either both or
one of them.

The construction of the embracing systems can be performed with the algorithms
EG ([13]) or its improved version ( [18]).

Remark 1 If § and S are I- and t-embracing systems constructed for (1) by the
algorithm EG then I- and t-embracing systems constructed by the algorithm EG for (2),

coincide with the homogeneous systems corresponding to S and S.

The algorithm EG is applicable also to difference (recurrent) systems. Sequential
solutions (i.e., solutions having the form of sequences) of such systems are interesting
for us.

2.2. Induced recurrent systems

A formal Laurent series > anz™,an € K™ satisfies original g-difference system (1), if
and only if the sequence (an) of m-dimensional vectors satisfies the induced recurrent
system

Pi(n)anti + -+ Pe(n)antt = cn, (6)

where (cy,) is the sequence of coefficients of the Laurent series which is the expansion of
the right-hand side b(x) of the original g-difference system. The induced system can be
constructed in 3 steps:

1) rewrite the original system in the operator-matrix form My = b, where
M € Matm (K[z,0,]),

2) in the matrix M, replace o, — ¢q", = — o1, where ¢ is the shift-operator:
0 fn = fn+1 for any double sided sequence (fr),

3) rewrite the obtained system in the form (6).
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Below, we will need the notion of the valuation of a series: for a non-zero Laurent
series f(x) = > fiz*. The valuation of this series is

valf(z) = min{i € Z | f; # 0},

and conventionally valf(z) = oo for the zero series f(z). The valuation of the vector
whose components are series, is the minimal valuation of the components.

The degree of the vector with polynomial components is the maximal degree of the
components. The degree of the zero polynomial is —oo.

If the induced system (6) is such that det P¢(n) is a non-zero polynomial in ¢", then
one can find a lower bound for valuations of formal Laurent series solutions. An upper
bound for degrees can be found using the non-zero determinant of the trailing matrix.
The following theorem is a combined version of Theorem 1, 2 from [10].

Theorem 1 Let recurrent system (6) be such that if a formal Laurent series Y anx™,
an € K™ (in particular, it can be a polynomial over K™ ) satisfies the original g-
difference system (1), then the sequence (arn) of m-dimensional vectors satisfies (6). Let
pi(n) = det Py(n), pt(n) = det Pi(n) (thus, pi(n),pt(n) are polynomials in g™ ). In this
case
(i) If the right-hand side b(x) is a Laurent series, and
— pi(n) is a non-zero polynomial in g™,
— N is the set (possibly empty) of all integer roots of the equation p;(n) =0,
— the number 8 does not exceed the valuation of the right-hand side of the original
q-difference system (8 = oo, when the right-hand side b(z) is the zero column
vector),

then the valuation of any Laurent solution of system (1) cannot be less than
min(N; U {8}) + L.

(ii) If the right-hand side b(x) is polynomial, and

— pi(n) is a non-zero polynomial in q™,

— Ny is the set (possibly empty) of all integer roots of the equation pi(n) =0,

— the number v does not exceed the degree of the right-hand side of the original
q-difference system (v = —oo, when the right-hand side b(x) is the zero column
vector),

then the degree of any polynomial solution of system (1) cannot be bigger than
max(Ny U {v}) +t.

If the leading or, resp., the trailing matrix of the induced system is singular then one
can apply the corresponding version of the algorithm EG and with Theorem 1 find the
needed bounds, this gives a key to construct Laurent and polynomial solutions.

3. Rational solutions

First, we find U(z) € K(z) (U(0) # 0) and k € Z such that any rational solution y(z)
can be written as

2(z), (7

where z(z) € K[z]™. Then we produce the substitution (7) for y(z), and after cleaning
denominators we apply an algorithm for finding polynomial solutions. The dissimilarity
between x and other irreducible polynomials is such that if p(x) € K[z] is irreducible and
p(0) # 0, then p(¢"x) is also irreducible and relatively prime with p(z) for any h € Z,
and different values of h give different irreducible polynomials. However this does not
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take place for the polynomial x, which is not relatively prime with gz. This gives the
polynomial z a special status, which is not the case for the difference equations, when
any irreducible p(x) (in particular, p(x) = z) is relatively prime with p(z + 1)).

We have stated that any rational solution can be considered as a Laurent solution.
Thus Theorem 1(ii) gives an opportunity to define k for the factor z*. As for the
polynomial U(z), we find it in accordance with our scheme, using the “difference”
algorithm with the replacement of the shift o by the g-shift o,. We give some definitions
and then describe the algorithm.

If F(z) is a rational function then we denote by denF'(z) the denominator of F(z), i.e.

a monic polynomial such that F(z) = % for a polynomial f(z) which is co-prime
with denF'(z). If F(x) is a vector with rational function components Fi(z), ..., Fi(x)

then denF'(z) is the least common multiple (lcm) of denFi(x),...,denFm(x).

We write f(z) L g(z) for relatively prime f(z), g(z) € Kz], and f(z) £ g(z), when
the polynomials have a common divisor of positive degree.

Each polynomial f(z) € K(z) \ {0} can be represented as f(z) = zVs(x), where
v € Z>0 and the polynomial s(z) is not divisible by z, i.e., s(0) # 0. In this case we will
call s(z) the stem of f(x), we will use the notation v(f(z)) for v. If v(f(z)) = v(g(z)) =0,
then we can introduce the g-dispersion set of the polynomials f(z) and g(z):

ads(f(z),g(x)) = {h € Zxo | f(z) L g(¢")}

and their g-dispersion:

qdis(f(x), g(x)) = max(qds(f(z), g(z)) U {—oc}).

Similarly to the difference case, the g-dispersion is either a non-negative integer, or is
equal to —oo, the latter takes place if and only if f(x)Lg(q"x) for all h € Z>0-

As we have already said, if a polynomial p(z) € K[z] is irreducible and v(p(z)) = 0,
then the polynomial p(qhx), h € Zxg, is also irreducible, and such polynomials are
relatively prime for different values of h. This implies that if v(f(z)) = v(g(z)) =
0, then qds(f(z),g(z)) is a finite set. This set can be found, e.g., by computing
all the roots having the form X\ = ¢", h € Zx0, of the equation R(A) =0, where
R(M\) = Resz(f(z),g(Ax)), or by an analog of the algorithm of Y.Man and F.Wright
(' [14]), which is originally for the difference case. We see that if an irreducible p(z)
has the form p(z) = z! + a;_ 2!~ 4+ ... then p(¢"z) = ¢""(z! + ¢ Pay_1a!=1 +...);
it is important that deg g(x) = degg(¢"z) for all h € Zxo. (In [15], an algorithm was
proposed which is applicable also in the case where ¢ is algebraic number which is not a
root of 1.)

Thus, when k is found, we have to construct such a polynomial U(z) that possess
the following properties

(a) ¥(U(x)) =0,
(b) if the original system has a rational solution having the denominator u(z), then
U(zx) is divisible by the stem of u(z).
When k and U(z) are known we can use substitution (7).

One can find U(x) similarly to the universal denominator in the difference case ( [12]).
In the algorithm, we use the notation ged(f(x), g(z)) for the greatest common divisor of
polynomials f(z), g(z).

Set _
A(x) = (det A-(¢7"2)) /2%, B(z) = (det Ag(z))/z0,
where _

ar = v (det Ar(z)), ao = v (det Ag(x)).

Compute H = qds(A(x), B(z)). If H = @ then stop with U(z) = 1 (in the sequel we
suppose that H = {h1,ha,...,hs} with h1 > ha > -+ > hs, s > 1).
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Set U(z) = 1.
for 1=1 to s do
N(z) = ged(A(), B(¢"iz))
A(z) = A(z)/N(z)
B(z) = (r)/N(q‘ iz)
U(e) = U2) [T, N(g ).

od
Return U(z) and stop.

Theorem 2 Let each solution of the original q-difference system of the form (1) be

also a solution of systems (4), (5), and det A,(z), det Ag(z) be non-zero. Then the
polynomial U(x) computed by the latter algorithm possesses properties (a), (b) formulated
above.

The main idea of the proof is similar to the idea used in [6], [8], [12] for the difference
case. First of all, if f(x),p(z) are polynomials and p(z) is irreducible then the valuation
valp, ;) f(z) is defined to be the greatest n € Z3¢ such that f(z) is divisible by p(z)"
(valp(z)0 = oo, and Valp(@% = valy () f(z) — val,(z)g(x). The valuation of a vector
whose components are polynomials or rational functions is the minimal of the component
valuations.

The following statement can be proven: For any rational solution y(z) of (1) and
any irreducible p(x) we have

val, () y(z) > max —Z val,(gnq) A(®), —Z val, g —ngyB(z) ¢, (8)

n€Zxg n€Zxo
and valy,(,)U(z) does not exceed the valuation of the right-hand side of (8).

Remark that similarly to the difference case (see [8]), inequality (8) can be taken as
a base for another algorithm for constructing the polynomial U(z). That algorithm uses
the full factorization of A(x), B(x) which is used also for the dispersion computation by
the g-version of the Man and Wright algorithm. However the algorithm given above is
more convenient for implementation.
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KOTOPOE OIpeJesieTCsl C IOMOINBIO JIMHEHHOro orneparopa XaHa, IOHUKAIOIIETO CTEIEHb MHO-
rouseHa Ha eauHuIly. Vcciaemyercss cTpyKTypa 0606UIEHHOIO JUCKPUMHIHAHTHOTO MHOYKECTBA
BEIIECTBEHHOI'O MHOT'OYJIEHA, T. €. MHOXKECTBO BCEX 3HAYEHMI MPOCTPAHCTBa KOI(MMUIINEHTOB,
IPHU KOTOPBIX MHOT'OYJIEH M PE3yJIbTaT IIPUMEHEHUsI K HeMy olleparopa XaHa HMEIOT paB-
Hble KOpHHU. CTPpyKTypa 0600IIEHHOIO JUCKPUMUHAHTHOIO MHOYKECTBA MHOTOYJIEHA CTEIEHU N
ONUCBHIBAETCS B TepPMHUHAX pa3bueHusi ducia n. llpearaercs KOHCTPYKTUBHBINA aJITOPUTM IIO-
CTPOEHUsI IIOJIMHOMHAJIBHON IapaMerpusanuu 0O000IIEHHOTO JUCKPUMUHAHTHOIO MHOXKECTBa
B IpocTpaHcTBe KodddunuenToB MHOorodaena. OCHOBHbIE aJIlOPUTMBI, OIIMCAHHBIE B paboTe,
peain30BaHbl B BH/Je OUOINOTEKN B CHCTEME KOMIIBIOTEPHOI asrebpsl Maple.

KuroueBble cJjioBa: TeOpUs UCKJIIOYEHUsI, OOOOIIEHHBIN JUCKPUMHHAHT, onlepaTop XaHa,
KOMIIbIOTEpHasi ajareépa.

1. Bsenenune

Bo MHOrmx mpuKIaAHBIX 3a/avaX BO3HHMKAET CUTyalus, KOTJa JJisi HEKOTOPOTO
MHorouieHa f(z) HeobxoauMo chOPMYyIMPOBATh yCIOBUSI Ha €ro Ko3(hdHUINEHT, IpU
BBITIOJTHEHUU KOTOPBIX 3TOT MHOTOYJIEH UMEET KOPHU, CBSI3aHHBIE ONPEJEIEHHBIM CO-
orHomenuem: g(t;) = t;, rae t;,t; — xKopuu Mmuorodena f(x). Hanpuwmep, yciosue
L[EJIOUNCIIEHHOM COM3MEPUMOCTH (KPATHOCTH) KOPHEH XapaKTePUCTUIECKOTO MHOTOUJIIe-
Ha MATPUIIBI JUHEHHON 9acTu ypaBHEHUl JBUKEHUs BOJU3U MOJIOYKEHUsS] PABHOBECHUS
BBIJEJISIET B IIPOCTPAHCTBE KOI(DMUIMEHTOB MHOrOWIeHa (MK IIapaMeTpOB yPaBHEHHUH
JIBUPKEHUs) MHOTOOODPa3usi, Ha KOTOPBIX UMEETCA PE3OHAHC MEXK/Ly COOCTBEHHBIMU YaCTO-
TaMu KosiebaHuii. JIjisi MHOTUX CHCTEM OPTOTOHAJBHBIX MHOTOYJIEHOB Ba’KHBIM SBJISIETCS
yCJIOBUE Ha B3aUMHOE PACIIOJIOXKEHUE X KOpHe#l. JacTHBIM cilydaeM Takoil CUTyaluu
SIBJISIETCS CJIydail KPATHOCTU KOPHEH.

Brinosnasas uccienoBanus yCTONIMBOCTH TOJIOYXKEHUS PABHOBECUST MHOTOIIAPAMETPH-
4ecKux cucreM ['aMuIbTOHA, aBTOp O6pATU/I BHUMAHUE, YTO MHOYKECTBA B IPOCTPAHCTBE
K03 DUIMEHTOB BEIECTBEHHOIO MHOIOYJIEHA, Ha KOTOPBIX KOPHU IIOCJIEIHEro aubo
KparHble (T. H. JUCKPUMHHAHTHOE MHOYKECTBO) JIN6O com3aMepuMble (PE30HAHCHOE MHO-
JKECTBO), 00JIQJIAIOT ONPEIEICHHON nepapXuvdecKoit cTpykTypoil. C ofHON CTOPOHBI, 9Ta
uepapxusi OKa3aJaCh TECHO CBSI3aHHOM CO CTPYKTYypOi#l pasbueHusi HATYPAJBHOTO YUCTIA
n = deg f(z), ¢ APyTOil CTOPOHBI, KOMIIOHEHTHI PA3JIMIHBIX PA3MEPHOCTEN TAKUX MHO-
2KECTB MOTJIM ObITh OIMCAHBI C TIOMOIIBIO HAIJISITHONW T€OMEeTPUYECKON KOHCTPYKIUH, &
UMEHHO, KaxK/[asi KOMIOHEHTa CJIeyIoNeil pa3MepHOCTH MOJTyYalach KaK HEKOTOpasi JIu-
HelfyaTas IIOBEPXHOCTD, T7ie POJIb HAIIPABJIAIONIEH UIpaJa OJHA U3 KOMIOHEHT MEHbIIeH
pasMepHOCcTH. B nannoii paboTe aBTOp MONBITAJICS HECKOJILKO PACIIUPUTD IIOJLy YEHHbBIE
KOHCTPYKIIMU U €€ Pe3yJIbTATOM CTaJI0 HEKOTOpoe 00OOIIeHNEe KJIACCHYEeCKOro OObeK-
ta — guckpuMunanTa D(f) muorounena f(z). 9To 0606ieHre ecTeCTBEHHBIM 06pa3soM
BKJIIOYMJIO B Ce0sl KAK KJIACCHMYECKUI JUCKPUMUHAHT, TAK U €r0 aHAJIOTU, BOSHUKAIOIINE
[IPU UCIIOJIB30BaHUH - DEePEeHIMAIBHOTO U PA3HOCTHOTO ONEPATOPOB, UMEIOMINAX, U
paspaboranHoe ucuunciaenue [1,2|, n Baxkuble npuoxkenus [3,4]. Oxka3anoch BO3MOXKHBIM
[IEPEHECTH KOHCTPYKIUH, Pa3pabOTaHHBIE PAHEe JJIsl HCCIICOBAHUS JUCKPAMHUHAHTHO-
ro [5-7] u pesonancuoro [8-10] MHO>KecTB Ha Gosiee OOLMIL Coryyaii.
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Ienp naHHON PaBGOTBI — IPEJIOXKUTH KOHCTPYKTUBHBIN AJITOPUTM BBIYUCJIEHUS
IapaMeTPUYECKOTO IIPE/ICTABJIEHUsS BCEX KOMIIOHEHT ¢-JMCKPUMUHAHTHOIO MHOYKECTBA
Dy(f) npUBEIEHHOTO BEIECTBEHHOTO MHOTOUIEHA f(T).

2. OOGOOUIEHHBIA AUCKPUMUHAHT U €ro BbIYUCJIEHUE

Iycts fp (%) — NpUBEIEHHBI MHOTOWIEH N-ii CTENEHU C BEMIECTBEHHBIMU KO3 dumu-
E€HTaMU:

fn(x) =2"+a1z" Y+ a2z 2+ +an. (1)

BemtecrBennoe n-mepuoe npocrpancrso II = R™ ero kosddunmeHToB ai,as,...an
HA30BEM MPOCTPAHCTBOM Ko3dduinmenToB maorodnena (1).
ITycte P — npocrpaHcTBO MHOTO4IeHOB HaJ R u mycth Ha R onpenenén nuddeo-
MopdusMm
g:R—=>R:z— g(x),
KOTODPBIN MHJYyIUPYET HEKOTODBIN JIMHEHHBIN onepaTrop A Ha P, yIOBIETBOPSIONUI
JBYM YCJIOBHSIM.

1. VYciosue nonmkenusi nopsiaka: deg(Afn)(z) =n — 1. B wacrtaocrn, Az = 1.
2. Amnasor npasuna Jletibauna: (Axf,)(z) = fu(z) + g(z)(Afn)(z).

311eCh Mbl OrPaHHYHMMCS CIIy4YaeM, KOIJa
9(z) =gz +w, q€R\{-1,0}. (2)

Yepes g° obosmauum i-to urepanmio auddeomopdusma g, i > 0. Torma B cuy (2)
g'(z) = g'o + [iJqw.

Omneparop A, naaynupoBasHblii 31uM guddeoMopdu3MoM, HA30BEM OLEPATOPOM
Xana u o6osnadnM, ciaenys [4], cumsosom Ag . On 6611 BBeneH Bosbdranrom Xanom
(Wolfgang Hahn) [11] B paGore 1949 roma. Tam >xe mokasano, 4to omeparop Ag,w,
ONIpesIe/IEHHBINA Ha P, uMeer BHI

flgz +w) — f(z) R
@ Dotw @ °7

1—¢q’
1 , w w
- e z=—
1—T4f<1—q)’ 1—q’
I BCex 3HadeHmit mapamerpos ¢ € R\{—1,0}, w € R u (q,w) # (1,0). B cuny csoiicts
1 u 2 oneparopa Ag,., GyeM Ha3bIBATbH €rO G-IIPOU3BOIHOMN.

OueBuHO, uTO Oneparop Xana Ag ., MOXKET pacCMaTPHBATHCHA KakK 00OOIIEHHE Cie-
IYIOIIUX OIIePaTOPOB:

(Agwf)(x) = ®3)

_ flan)—f(x)

— g-nuddepennmansHoro oneparopa Jxekcona (Ag f)(x) @Dz U w = 0
nq#l
— pasnocTHOro oneparopa (A, f)(z) = M npu g = 1;

— kutaccuuaeckoro quddepennuansaoro oneparopa d/dx npu (q,w) — (1,0).

g-AHajiorn MHOrUX MareMaTH4eCKuX OObEeKTOB IOSIBHINCH y»Ke B paborax Jleonapza
Diliepa, a 3aTeM MOJIy YHIIM CBOE Pa3BUTHE B TPY/AAX MHOIUX MATEMATHUKOB (CM. HCTOpUe-
ckuit 0630p B [2]). PaspaboTanHoe g-MCYnCIEeHnEe HAXOAUT MHOTOYUCIEHHbIE [IPUIOKEHHS
B Pa3IMYHBIX pa3/esax COBDEMEHHOH MaTeMaTHKHU U TeopeTHdIecKoi ¢usuknu [1-3,12].

Hike npuBenéM HeKOTOpPBIE OIIpesesIeHnsl U 0O03HAYEHHsI, CTABIINE CTAHIAPTHBIMI
151 Q-ACIUCTICHUS.
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Omnpeznenenune 1 Onpedeaum g-ckobry [alq wucra a, cosurnymuil q-gparmopuan
(q-cumson INoxzammepa) (a;q)n, g-Paxmopuan [n]q!, g-6uromuarvrvie (2ayc-

coent) KoaPPuyuernmoe (Z)q caedyrouum 06pasom

a n—1

lalg = qq_;lva eR\{0}, (a59)n =[] (1 - aqk) (a39)0 =1,

1 k=0

R N L) o Il e
gt = [Tkl = 22 g # 1, <k)q*[ =11

?
— n —
k=1 1-9 n—klg![klg! 3
IIpu g — 1 ece onpedesénmnie 8viule 00BEKMbL CIMAHOBAMCA KAACCUHECKUMU.
s cranmapraoro 6uHoMa (z — a)™ ero g-aHaJOroM SIBJISAETCs g-OUHOM

n—1

(@300 = [[@- '), {withoyg = L. @)

=0
Jlemma 1 g-npoussodnvie g-6uroma (4) no nepemennoti T u napamempy t cymov

(Agwi{z; thnig) () = [n]g{m; thn—1;9, (Agquwi®;tinig)(t) = —[nlg{z; g(t)}n—14-

Jlemma 2 k-s g-npouseodnasn g-6uroma (4) no nepemennol T, pasra

nlq!
(Alqcyw{iﬁt}n;g)(l‘) = ﬁ{gz t}(nfk);g-

k-a g-npoussodnasn g-6uroma (4) no napamempy t, pasna

(A s i) (0) = (—1)Fa(3) 2 gy
fn— K]

JIemma 3 /Jlas ar06o020 m, 0 < m < n umeem Mecmo pageHcmeo

i

510l () (e300 1y (0584 (0)benbyig = 582} (036™ )} 1

JlJyist MHOTHX TPUJIOXKEHUH CBA3AHHBIX C TEOPUEH OPTOrOHAJIBHBIX MHOTOYJICHOB U
X pas3ngIHbIX 0600meHnit [12,13] BaxKHO yMeThb ONpeAesTh, IPU KaKUX YCIOBHAX Ha
K03 PUIUEHTEI a;, ¢ = 1,...,n, MHOrowIeHa fp(x) HOCIeHAN UMeeT KOPHH, CBA3AHHBIC
JIPYT C APYroM cooTHomenueM ¢(t;) = t;.

Onpenenenne 2 Iapy wopret t;, tj, 4,5 = 1,...,n, 1 # j, muozourena fn(x) Hazosém
g-ceazannodi, ecau g(t;) =t; ora g(x) euda (2).

Paccmorpum crenyroniyio 3ajady:
Hcceaedosamsv 6 npocmparcmee koappuyuernmos I = R™ mmnoezouaena fn(x) mrootce-
CME0, Ha KOMOPOM IMOM MHO20MAEH UMEEM NO Kpatnel Mepe Napy g-CA3AHHBIT
xoprets t;,t;. Taxoe MHOMHCECTNEO HAB06EM §-OUCKPUMUHAHINHBLM MHOIHCECTILEOM
mHozounena fn(x) u o6osnavwum Dy (fr).

ITo anayoruu ¢ KJIacCUIECKUM JUCKPUMHUHAHTOM OILPEIeIMM OGOOIIEHHDIH JUCKPH-
vunant D(f, A), MHIyIMpOBaHHBIA JUHEHHBIM orepaTopoM A.
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Omnpepnenenne 3 Onpedeaum 0606wérmbli duckpumurnarm D(f; A) mrozounera
f(x), nopootcdénmwili auretinowm onepamopom A, Kak pesysbmManm napv. MHOZ0UAEHOS
f@) u (Af)(x): D(f;A) = (~1)™("=D/2Res (f, Af).

Han onepamopa Xana (3) Ag,w coomeememeyrowuti 0606weénnout OUCKPUMUHAHIT
mnozousena f(x) obosnavwum dan wpamrocmu Dg(f).
Omnpenenenue 4 IlTocaedosameabHocmnvbio Squk)(tl) g-C8A3AHHBLL KOPHEU, OAU-
noL k nazosém xoneunyro nocaedosamenvrocms {ti}, i =1,...,k, xaocowl waen xo-
Mopoti HAHUHAA CO 8MOPO20, AGAAEMCA J-CEAZAHHBIM KOPHEM NPEOv0YULE20 HAEHA
nocaedosamenvrocmu: g(t;) = tiy1. Hawarvroli kopens t1 ma306ém nopootciarowum
KOPHEM COOMEEMCMEYIOWET NOCACO08AMEALHOCTIU.

g-duckpumunanTHOe MHOXKeCTBO Dy (frn) M KarxKHoro GpUKCUPOBaHHOrO Habopa Ia-
pamerpoB (¢, w) COCTOUT M3 KOHEYHOTO YHMCJIa MHOrOOOpasuil Vi, Ha KaxKJOM U3 KOTOPBIX
MHOTOUIeH fr,(z) uMeer k mOCII€40BATEILHOCTE g-CBSA3AHHBIX KOPHEIi Seqéli) (t;) pymEbL
l; ¢ pasIMYHBIMH MOPOXKIAIOIIUMU KOPHAMHE b, ¢ = 1,..., k. CyMMapHas ajmHa 3THX
[IOCJIEJOBATEIbHOCTEN ¢-CBSI3QHHBIX KOPHEH paBHA CTEIEHH M MHOIOWIEHa [y ().

CTpyKTypy KOpHEl MHOIOYJIEHa YAO0OHO ONPEAEIUTD C IIOMOIIBIO CyOpe3yIbTaHTOB
apbl MHOrO4IEHOB fr, (z) 1 (Ag,w frn)(2), KOTOPBIE MOTYT GBITH OIPEIEJIEHBI IO AHAJIOIUA
¢ KJIacCHIecKuMu cyOpesynbrantamu (nogpobuee cM. [6,14,15]).

Jlyist TOro, 9TO6BI MOJLyYUTh BbIparkeHne 0600IEHHOrO (Cy0)AMCKPUMUHAHTA MHOIO-
wiena fn(x) uepes ero k03 UIMEHTHI MOXKHO IIPUMEHUTD JII000 13 METOIOB KJIACCH-
9ecKoil Teopuu HCKIOYeHnil. Ecim 3aMeHnTh Kiaccudeckyro npoussonHyo f, (z) ero g-
mpousBonHoit (Ag,w frn)(x), TO moboil u3 MaTpuYHbIX MeTOnOB (cM. [6,7,14,16]) BBIUMC-
JIEHHsI Pe3yJIbTaHTa Iapbl MHOIOYJIEHOB IIO3BOJIUT IIOJIyUYNTh BbIpaskeHUue 0GOOUIEHHOIO
JIMCKPUMHUHAHTA.

Teopema 1 Mnozouaer fn(x) umeem posno n — d pagauvunwvix nocaedosamenvrocmets
g-ceasannur Koprel, m. e. deg fq(x) = d,mozda u moavko mozda, Kozda & nocaedosa-
MEALHOCTNU 1-T 0600UWEHHBLT CYOOUCKPUMUHAHMOS Dg )(fn), 1 =0,...,n — 2, nepsvim

OMAUNHBIM O HYAA ObLA CYOOUCKPUMUHAHM, Déd)( fn) ¢ nomepom d.

3. Ilapamerpusanusi 000GIHEHHO JUCKPUMUHAHTHOIO MHOXKECTBa

MmuoxkectBo Dy (frn) cocrouT n3 aaredbpandyecknux MHOrooobpasuii V; pasMepHocTei |

g 1 ’
1 <1< n—1. Obiee 4ncao 3TuX MHOroobpasuii, a Tak»Ke YUCJIO PA3JIMYHBIX MHOI'O-
obpasuit V;, uMerImux (PUKCUPOBAHHYIO PA3MEPHOCTD [, 3aBUCUT OT YUHCJIA Pa3IHIHBIX
pa3bueHuii crerneHn n MHOrOwWIeHa fy ().

Onpepesienue 5 Paszbuenuem A HAMYPAALHOZ0 HUCAA T HA3DIBAETNCA BCAKAA KOHEU-
HAA HEYOLIBANOULAA NOCAEAOBAMENOHOCTND HAMYPANOHOIT HUCeA A1 < A2 < +++ < Ak, 0ad

Komopot Zle Ai = n. Kaotcdoe us pasbuenuti sanuwem 6 sude X = [1"1272373 ],
20e n; — MUCAO NOEMOPENUTi CAG2AEMO20 i 6 pasbuenuu, M. e. Y v in; = n.

Paccmorpum pasbumenme A = [171272 .. 4™ .. .] HaTypaJapHOro 4mcia n. Bemman-
Ha 1 B pasOHeHMH A\ 33JaéT JJIMHY I[I0CJIeJO0BATEIbHOCTU ¢-CBA3AHHBIX KOPHEH JIst
COOTBETCTBYIOILIETO MOPOXKJAAOIIETO KOPHS t;, & N; — YHCJIO PA3JIMYHBIX IOPOXKIAI0-
IMX KOPHeil, 33JafoluX [0C/Ie[0BaTeIbHOCTh KOpHeii auuHbl . Torma | = ), n; ects
YUCJIO PA3JMYHBIX [MOPOXKAAIOIINX KOPHEH MHOrowieHa frn(z) mis GbuKCHpOBaHHOIO
Habopa mapamerpos (¢,w) u ».,in; = n. JlroGoe pasbueHne A 4uCIa N OHpPEE/sAET
HEKOTOPYIO CTPYKTYPY ¢-CBSI3aHHBIX KOPHEH MHOIOWJIEHA, U 9TOM CTPYKTYypPE COOTBET-
CTByeT B mpocTpaHcTBe Koaddunuenrtos 11 HekoTopoe anredbpanteckoe MHOroobpasue Vli,
i=1,...,p;(n), padmepHoCcTH | 1O YUCIY PA3IMIHBIX IIOPOKAAOMINX KOpHEH t;. Huciao
TaKux MHOrooOpasuii pasmepHocta | paBHO p;(n), a obiiee 9ucI0 MHOroobpasuil Bcex
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BO3MOXKHBIX pasMepHOCTell paBHO p(n) — 1, mockosbKy pasbuenuto [1™] cooTBeTcTBYET
CHTyalusi, KOT/Ia BCe NOPOK/IAIONTHe KOPHE MHOTOUWIeHa fp (T) 3a/1al0T HOC/Ie10BaATe b
HOCTHU KOpHEH JJMHEL 1, T. €. Cpeay BCeX KOPHeH MHOrOwWIeHa [y (Z) HeT HE OZHON Iapbl
gJ-CBA3AHHBIX KOPHEIi.

Paccmorpum pasbuenne [n'], koropoe cooTBercTByeT Cilyualo, KOLJa HMEETCs e/iH-
CTBEHHAs TTOCJIEIOBATEILHOCTD KOPHEl JJTMHBI N, 3aJaBaeMasi TIOPOXKJAIOIIUM KOPHEM t1.
Torna muorowieH fn(z;t1) = {2;t1}n;g ¥ ero K03PHULUEHTDI @; BHIPAXKAIOTCS Y€Pe3
3JIeMeHTapHble CUMMeTpudeckue MHoroustens! [17] o;(z1, T2, ..., Tr), BBIYUCIEHHBIE HA
kopusax g7 (t1), j=0,...,n — 1,

a; = (_1)20-1 (tlag(tl)v' . 79”71(t1)) ) 1= 17' RN

B cuity onHOPOZHOCTH CUMMETPHYECKUX MHOTOYJIEHOB 0, KOI(MMUIMEHTH] @ SBJISIOTCS
cTeneHHbIMU (DYHKIUSIME CTEIIeHN 4 IapaMerpa ti.

Paccmorpum MHOrowites Buga fn(x;t1) = {@;t1}n;q, CTPYKTypa KOPHEl KOTOPOIrO
COOTBETCTBYET Pa30UEHUIO [nl]. IIpumensist meMMbr 2 U 3, MOLY4YUM, ITO AJIst JTI000TO K,
0 < k < n, UMeeT MEeCTO TOXKIECTBO

5O (") 2ot () )it = fetoit) - s (wib @) (9

i—0 q [”]

rae (AJ , f)(z) = f(z). CnenosaTensno, dbopmyia (5) M03BO/IAET HEPEMHTH OT MHOTOUICHA
CO CTPYKTYypOil KopHeii, coOTBeTCTByIomefi paséuenuio [nl], k MHOrOUNeHy, CTPYKTYDa
KopHeifi KoToporo 3ajaércs pasouenusmu [kl (n — k)] wm [(n/2)2], ecom k = n/2.

Teopema 2 Ilycmv s npocmparcmee 11 umeemcsa mnozoobpasue Vi, dimV; = I, na
Komopom mrozouser fn(x) umeem | pasaunnoir nocaedosamenvrocmeti g-C6A3AHHBIT
(m)(

KopHet, NPULEM Nocaedo8aMeNLHOCTVD KopHel Seq t1) umeem dauny m > 1. Jpyeue
xopru (I — 1)-e nocaedosamenvHOCU HE ABAAIONCA §-COAZAHHBIMU CO BCEMU KOPHAMU

NnocAed08aMENLHOCTNY Squm) (t1).

Iycmo ri(t1,...,t;) — napamempusayus mrozoo6pasus Vi, moeda oan 0 < k < m
caedyrouwas Gopmyaa

ri(tn, ot ten) = Tt tl)+2( ), "Tm]”q (AL or1) (1) {151 bisg

3adaém napamempu3ayulo Hacmu Mnozoo6paauﬂ Vi41, HG KOmMOpom umeemcsa ose

k k
nocaedo8amensHoCmY, KopHed Seq(m )( (t1)) u Seqé )(g(tl+1)), a ocmanvHble No-
€2ed068aMENBHOCTNU, KOPHET, MAKUE JHCe, KAK HA UCTOOHOM MH02006pasuy V.

4. AugaropuTM BBIYHCJIEHUS [IapaMeTPU3alyy U €ro IIporpaMMHAast
peanusanus

BBeném 1Be 0CHOBHBIE Olleparliiii, KOTOPbIE MO3BOJIAT [TOCJIEA0BATEIBHO IepeiiTu oT
IapaMeTPUYIECKOro IIPeJCTABIEHNs] OJJHOMEPHOIO MHOTrOO0Opas3ust V] K mapaMeTpU3alii
BCeX APYTUX KOMIIOHEHTOB g-JAUCKPUMHHAHTHOrO MHOXKecTBa Dg(frn).

1. HasoBem omeparuio nepexojia OT MHOroobpasusi Vj K MHOroobpasuio V)41 B Teope-
Me 2 «ITOA'BEM>» mopsinka k. D1a oneparius IO3BOJISET MOIYIHTh IapaMeTpPU-
3aIUi0 MHOroo6pasusi, pa3MEPHOCTb KOTOPOI'O Ha €AUHHUILY OOJIbIlle Pa3sMEPHOCTH
ucxonuoro. Ecin Ha HeM MHOrouseH fy(Z) MMeeT TOJILKO BEIeCTBEHHBbIE KOP-

HH, TO IOJIYYHUM IIOJIHYIO [TapaMETPHU3AIUAIO STOI0 MHOrOOOpa3us, €CJIu UMEIOTCS
KOMIIJIEKCHBIE KOPDHH, TO IIPUMEHUM CJIEIYIONIYIO OIIEPAITUIO.
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2. Omnepanusi «ITPOJOJIZ2KEHWE>» 1103BoJIsIeT TIOJIyYUTh apaMeTPU3aIlUi0 BCEro

MHOroobpasus V41, noiydensoro B pesynbrare oneparuu <110 bEM», B ciyuae,
KOIJ[a Ha IMIOCJIEJTHEM UMEIOTCS KOMILJIEKCHO-COIPSIKEHHBIE KOPHH.

Jlist opraHu3anyu BBIYHCIEHUS §-TUCKPUMUHAHTHOTO MHOXKeCTBa Dy (frn) 6bLI pe-
anu30BaH HAGOP MPOLEAYDP [JIsI CUCTEMbI KOMIBIOTEPHOHN ayire6pnl Maple. Dtotr Habop
npouenyp cobpaH B BHIe NPOrpaMMHON 6mbsmoreku gDiscrSet, B KOTOPYIO BOIILIN
[IPOLIEIY DB JJIsi BBIYHUC/IEHUS] OOOOIIEHHOIO NUCKPUMUHAHTA OJHUM U3 MaTPUYHBIX CIIO-
co6OB, BBIYHCJIEHUsI MHOTOOOpa3usi V1, POIEyPhl PEAU3YOIIKe OllepaIun «HOL[”bEM»
u «ITPOJIOJIZKEHUE». Pa6ora 6ubinoreku ObLia ampoOHpOBaHA sl BBIYHCICHUS
0600IIEHHO TUCKPUMIHAHTHBIX MHOXKECTB KYOUKH M KBapPTHUKU.

5. 3akirodyeHue

g-uckpnvuaanTHOE MHOXKECTBO Dy (frn) MHOTOWIEHA fr (2) sBIsIeTCH 0GOOIEHIEM
JUCKPUMUHAHTHOrO MHOXKecTBa D(fr) Auist citydasi, Korja HEKOTopas mapa KOpHei t;,
t; oKasbIBaeTCs ¢-CBSI3aHHOI, T. e. t; = g(t;), roe g(z) = gz + w, ¢ € {—1,0}. Tlo-
Ka3aHO, YTO ¢-AUCKPUMUHAHTHOE MHOXKeCTBO Dgy(fn) COCTOMT M3 KOHEYHOro Habopa
asrebpanvecKux MHOroobpasuii V; pasmepnocreii or 1 10 n — 1, 4uCI0 KOTOPBIX ompese-
astercst aucioM p(n) pasbueHnii cremenu n MuorowreHa frn (). Kaxmoe ns MEOroo6pasnit
V| BBbIIIE/IS€TCH COOTBETCTBYIOLIEN CUCTEMOU ypaBHEHU, COCTOsIEN U3 0OOOMIEHHBIX

Cy6MCKPUMIHAHTOB Dék) (frn), 1 IOIYCKaeT MOJUHOMHAJIBHYIO IIaPAMETPU3AIHUIO.

IIpensoskens! U peaJn30BaHbI B CUCTEME KOMIBIOTEPHO# anre6per Maple amaropurmbl
BBIYUCJIEHHS IIaPAMETPHYECKOrO IIPEICTABICHNS BCEX KOMIOHEHT ¢-IUCKPUMUHAHTHOIO
muoxkecTBa Dg(fn).
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We consider a generalization of a classical discriminant of a real polynomial. This general-
ization is defined by the linear Hahn operator which decreases the degree of polynomial by one.
The structure of the generalized discriminant set, i.e. the set of all values of space of polyno-
mial’s coefficients at which the polynomial and its Hahn operator image have equal roots, is
investigated. This structure is described with the help of partitions of natural number n —
the degree of the polynomial. A constructive algorithm for a polynomial parameterization of
the generalized discriminant set in the space of the coefficients of the polynomial is proposed.
The basic algorithms described in this paper are implemented as a library for Maple.
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1. B. Borgauos

Kagedpa 6usnec-ungopmamuru u un@opMmayuoHHbT MeTHoA02UT
Mocxrosckuti sKoHOMUMECKUT UHCTRUMYM
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ITousiTne «amébas BrepBble BBeJeHO B MoHorpaduu lenbdanga, Kanpanosa u 3esieBUHCKOro
(1994), nocue Yero nsydeHnio aMé6 GbLIO MOCBAIICHO MHOXKECTBO paboT pas3/IMYHbIX aBTOPOB.
CoBpeMeHHbIEe CUCTEMbI KOMIIBIOTEPHON aJjireGpbl MO3BOISIOT 3 @MEKTHBHO PellaTh IIHPOKNL
KPYT 3aJla4, B TOM 4uCJIe U «aMEOHON» Temaruku. Ilnaroil 3a yHHBEPCAJbHOCTb TAKUX CUCTEM
SIBJISIETCSI OTCYTCTBHE MHOIMX BCTPOEHHBIX (DPYHKIUIl, B TOM YHCJIE, JJIsI BBIUUCICHUS aMED.
ITosTOMy 1OCTATOYHO YaCTO IMPUXOAUTCH paspabaTbiBaTh U IIPOrPAMMUPOBATH HETPUBHAJIbHbIE
aJITOPUTMBI JJazKe B Cjiyvdae TUIIOBBIX 3a/ad4.

B nannoii pabore mnpejyraraercsi HCIOJIB30BaTh OPUIMHAJIBbHYIO OGEPTKY koga MatLab,
IIPEeJOCTABJIAIONLYIO YA0OHbIH Beb-uHTepdeic sl BEIYUC/ICHUS U BU3yaIn3anuu adUHHbIX U
KOMIIaKTHU(MHUIMPOBAHHBIX aMED MOJIMHOMOB JBYX II€pEeMEHHbIX. PaccMoTpeHa BO3MOXKHOCTH
BU3yaJIU3allil MHOTOYTIOJbHUKOB HBbIOTOHA KaK CPEJCTBAME CUCTEM KOMIIBIOTEPHOI ajareGpsl,
TaK ¥ ¢ moMombio ncesporpadukn BTEX. Janubii noaxosn peanusyer konnenunio RAD (6bict-
pas pa3paboTKa IIPUJIOXKEHHIT) U [I03BOJIIET COCPEJIOTOYUTh BHUMAHHUE Ha MaTeMaTHIeCKON
3a7a4e 6e3 pyTUHHOrO IIPOrPaMMHUPOBAHUS UCIIOJIb3yEeMbIX (DYHKITUMA.

TaK)Ke JAaHO OIlpeJesieHrne U IPpUMepbl BBIYNCJIEHN S B3BEIICHHbBIX KOMHaKTHCbHIprOBaHHbIX
amé6 (WC.A) HoJIMHOMOB BYX IIEPEMEHHBIX M OIMCAH IIPEJEJbHBIH Cilydail, IPU KOTOPOM
WC.A MOXKeT BBIPOXKIATHCS B CUMILIUIUAJIbHBIA KOMILJIEKC.

KunroueBble cjioBa: BbIYHC/IeHNe aMED IMOJIMHOMOB JBYX IIepEMeHHbIX, addUHHbIE aMEDHI,
KOMIAKTUDUIUPOBAHHbIE aMEDODBI, B3BEUIEHHOE MOMEHTHOE OTOOparKeHHE.

1. Bsenenue

CoBpeMeHHBIE CHCTEMBI KOMIIBIOTEPHOI aIredOphl IPeIOCTaBIISIOT CBOUM II0JI30BATE-
JISIM OoraTblii HAOOP MHCTPYMEHTOB J[JIsi MCCJIEJIOBAHUN B MHOTOYHUCJIEHHBIX 00JIaCTIX
MaTeMaTnyecKoil HayKu. [lepuonuvecky BKIIoYasi B CTAHZAPTHBIA HAOOp HOBBIE IIPOILie-
IypPBl K COBEPIIEHCTBYSI CyIIECTBYIOMNE, Pa3paboTankaM IOJOOHBIX CUCTEM HE BCEra
yIa€TCs OIEPATUBHO IPEIOCTABIIATE YI00HbIM nHTEpdEC /11t paboThl C HOBBIMU Ma-
TeMaTUIeCKUMU oObeKkTamMu. BoJiee TOro, /Uil HEKOTOPBIX M3BECTHBIX U JOCTATOUHO
byHIAMEHTATIBHBIX OOBEKTOB B MOIMYJISPHBIX CHCTEMAX OTCYTCTBYET BO3MOXKHOCTH HX
IIPOCTOI'O KCIIOJIB30BAHMS M TPEOyeTCsi CaMOCTOsATe IbHAas pa3paboTKa HETPUBUAIBHBIX
MPOrPaMMHBIX KOJOB, YTO 3a49aCTYIO IPOOJIEMATHIHO JaKe MPU HAJNIHH (POPMATHHOIO
ONMCAHUS UX AJITOPUTMOB.

B ITUX CiIyvadX jid COKPAallleHNsdA BPpeMeHH! IIOATOTOBKHN K KOMIIBIOTEPDHOMY 3KCIIe-
PHUMEHTY C BBIOPAHHBIM MaTEMATHYECKUM OOBEKTOM MOYKHO HCIIOJIB30BATH HECKOJIHLKO
noaxooB. [lepBolit moaxo npeanoaraeT paboTy CO CIEeUaATU3UPOBAHHBIM IIPOrPAMM-
HbIM ObecnieyenneM. Hampumep, 6sin3Kasi K paCCMOTPEHHOM B CJIEIYIONIEM pa3/iesie 3a1a4da
BBIYHCJIEHNs] aMED ITOJIMHOMOB MOYKET pelaThesl B becruiaTHoil nporpamme Singular/Sage,
HO yCTaHOBKa, HACTPOWKA 1 paboTa ¢ MOZOOHOI CUCTEMON JOCTATOYHO cJIoxKHA. [Ipemyio-
KEHHBbIe 6I/I6JII/IO’I‘eI(I/Il peann30BaHbl HAa A3BIKE Python, 9TO TaK>Ke MOXKeT 3HAYHUTEJIbHO
3aTPYJHATH UX AJAITAINI0 K KOHKPETHOH 3ajade.

AbTepHATUBHBIN TOIXO IPEIIIOIAraeT UCIOIb30BAHUE MOMYJISPHBIX CUCTEM KOM-
BIOTEPHOl arebpsl, B faHHOM ciydae — Mathematica u MatLab u o6éprok (wrappers)
nnst gux. Vuarepdeiic 06EpTKY MO3BOJIAET BBOAUTD U PEJAKTUPOBATD JIaHHBIE B YIOOHOM
Bu/e (6e3 MpOrpaMMUPOBaHUsI) U MIOJIyYaTh TOTOBBIH KO Ha BCTPOEHHOM SI3bIKE CUCTEMBI
KOMIIBIOTEPHON aJIrebphl.

1Cm., Hanpumep, http://www.math.tamu.edu/~ dewolff /Lopsided AmoebaApproximation.html.
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3&,&&'{& O IIOUCKe Hyﬂeﬁ IIOJIMHOMOB OJITHOT'O UJIX HECKOJIBKUX IIE€PEMEHHBIX HaJ pa3/In4d-
HBIMU MHOXKECTBaMM apryMEHTOB U U3y4YCHUS UX CBOIICTB SIBJISIETCSI OﬂHOﬁ u3 Haubosiee
beH,ELal\leHTaJ'[beIX B MaTeMaTHKe. HpI/I 3TOM BazKHYIO POJIb UI'DaeT BbIHyKJ'[beI MHOTI'O-
I'PaHHUK, OJJHO3HaYHBIM o6pa30M COITOCTAaBJIAEMbIit 3aJaHHOMY IIOJITMHOMY.

Omnpegenenne 1 Mnozozparnur Horomona Ny nosunoma Jlopana f (x) onpedessemcs
Kax evnykaaa oboaowka 6 R ¢ noxasameasmu us f ().

B pycckosizpIaHOl IuTEpaType NnepBasi HONBITKA CUCTEMATU3AIUMHE CBOHCTE MHOTOI'DaH-
Huka Hprorona npeanpussTa B pabore [2]|. syuenmro muHOrorpanamka Hprorona A-
JIMCKPUMMHAHTOB TIOCBsAIIEHa TaBa 6 B Monorpadwuu [7|. Obmuii coBpeMeHHbI B3I
Ha MHOrorpaHHuku HbloTOHA MOoApo6HO u3ioxkeH B pabore [3].

Ha npotsizkenun Beeil craTbu GysieM pacCMaTpUBATh HOJIMHOM JBYX [EPEMEHHBIX

p(x,y;a,b) = 1+ azx + by + zy® + 2>

¢ napamerpamu a,b € C*. lauuslit BBIGOp 00yciioBiieH TeM (haKTOM, 9TO MHOIOYTOJTbHHUK
Heiorona N, umeer npocreiinyio ¢hpopMmy — TPeyroJbHHK (PUCYHOK 1), HO comepKuT
TOYKM TEJIOYMUCIIeHHOH permnéTku Z2 KaK Ha TPAHMIE, TaK U BO BHYTPEHHEH obJIacTH.

Puc. 1. Muoroyronsauk Herorona N

T'eneparust n3o6parkeHnst MHOrOyrosibHUKa HbloTOHa He MOAZEpKUBAETCST BCTPO-
eHHbIMH Hporeaypamu cucreM Mathematica u MatLab. s nonydenus: Heo6xoammMo-
ro IMPOrpaMMHOIO KOJa, B TOM 4wncie nceaorpadurn IATEX, MOXKHO HCIIONB30BaThH
BeG-unrepdeiic http://dvbogdanov.ru/Newton. MunnMasibHas BbILyK/as 000JI0UKa B
MatLab u Mathematica Beraucasiercss Bcrpoenusivu pyukmusamu convhull  ConvexHull
COOTBETCTBEHHO, a B ciiydae IATEX cepBep ucnosb3yer Kiaccudeckuil anropurm Jlxkap-
BHCA.

Tepmun «améba» BIEpBbIE IIpeJIoKeH B MoHOrpaduu [7], rae JaHbl 1B KOHKYDPUDY-
e Bepcun — adduHHAS U KOMIAKTUMUIMPOBAHHAS aMEDHI.

Onpepnenenue 2 (Afpunnan) améba Ay norunoma Jlopara f(x) (uru anzebpaue-

cxoti eunepnosepzrocmu { f (x) = 0}) ecmnv o6pas eunepnosepzrocmu f~1 (0) ommocu-
MeAvHO 0TNOOPAdICEHUA

Log: (z1,...,zn) — (In]z1],...,In|zp]).

Uzy4denune améO KOMIIJIEKCHBIX MHOT'OOODA3Uil €CTECTBEHHBIM 0OPa30M IIPUBOJUT K I10-
HSATHSAM OTHOCHTEJIBHO HOBOW OGJIACTH MAaTeMaTHKHM — TPOIHMYECKOil reomerpum [8].
Paccmorpum orobpaxkenue Log, : ((C*)2 — R2, 3a12HHOE B KOODIMHATAX B BHIE
(z,y) — (log, |z|,log, |y|). O6pas xpusoii P (¢) npu orobparkenmn Log, comepKurcst
npu 60JIbIIKNX ¢ B £-OKPECTHOCTU HEKOTOPOIi Tpornydeckoit kpuboi. Takum obpazom, Tpo-
[IIYECKYI0 KPUBYIO MOYXKHO PAaCCMaTPUBATh KaK BBIPOXKEHHE KOMILTIEKCHON KpuBoii P (t)
u e€ amMEObI Tipu t — 00.
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Ounpepesnierne 3 Komnaxmuguyuposartas améba Zf noaunoma Jopara f(x) =

> asx® (uau aszebpauueckotli eunepnosepzrocmu {f (z) = 0}) ecmv o6pas zunep-
seS

nosepxrocmu f~1(0) ommocumeavbHo MOMERMMO020 OMMOGPANCEHUA 6 MHOLOZPAHHUK
Hviomona Ny :

PR S (s1,as8n) a2

SES o (81,---y5n)ES
R T xS for o]
sES (81,...,8n)ES

Onpegnenenns 2 U 3 IPeACTABISIOT HHTEPEC TOJIHKO B PA3MEPHOCTH ABA U BBIIIIE, TOCKOIb-
Ky aMéba ITOJIMHOMA OIHOI'O IIEPEMEHHOrO fBJISETCA KOHEYHBIM MHOYKECTBOM, KOTOPOE
MO2KHO HCCJIeJOBaThb C IIOMOIIBIO Pa3/JIMYHBIX KJIACCHUYECKHUX METOIAOB JIOKAJIU3allunu
KOpHEeil ITOJIMHOMOB.

CraniapTHble IPOLEAYPbI JJIst BBIYUCIEHUS] ¥ BU3yaIu3alii aMED B IIOILYJISIPHBIX CH-
creMax KOMHBIOTepHOﬁ aJII‘e6pr TaK2Ke OTCYTCTBYIOT. Z[anee IIpeacTaBJICHbI PEe3yJabTaThl,
HOJTy9eHHbIE C TIOMOITBIO 068pTKY Kosa MatLab? Ha OCHOBE arOPHTMOB, IPE/IOKEHHBIX
B pabore [4].

2. Bperuucaenue appuHHBIX aMED NOJMHOMOB ABYX II€PEMEHHBIX

Creyromumii pesysbTaT NOKa3BIBaeT, 9TO MHOrorpanauk Heroroma Ny orpaxaer
crpykTypy améber Ay (6, Teopema 2.8 u yrBepxaenue 2.6].

Teopema 4 (cm. [6]) ITyecmo f(z) — noaunom Joparna v nycmo {M} obosnawaem
CeMEeLicTNeo CBASHLLET Komnornenwm donoanenus x amébe Ay, Tozda cywecmeyem uns-
exmuenaa Pynwyua v : {M} — Z™ N Ny, maxaa, wmo xonyc, dsoticmeennvili & Ny
6 mouxe v (M), cosnadaem c Konycom peyeccuu 6 muoscecmee M. B wacmmocmu, wuc-
A0 CEAZHBLL KOMNOHEHM, CAf He modicem Obimb Mmerbe, wem Kosuecmso eepuwun Ny
U HE MOXHCEM NPESLIULATNG KOAMUMECMSO Yesvix movek 6 Ny.

JIBa 9KCTpeMaJIbHBIX 3HAYEHUs] YUC/IA CBA3HBIX KOMIIOHEHT JOIIOJIHEHNs K aMEbe mpesi-
CTaBJIAIOT 0cOOBI nuTEpEC [9].

Omnpenesienne 5 (cm. maxoice [6, onpedeaenue 2.9]) Aneebpauneckan sunepnosep-
noemo H C (C*)™, n > 2, naswsaemca onMUMasbHOTU, eCAU HUCAO CEAZHBLL KOMNO-
Henm eé donoanenus amébv, SAz; pasHo WUCAY UEABIT Mover 6 mHozoepanruke Houromona
onpedeasnrouezo noauroma H. Bydem zosopumv, wmo noaurom (a makoice e2o amé-
6a) ABAAEMNCA ONMUMAADHBLM, ECAU MHONCECTNEO €20 HYAET AGAAEMCA ONMUMAALHOU
an2e6pauneckoli 2unepnosepTHOCILIO.

Ausrebpandeckasl TUIIEPIIOBEPXHOCTD SIBJISIETCS OITUMAJIBHOMN, €CJIN TOIIOJIOTHs €€ aMEDBL
HanboJiee CJIOKHA CPEJU BCEX BO3MOXKHBIX B CHJLy Te€OpeMbl 4 (TO eCTh YHCIIO CBA3HBIX
KOMIIOHEHT JOIOJIHEHUsT aMEDBI SIBJISIeTCsT MAKCUMAaJIbHBIM ). JIpyroi kpaiinuii ciay4ait
TOTIOJIOTUYECKH IIPOCTeMIell aMEObI OIIPE/IEJISIETCS CJIEAYIONUM 00pa30oM.

Omnpegnenenne 6 (cm. [9]) Aneebpauneckasn eunepnoseprrocmos H C (C*)™, n > 2,
HA3BIBAEMNCA CNAOUHOT, ECAU YUCAO CBAZHBIT KOMNOHEHM €€ donoanenusn k amébe Agy
PaGHO wucAYy eepuiur mrozozparnuxa Hviomona onpedensrowezo noauroma H.

Taxum o6pazom, crtomHas amMEéba SIBIISETCS IPOTUBOIIOIOXKHOCTHIO ONITUMAJIBHOM. B nBy-
MEPHOM cily4ae aMéba sIBJISIeTCs CIUIONIHOM, €CJIM U TOJIBKO €CJIM BCE CBA3HBIE KOMIIO-
HEHTBI €€ JIOIOJIHEHUS SIBJISIIOTCS HEOIPAHUYEHHBIMU U €€ IIyNaJjiblia He IapaJlIe/bHbL.
OnrumasibHast amMéba MMeeT, Ha0OOPOT, MAKCHMAJIbHO BO3MOXKHOE YHCJIO OI'DaHUYEH-
HBIX CBSI3HBIX KOMIIOHEHT B CBOEM JOIIOJIHEHUM U MaKCHMAJIbHOE YHCJIO MapaJlJIeIbHBIX
Ly aJiers.

2OHna171H-HHTcdecﬁc JIOCTyIIeH IO ajpecy http://dvbogdanov.ru/amoeba
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PyHKIMOHAIbHAS 3aBUCHMOCTDL TOMOJIOTHYECKOTo Tuia aMéonr Aj oT koadbdunu-
€HTOB OIIPEEJISIIOIIEro nmoyimHoMa f (&) CI0XKHA U B HACTOSIIIEE BPEMs MaJIO U3yUeHA.
JlocraTo4dHoe yCiaoBHe ONTHMAILHOCTH aMEDBI moauHoMa copMyanposano B pabore [5],
COTJIACHO KOTOPOMY COOTBETCTBYIOIIH IIOJIMHOM JIOJI?KEH YJIOBJIETBOPATH «UCTUHHON» CH-
creMe nuddepeHnaIbHbIX YPABHEHUH B YaCTHBIX IPOU3BOAHLIX 'MIIEPIEOMETPUIECKOrO
Tuna [1], B To BpeMsi Kak HOCHTEJIb IIOJIMHOMA, JIOCTATOYHO CJIOYKEH.

Omnpepesienune 7 Bydem naszvieams «mywkol» amébo, A aoboe nodmmootcecmeo A,
MaKoe, WMo KOAUUECTNEO CEAZHLIT KOMNOHERM JonoareHus k nepeceveruro AN B das
docmamonno 6oavwoeo wapa B nacmoavko eeauxo, xax amo moscem 6vimsd (mo ecmo
DABHBIM HUCAY CEAZHVET Komnonewm 6 donoanenuu x A 6 R™).

Samerum, 9To TymIKa aMEOBI OlpejiesieHa He onHO3Ha4YHO. OHAKO TOMOJIOTHS €€ J10-
MTOJIHEHHUSI B JIOCTATOYHO GOJIBIIIOM IApEe ONPEIe/IeHa KOPPEKTHO W HACTOJIBKO CJIOYKHA,
HACKOJIBKO 9TO BO3MOXKHO. ['0BOpsi 06 m306parkeHuu amMEObI, MbI Oy/1eM 1o/Ipa3yMeBaTh
€6 TOIXOANIYIO TYIIKY.

Ilpumep 8 Bapvupysa 6 (1) napamempov. a u b, ewuucaum amébo, wemuvpéxr nosu-
nomos p1(z,y) = p(z,y;1,1), p2 (z,y) = p(z,¥4;3,1), p3(z,y) := p(z,y;1,5) u
pa (z,y) :=p(z,¥;3,5), wu mrozoyeosvruru Heromona cosnadarom ¢ Nyp. Jonoanernue
x cnaownol amébe na pucynxe 2 (a) cocmoum u3 MPET HEOZPAHUNEHHBT CEAIHBIT
KOMNOHEHM, € 08YMEPHBLMU KOHYCAMU peyeccul. Jonosnerue ¥ onmumasvHols amé-
6e na pucynxe 2 (2) codepotcum nAMb CEAIHBIT KOMNOHEWM: MPU HEOZDAHUMEHHBLE
KOMNOHEHMDBL C O8YMEPHBIMU KOHYCAMU PEUECCUU, 00HA HEOZDAHUYEHHAA KOMNOHERMA
MENHCOY NAPANAENDHBMU WYNAADYUAMU C OOHOMEPHBIM KOHYCOM PEUECCUU U 02PAHU-
wennas Komnorwenma. Jlee opyeue améboi, usobpasicénnvie na pucynke 2 (6) u 2 (8)
UMEIOM, YEMBIPE CBAZHBIE KOMNOHEHNDL 8 CE0UT OONOAHEHUAT U TMONOAOZUMECKY 30~
HUMAIOM NPOMENHCYMOUHOE NONOIHCEHUE MENHCOY CNAOWHOT U ONMUMAALHOT amEbamu,
ONPEVENAEMBIMU TONUHOMAMY C MHO20Y2osbHUKoM Hotomona Nop.

Puc. 2. AMEGHI monmuuOMOB p1(Z,Y), ..., pa(T,y)

CymecTByromue aHaINTHIECKUE METOAB [6], BOOOIE roBopsi, He MO3BOJISIIOT IPECKa-
3aTh TONOJIOTUYECKUil THI aMé0bI mosiuHOMa ¢ Koadduimentamu obmiero nosoxenus. C
BBIYHCJINTEIBHON TOUKH 3peHnsl 3ama9u n3obparxkenns améb Ha pucyHke 2 (a) n 2 (r)
JIOBOJIBHO CXOXKHU. TeM He MeHee, OGHApY?KEHUE OTPAHMYEHHON CBA3HONW KOMIIOHEHTBI
JaHHOrO mopsiaka [6] B qononHeHmnm K amMéGe ¢ INOMOIIBIO aHAJIMTUIECKHX METOMOB,
BOOGIIe TOBOPsl, ABJsAeTCs 3aja4eil 6osbmoil cioxuocTH [10].

3. BpruuciieHne KOMNakTU(OUIUPOBAHHBIX aMED IMOJIMHOMOB ABYX
epeMeHHbIX

YucneHHBIH pacdéT KOMIAKTU(DUINPOBAHHBIX (CM. OIpEJesIeHne 3) M pacCMaTpUBae-
MBIX Jlajlee B3BEIIEHHBIX KOMIIAKTU(DUIMPOBAHHBIX (CM. omnpenesenue 11) améb momuno-
MOB IBYX II€PEMEHHBIX aHAJOIUYEH BBIUUCICHUIO UX adPuHHBIX aHaaoros. OCHOBHOMI
BBIYUCJINTEJLHON 3ajiadeil sIBJsieTcss MOMeHTHoe orobparkenue (3) uim (10) BMecTO
JIorapu@MUIeCcKoro oTobpakeHust B apHUHHOM CIIydae.
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IIpumep 9 Ilpumenerue (3) K noauromam us npumepa 8 daém omobpasicerue

(] + |yl + |ey®| + 2[2], |zy| + 2 [zy?|)
L+ [z] + |2yl + ey?| + |22] '

(z,y) =

Coomeemcmeyroujue KoOMNAKMUuPGUyuUposartvie amebv, BHYMPU MHozoyzoavrhura Huio-
MOHA UL ONPEIEAAIOULUT NOAUHOMOE NOKA3AHBL HA PUCYHKE 3.

2 2 2 2

(a) (©) (») (r)

Puc. 3. KomnakrudunnpoBanubie aMEGbl MOJIMHOMOB p1(Z,Y), . . ., pa(z,y) BHYTPH
MHOroyrossuuka Heorona N,

Omnpenenenue 10 Caedysa udeam us [11], 3a0adum e3sewerroe momenmmoe omob-
paodicenue, ceasannoe ¢ aazebpauneckol eunepnoseprrocmoio {f(z) := > asz® = 0}
seS

caedyrouum obpazom:

S s Jas|[af)

i) =

P T Jaslles]
seES

s obueti meopuu momenmuvic omobpasicenuti caedyem, wmo jif(C™) C Ny.

Omnpenenenue 11 [1od s3sewennoli Komnaxmu@uyuposanroti améboli arzebpaue-
ckotl eunepnosepznocrmu H = {x € C™ : f(x) = 0} 6ydem nowumamv mHodice-
cmeo fiy(H) u ucnoavsosamo obosnaverue WCA(Sf).

Puc. 4. B3pemennble KoMnakTuduIIpoBaHHbIe aMEOBI oanHOMa pa(x, y) crenenu Agamapa
k=1,2,4
)

Bssemennas komnakrudunuposantas améba WCA(ps (z,y)) npencrasiena Ha pu-
cyuke 4 (a).
Hanomunm, aro cmenens Adamapa nopanka r € R nonmmuoma f(xz) = > asz® onpe-
s€S

JlesiseTcs Kak f[r] (z) := > abz®. BamernM, 9TO TEOPETHKO-MHOXKECTBEHHBIH IIpeesl
seS
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S(f) = TILII&O WCA(f [T]) C N§ B HEKOTODBIX CITydasX HPeACTaBIsIeT coboil amMéGo-Io-

JOBHBINR CUMITUITMAJIBHBIN KOMILIEKC. ANMPOKCUMAIUA CUMILIUIUATBLHOTO KOMILIEK-
ca S(p4 (z,y)) n3obpakéna Ha pucyHke 4 (B) BHyTpu MHoroyrosbauka HbroToHa sTOro

noauaoMa. B mamHoM npumepe reomerpust S(f) casana ¢ améboit Ajf, B TO BpeMs Kak
kombunaropuka S(f) orpaxkaer anrebpanvecKue CBORCTBA 9TOrO MOJUHOMA.

4. 3akJjro4deHue

Cy1ecTByIoIe aHAJIUTUIECKHE METOALI He IIO3BOJIAIOT OIPEAE/UTH TOIOJIOTHYIe-
CKMil TN aMEGBI TOJIMHOMA € OOIUME KO(DMUIIMEHTAMH, TOITOMY IJIsi BHIYUCICHUST
¥ BU3yaJIH3aluy aMEéO MOTYT HCIIOJIb30BATBHCS YHUCJIEHHBbIE MeToabl. HecMmorps: Ha TO,
9TO MOIYJIAPHBIE CUCTEMBI KOMIIBIOTEPHOMN aJIreOphl MOKA HE COAEP’KAT BCTPOEHHBIX
POy [l PENIeHUs] TOJOOHBIX 3a/1a4, UCIOIH30BAHNE COOTBETCTBYIOIUX 06EPTOK
[IO3BOJISIET PEelIaTh UX 6e3 HEeIOCPEeICTBEHHOrO IporpaMMupoBaHus. 11peniokeHHbIH
BeG-unTepdeiic http://dvbogdanov.ru/amoeba nmpenocTaBiIsieT BO3MOXKHOCThL BBOJA HC-
XOJIHBIX JAHHBIX B YZOOHOM BHJE U MOCJIEAYIONIECH aBTOMaTHUYECKON MeHepaluu KOJa
MatLab s Boraucienust adpdUHHBIX U KOMIAKTHQMUIUPOBAHHBIX aMé0, B TOM YHC-
e WCA. Be3 py4YHOro pefakTUPOBAHMsS KOJA MOXKHO yIPABJATbH BCEMU BXOIHBIMU
apaMeTpaMu COOTBETCTBYIOIIETO ajropurma [4].

M3BecTHO, UTO TponMYecKne KpUBble 8] sABIIAIOTCA BBIpOXKjeHneM adPuHHbIX aMED
IPU MIPEJIEIbHOM OTOOpaXKeHUN tlim Log, (f). Kak moka3bplBal0T KOMIIBIOTEPHBIE SKCIIE-

o0

PUMEHTBI, B C/Iy9a€ B3BEIICHHbIX KOMHaKTI/ICbI/IHI/IpOBaHHbIX al\lé6 B HEKOTOPBIX CJIy4daax
TeoperuKo-MuOzKecTBeHubIi mpegesn lim WCA(fI) npexcrasiser coGoit amé6o-1om06-
™00

HBIA CUMILTUIIAAJIBHBI KOMILJIEKC.

Takum 06pa3zoM, UCHOJIB30BAHUE CUCTEM KOMIBIOTEPHON aJire0pbl IPUMEHUTEBHO K
JAHHOW TeMaTHKe IO3BOJISeT JOCTATOYHO OBICTPO IM0JIy4YaTh HHTEPECHBIE PE3YJIbTAThl U
SIBJISIETCS MEPCIEKTUBHBIM JIJIsI JAJbHEHIIIEro Pa3BUTHsI T€OpUU aMeD.
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Computation of amoebas of polynomials in two variables
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The term «amoebay» was firstly introduced in monograph by Gelfand, Kapranov and Zelevin-
sky (1994), thereafter set of scientific works of various authors was devoted to researching of
amoebas. Modern systems of computer algebra allow to solve effectively the wide range of
tasks, including «amoebic» theme. The reckoning for universality of such systems is the ab-
sence of many built-in functions, including those for computation of amoebas. That’s why,
we have to develop and program non-trivial algorithms often enough, even in case of typical
tasks.

This work is focused on MatLab code wrapper, providing convenient web interface for
computing and visualization of affine and compactified amoebas of polynomials in two variables.
The possibility of Newton polygon visualization both by means of systems of computer algebra
and by means of IMTEX graphics is considered. The offered approach realizes the concept of
RAD (rapid development of applications) and allows to focus on mathematical issue without
routine programming of functions used.

The definition and samples of computation of weighted compactification amoebas of poly-
nomial of two variables (WC.A) are given. The limiting case is shown, in which the WCA
degenerates into the simplicial complex.

Key words and phrases: computation amoebas of polynomial in two variables, affine
amoeba, compactified amoeba, weighted moment map.
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IIpu MozmesMpoBaHUHN TAKUX SIBJIEHUI KaK IOIY/ISIIUOHHAS IMHAMUKA, UCCIeIOBaHUE yIIPaB-
JISIEMBIX IIOTOKOB M T.J[. BOZHHKaeT MpobjieMa aJalTalii CyIIeCTBYIOIINX MOJeJIER IO UCCIe-
AyeMoe sBJICHUEe. HJ'IH 3TOr0 IIpeJJiaraeTrcsd II0oJy4daTh HOBBIE MOJEJIN U3 IIePBbIX IIPUHIIUIIOB Ha
OCHOBE MeTO[a CTOXaCTH3AIMU OJHOIIArOBBIX IpomeccoB. VcciaemoBanne MeeT BUJL UTEPATUB-
HOI'O IIPOlecca, 3aKJII0YaloIerocs B II0JIyYeHUU MOJEJIN U IIOCjeayoleil eé KOpPEeKTUPOBKe.
KosmmuecTBo Takux uTepanuil MoxKeT ObITH Kpaiine GosbiinMm. Ilesbio qanHONl paGOThI SBJIS-
eTcsi pa3paboTKa IPOrPpaMMHON pean3alud CPEACTBAMU KOMIIBIOTEPHOH aarebpbl MeTona
CTOXAaCTU3ALMH OHOIIATNOBBLIX IIPOLECCOB. B pabore NpeiIoXKeHO UCIOIb30BATh CUCTEMY KOM-
nbIOTEpHOi anrebpel SymPy B KadecTBe OCHOBBI JJIsi IpOrpaMMHOil peanusanuu. Ha ocHose
pa3paboTaHHOIO AJIFOPUTMa [IOKA3aHO [OJIyYeHHe CTOXACTUIeCKUX AUd@epEeHUaIbHBIX yPaB-
HEHUH M3 BUJAa CXEM B3aUMOJEHCTBUs. Pe3yapraTsl paGoThl IPOrPAMMBI IPOAEMOHCTPUPOBAHDI
Ha Monesn PepxiobCTa.

Kuarouessbie ciioBa: CAS, SymPy, iPython, croxacTusamus, oqHoIaroBble Mpomneccsl.

1. Bsenenune

HBH@HI/IH, nu3yvaeMble HAIIUM KOJIJIEKTUBOM, MOXKHO OIIMCBIBATH B paMKaX CTaTHU-
CTUYECKOro 1noaxoa. OGbIYHO MOAOUPAETCS MOJE/b, JJOCTATOYHO ITOJIHO OTParKaroast
uzyvaemoe dBJIEHUue, U B Heé BHOCATCA HEKOTOPBIE YTOYHEHUA. BO3HI/IKaeT BOIIPOC, KaK
BHOCHUTDH U3MEHEHNs, IOCKOJIbKY JIaHHBII IIPOIecC He OfHO3HadeH. Vcnob3yeMble Moesn
SBJIAIOTCS Peajiu3alell HEKOTOPBIX NEPBBIX IPUHIUIOB. Mbl CUMTaEM, YTO €CJIU CTPOUTH
MOZEJIN U3 IIE€PBBIX IIPUHITUIIOB, TO BHOCHMbBIEC U3MEHECHUA 6y;[yT NMEeTh KOHKPETHYIO
parMaTuKy U CEMAHTUKY, X OQHO3HAYHO IPOSBIIATHCA B UCIOIb3YyEMbIX IPUOIMIKEHHBIX
Mozensx. [Ijs onucaHust U3y4aeMblX HAMU sIBJIEHUil (CETH Iepeiadn JaHHBIX, CUCTEMBI
C yupaBJIEHUEM, IIOIIYJIAITUOHHAA ,E[I/IHaMI/IKﬂ) MbI HUCIIOJIB3YyeM MOJEJIb OJHOIIaroBbIX
npouneccos [1,2].

Hamu paspaboTana METOMKa CTOXACTU3AIU MOJIEJIEll, KOTOpast O3BOJIAET HOIYYaTh
U3 NEePBBIX IIPUHIUIIOB CTOXaCTUYIECKYIO MO/JEJ/Ib, COOTBETCTBYIOUIYIO A€TEPMUHUCTUIEC-
ckoit [3—7]. Ilpouec uccae0BaHUS SBIAETCS UTEPATHBHBIM: U3 JIETEPMUHUACTHYECKOIT
MOZAeJ MbI IIOJIydaeM IEePBHYHYIO MOIEJIb, U3 HepBH‘{HOﬁ MOaeau CTOXaCTUIeCKYIo,
CTOXaCTHIeCKasi MOJEJIb COOTHOCUTCS C JIeTEPMUHUCTUYECKOH, HA OCHOBAHHHU 3TOTO COOT-
HECEeHUs] MBI TIOJIy4aeT YTOYHEHHYIO IEPBUYHYIO MOJesb. Jlajiee NpoIecc IOBTOPSAETCS.

(I)OpMaJ'[I/I3M CTOXaCTU3aIlluul MOZXKeT 6bITb peann3oBaH Pa3HBIMU CHOCOGaI\IH. Ha JdaH-
HBIl MOMEHT HAMM IIPUMEHSIOTCS [IPE/ICTABICHIE BEKTOPOB COCTOAHHS (KOMOMHATOPHBII
[IOAXOZ) M IPEICTABJIEHNE UUCEN 3all0IHeHns (onepaTopHbli moaxon) [8—11].

B ciiydae npuMeHeHUsI KOMOUHATODPHOIO IOJXOJIa BCE JIEHCTBUSA BBINOJHAIOTC B
IIPOCTPaHCTBE BEKTOPOB COCTOAHUA CUCTEMBI. Ha, IPOTAXKEHNU BCEX MOAEC/TIbHBIX MaHUILY-
JISIIUHA MBI IMEEM J1eJIO0 ¢ KOHKPETHOM HccieyeMoit cucremoii. B pesynbrare nosy4gaercs
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Puc. 1. Ognomarossiii mporecc

onucanue B BuAe IUM@EPEHIMATIBLHOIO YPaBHEHU. DTOT IOAXOM yI0OEH IpPU KOH-
CTPYUPOBAHUM MOJEJIH, IIOCKOJIbKY ITO3BOJIAET JIETKO CPAaBHHUTH PE3YJIBTAT C JAPYTUMU
MOJIEJISIMU.

B omepaTopHOM moaxome MbI OTBJIEKAEMCsl OT KOHKDETHOM peasin3alliy UCCIIeLy-
eMOil cucTteMbl, paboTasi ¢ aOCTPAKTHBIMH OllepaTopaMi. B IIPOCTPaHCTBO BEKTOPOB
COCTOSIHMII MBI IIEPEXOJUM TOJIBKO B KOHIIE BblumcJieHuil. KpoMe TOro, KOHKpeTHYyIO
OIIEPATOPHYIO AJrebpy MbI BBIOMpPAEM, MCXOS X CUMMETPHHU 33a9d. DTOT OJIXO/L
yI00€eH IIPpU TEOPETUYIECKUX ITOCTPOECHUSIX.

3a9acTyo BO3HUKAET 3a/1a9a HAXOXKJIEHUsI CTOXACTUIECKON MOJeJN, SKBUBAJIECHTHOMN
paHee CO3/IaHHOMN JETEPMUHUCTHYIECKON. [IJIsi 9TOro MbI UCIIOJIb3yeM KOMOWHATOPHBIM
noaxos. B aToMm npencraBiieHnn CTOXacTUYECKas MOJIEIb UMeeT BUL JuddepeHIINaIbHOrO
ypaBHeHUsI, 4TO obJlerdaeT CpaBHEHUE C MCXOJIHON MOJENBIO.

2. Meroauka cToxXacTU3aluu JeTE€PMUHUPOBAHHBIX MOIeJIei

Hamu paspaborana smmupudeckass METOLUKA CTOXACTH3AIHUE OJHOIIATOBBIX IIPO-
neccoB. OnHAKO JUINb YaCTh IIAroB SKCIUIMIMPOBAaHA, BbIpayKeHa sBHO. Meromuka
dopmann3oBaHa TAaKUM 00pa30M, UTO AJIsA €€ IPUMEHEHH JOCTATOYHO CHOPMYIHPOBATD
HCXOJHYIO 3a/ia4y COOTBETCTBYIOIIMM 00Pa30oM.

IlepBBIM maroM Mbl IPUBOJUM HAIly MOJIEJb K BUJY OJHOIIArOBOrO Iporecca (CMm.
puc. 1). Hanee HeoOxoauMo HOPMAIM30BATh STOT HPOIECC B BUJE CXEM B3aUMOZEH-
crBus [5,12]. Anasoramm cxeM B3anMOJEHCTBHS ABJIAIOTCS yPABHEHHS XUMHUYIECKON
KUHETUKY, PEaKIuy JacTUl] U T.J.

3 cxeM B3amMOIENCTBHUS HEIIOCPEACTBEHHO 3aIIMCHIBACTCS OCHOBHOE KMHETHUIECKOE
ypasuernue. OHako 910 ypasrenue [1,2] umeer 06bIMHO JOCTATOUHO CJOXKHYIO CTPYKTYDY,
9TO 3aTPYAHAET ero peireHue u uccienosaxue. CIeyIOINUM MIaroM MbI IIOJIy<IaeM
npubinKEHHbIe MoJes B Buze ypaBHenuit Pokkepa—Ilianka n JlankeBena.

ITIpenmoxkeHHbIil TOAXOM, IOAPA3yMEBAET UTEPATUBHOCTDL HCCJICIOBAHUA: IIOJIYICH-
Hble NPUOJINKEHHBIE MOJIEIN YTOYHSIOTCS ¥ U3MEHSIIOTCSI, YTO IIPUBOJUT K KOPPEKIUN
HCXOJHBIX CXEM B3aMMOJIENHCTBHUSI.

3. O6ocHoBaHme BbIOOpA CHUCTEMBI KOMIIBIOTEPHOI aredbpni

IIpu peasnnsanuu pacCMOTPEHHBIX JITOPUTMOB IIEPE] HAMH BCTaJjla 3a/1a4a BbIOOpa
crCTeMBbI KOMITBIOTEPHO anrebpel. Hamm moTpeGHOCTH BIIOJIHE YKJIAIBIBAIOTCS B TPe-
OoBaHUs K YHHUBEPCAJIBHOI CHCTEME KOMIIBIOTEPHO ajire6phl, HO CIIEKTP TAKUX CHCTEM
BecbMa mupok. [losTomy nmpuBeném Hamm KpUTEPUU BbIOODA:

— Cucrema J0JKHA OBITH CBOGOIHO pacnpocTpanaeMoii. MOXKHO cUuTaTh 3TO HAIIMM
profession de foi.

— BgzaumopeiicTBue ¢ cucTeMoii TOJKHO ObITH UTEPATUBHBIM. B Heil jqo/nkHa O6BITH
peasnmzobana napagurma REPL (Read—Eval-Print Loop).

— 2KenarenbHo, 9TOOBI CHCTEMA MOAAEPXKUBAJIACH U PA3BUBAJIOCh. HenpusiTHO co3ma-
BaTh NPOJYKT Ha SI3bIKE, KOTOPBIM B CKOPOM BPEMEHU OKAayKETCsl MEPTBBIM.
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— CuMBOJIbHBIE BBIYUCIIEHUST — JIMIIb OJUH U3 JIEMEHTOB MeToauKu. [losyuenubie
yPpaBHEHHUsI HEOOXOAMMO HMCCJIEIOBAThH Fallle BCEIO IUCIeHHbIMU MeTogamu. Heobxo-
JIMMO MMETh BO3MOXKHOCTH Pa3HBIX (DOPMATOB BBIBOJIA PE3YILTATOB. A emg Jydiie,
MMEeTb BO3MOXKHOCTBH GECIIIOBHO MHTETPUPOBATH UCKOMYIO CUCTEMY C JPYTUMHU IIPO-
rPaMMHBIME IIPOJIYKTaMH.

— Taxkoke GbLIO OBbI y100HO MMETH PEeasIN3alliio YNCICHHBIX METOIOB B PAMKaX CHCTEMBI
KOMITBIOTEPHOI aJireGphI.

Bpi6op yHUBepcaabHbIX CBOOOIHBIX CHCTEM KOMIIBIOTEDHON ajireOpbl HE TaK YK U
BEJIMK. PaccMOTpHM OCHOBHBIX IIPETEHIEHTOB.

Cucrema Maxima [13, 14] — ksiaccudeckasl CHCTe€Ma, OJHAKO 3aCTHIBIIAS B CBOEM
pa3sutuu B Konie 90-x. HoBble Bepcuu BbillycKaroTcst 9acTo. Ilpu 9TOM OHE JIMIIb yBEIU-
YUBAIOT CTAOUJIBHOCTD, UCIPABJIAIOT OMIHOKY. Jlo6aB/IeHne HOBBIX BO3MOXKHOCTEN UJIET
Kpaitne MejiileHHo. Kpome Toro, BO3MOXKHOCTH B3aMMOJIERCTBUS C APYTUMHE IIPOrDAMMAMU
OorpaHUYeHa.

Cucrema Axiom [15,16] BbliessieTcss MaTEMAaTHYECKAM MIOJXOJOM K KOMIIBIOTEPHON
asrebpe. Ona nojmepkuBaeT cucreMy Tunos Xuujmu—Muunepa [17, 18], obnamaer
BEJIMKOJIEIIHBIM BHYTPEHHUM SI3BIKOM paciimpenus. Ho n3-3a Hepasperménubx npobieM ¢
KonupaiiToMm cucreMmy auxopanut. ObpasoBasioch HeCKOIbKO (opkos. Karkaprit BapuanT
MMeEeT CBOIO HEOJIOTHIO, CBOU IJIAHBI PAa3BUTHs. eM M KOorjga BCE 9TO 3aKOHUUTCS — He
nousaTHO. Jla u uHTEeporepabebHOCTL (PAKTUIECKH OTCYTCTBYET.

HawuGosiee unTepecHoil Jyist Hac sBisiercs cucrema SymPy [19,20]. Dra cucrema
[OSIBUJIACh KAK OMOIMOTEKA CHMBOJILHBIX BBIYHCIEHUN ajis s3bika Python. Ho ssbix
Python crasn yHuBepCcaIbHBIM S3BIKOBBIM KJleeM (JIOCTATOYHO HEOXKHUJAaHHO). IIpnMeneHune
€ro B Pa3HOOOPA3HBIX [IPOEKTaX IIPUBEJIO K B3PHIBHOMY POCTY COILyTCTBYIOIIUX CPEICTB
u 6ubsmorek. [Tosromy u SymPy passusasica Bmecre ¢ HuM. Tenepb 9TO JOCTATOUIHO
MOIIHAsI CUCTEMa KOMIIBIOTEpHO aiare6psel. [Ipuaém Gombmias dacTb HEOOXOIUMBIX HAM
KPHUTEPHUEB IPOUCTEKAIOT HE M3 COOCTBEHHO cucreMbl SymPy, a u3 okpyzkaromux eé
6ubsimorek. ITomyuaercs, uro SymPy ynoBierBopsieT BceM HAIIUM KPUTEPUIM:

— B kadecTBe MHTEpAKTUBHON 0OOJIOUKH YI0OHO MCIOIB30BaTh OJIOKHOT Jupyter, sB-
JISTFOIIMIACST KOMIIOHEHTOM cucteMbl iPython [21], peamusyromeit nneosmornio REPL.

— Hsbik Python dakTryeckn ucnosb3yercs Kak COeJUHUTENbHBIN A3bIK, CBOETO POJa
SI3BIK-KJIEH, KOTOPBIH ITO3BOJISIET MHTEIPHPOBATEL MEXKIYy COOOIl pa3Hble IPOIPAMM-
Hble IPOLYKTBI. Kpome Toro, B pamkax 6ubsmoreku SciPy [22] nonnep:kusaercsa
OOJIBIIIOE YHCJIO BBIXOIHBIX (DOPMATOB.

— Boixogmbie mannsre SymPy BO3MOXKHO €CTECTBEHHBIM 00pa30M IepefaTh [AJIs TIUC-
JIEHHBIX pac4yéToB B 6ubianoreky NumPy [23].

Takum 06pa3oM, MbI OCTAaHOBUJIUCH B CBOEM BbIOOpe Ha cucreme SymPy st peasu-
3aIpi METOJa CTOXACTH3AIMH OJHOIIANOBBIX IIPOIECCOB.

4. HpOFpaMMHaﬂ peasuu3anuy aJjiropurmMa Ccroxacrudanum

AropuT™ MOJIy4eHUsI CTOXAaCTUIECKOTO AuddepEeHIMATBHOIO YPaBHEHUS U3 CXEMbI
B3aMMO/IeICTBUA peajin30BaH KaK II0CJIe/I0BATEIbHOCTh Ollepaliii HaJi BEKTOPHBIMU
NaHHBIMU. VICXOMHBIMU JAHHBIMH ABJIAIOTCH CXEMbl B3aUMOJIEHCTBUs, IIPEeJCTaB/JIeHHbIE B
cJeayIoeM BHUeE:

— CUMBOJIbHBIN BEKTOP X IIPEJCTaBJIsieT COOOM BEKTOD COCTOSIHHUSI CUCTEMBI (]
— CHUMBOJIbHBIN BEKTOD K npeacraBadeT CO60ﬁ MHTEHCUBHOCTU B3aHIVTOJ16ﬁCTBHH +k’a 5
ky s
— yucyioBble MaTpullbl I u F mpeacTaBisiioT coboil HadalbHOEe U KOHEYHOE COCTOSTHUS.
OCHOBHBIE BBIYUCJIEHHUSI PEAJIU30BAHBI B BUJE IETHIPEX (DYHKITHIA.

IlepBas dpyHKINA TIPOCTO peaau3dyeT HAXOXKICHUE SJIEMEHTa

def P(x, n):
"""y = symbol, n = integer """
return sp.prod([x-i for i in range(n)])
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Crenyromas yHKINS UCIOIb3YeT MPEAbIAYILYIO IS BBIYUCICHUAST ' § o B S4> B
KauecTBe apryMeHTOB 3/I6Ch Mepe/laloTCst CUMBOJIbHBIE BekTopbl X = (z1, 22 ... o™)7T
n K = ("ky,..., kg), a B KauecrBe pe3y/ibTaTa BO3BPAIIAETCs CHHCOK ' Sp,..., ' Sg

(IpuBeéH KO/ TOJIBKO JJIsl IPSIMBIX PEaKInil):

def S(X, K, I):
res = []
for i in range(len(K)):
Ps = [P(x, int(n)) for (x, n) in zip(X, I[i, :1)]
res.append(K[i]l* sp.prod(Ps))
# output: list [s_1, s_2, s_3, ..., s_s]
return res

Caenyromue dyHKIME — OCHOBHBbIE (DYHKIUHU AJTOPUTMA: JIJIs HOJIYIEHUsT BEKTOPA
cuoca drift_vector (X, K, I, F) umarpunp! quddysun diffusion_matrix(X, K, I, F)
B CUMBOJIBHOM dopmare SymPy:

def drift_vector(X, K, I, F):
res = sp.zeros(r=len(X), c=1)
R=F.T - I.T
for i in range(len(X)):
res += R[:, i] * S(X, K, I)I[i]
return res

def diffusion_matrix(X, K, I, F):
res = sp.zeros(r=len(X), c=len(X))
R=F.T - I.T
R = sp.Matrix(R)
for i in range(len(K)):
res += R[:, il * R[:, i].T * S(X, XK, I)[i]
return res

IIpu mcnonb30BaHMKM MHTEPAKTUBHON 000JI0YKM Jupyter HeOOXOAMMO HACTPOUTH
KOppeKTHOe oTobpazkenue Hotanuu TEX. [l aroro Buadase Jupyter-6JI0KHOTa CIIELYET
MMIIOPTHPOBATh MOZYJIbL Latex:

from IPython.display import Latex

¥ BBI3BATH (DYHKIUIO

sympy.init_printing(use_unicode=True)

ITpu sTom Gubiamoreka SymPy [1oJ?KHa OBITH 3apaHee MMIIOPTHPOBAHHAS KOMAHJION
import sympy.

PesynbraTsl paboThl TporpaMMbl MOXKHO 3KCIOpTupoBaTh B popmar INTEX. Moxkuo
BOCIIOJIb30BaThCsl BCTPOEHHBIMU METO/IAMHU, KOTOPBIE TIO3BOJISIOT nTpeobpasoBars A* u B
B Koz IATEX. 15151 9TOr0 10CTaTOYHO BBI3BATH KOMOMHAIMIO PyHKIMIL print (sympy.latex (A)),
re B IePEMEHHOR A comepKUTCs pe3ysbTaT paboTsl dyuknun drift_vector, a pyHKIMS
latex() sxcnoprupyer ero B INTEX-koz,.

5. IIpumep peasmmzanuu. Mogear Pepxrosbcra
s jeMoHCTpanuu MeTona paccMoTpuM Mozens Pepxionbera [24-26]. B nomysisun-

OHHOU CeMaHTHKE 3Ta MO/IEJIb OIMCHIBAET OrPAHUYEHHBIN POCT ITOIYJISIIUN.
HerepMuHUCTIYECKAS MOJEJb UMEET CJIEILYIOIINN BUJ;:

¢ = Ao — B — 797, (1)

rae A — K03 UIMEHT NHTEHCUBHOCTH Pa3MHOXKEHU, 8 — K03 DUIIMEHT HHTEHCHBHOCTH
BBIMUPAHUA, ¥ — KOIDDUINEHT UHTEHCUBHOCTH yMEHBIICHUS MOILYJISIIIUN.
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Ha ocxoBannu (1) sanunimeMm cxeMy B3anMOIEHCTBUSL:

A
i~ 20,
(2)

0<ﬁap.

TlepBoe coorHomieHue (2) 0O3HAYAET, YTO UHIAMBHUAYYM, KOTOPBIA ChelaeT eIUHUILY
UM, HEME/IJIEHHO PEIPOJIYIUPYETCs, B OOPATHYIO CTOPOHY — COIEPHUYECTBO MEXKITY
UHAUBUIAMU. BTOpOE COOTHOIIIEHNE OMUCHIBAET CMEPTh UHIUBULYYMA.

Hannas monens ogaoMepra (n = 1). Konndecrso B3aumoeiictsuil s paBuoO 2.

Us (2) sammmem marpurer 182 u FL2:

ria — (1 ia _ (2

B nporpammy nepemaroTcst ciieayronme 3HAUCHUS:

= sp.Matrix([[1], [1]])

= sp.Matrix([[2], [0]])

= sp.Matrix([’phi’])

= sp.Matrix([’k_{0}’.format(i+1) for i in range(2)])

=T oA
[

ITockombKy 3amada OgHOMEPHA, TO BEKTOP CHOCA U MAaTPHUIA Aud@y3UN SABISIOTCI
CKaJIsipaMu:

A(p) = Xp — Bp — 79,
B(p) = Ap + Bp — v¢>.

Croxacrunieckoe quddepennuanibHoe ypaBHEeHRE, COOTBETCTBYomee ypaBaenuio (1),
Oy/1eT UMeTb BUJI:

de(t) = (Mg — B — 7¢2) dt + 1/ (Ap + By — v92) dW (1) .

TakuMm 06pa3oM MbI JOCTHUIVIM CBOE Iejanm — MoJiesb croxacTusobaHa. Ciremyer
3aMETUTD, YTO JarXKe TaKasl IPOCTasi OJJHOMEPHAs MOJIEJb IIPU PYYHBIX PACUYETAX sIBJISIETCS
JOCTATOYHO TPYIOEMKOIA.

6. 3akiroyeHue

HNccnenoBarennbckas paboTa 1acTO HOCUT UTEPATUBHLIN XapakTep. Pesynprarst BoI-
YICJICHUN OIIEHUBAIOTCS IO OIPENEJIEHHBIM KPUTEPUSM. DTH JeHCTBUS IIPUXOIUTCS
BBIIOJIHATE MHOTOKPATHO. CHCTEMBI KOMIIBIOTEPHON aareOphl IMO3BOJISIOT ABTOMATU3U-
pOBaTh STOT IIPOIECC.

B namHoit pabore paccMOTpeHa IPOCTelast pealn3alius aJfOPUTMa CTOXaCTH3aIluN
OJIHOIIATOBBIX IIPOIECCOB IO 3aJaHHBIM CXeMaM B3auMogeiicTsust. s sroro 6su1 mpo-
BeIEH aHAJIM3 CHCTEM KOMIIBIOTEPHON ajreOphl Ha OCHOBE IIPEJIOXKEHHBIX aBTOPAMU
KpuTepues. B cOOTBETCTBUM C STUMU KPUTEPHUSIMU B KAYECTBE CHCTEMbI KOMIIBIOTEPHOIT
arebpbl I peasM3anuu MeTofa BulOpana cucrema SymPy. [Ipusenens! cyurecTBeHHbIE
9JIEMEHTHI KOZa PeaJIM3alluy MEeTOa CTOXaCTU3alUU OFHOIIArOBbIX IIpoleccoB. Pabora
IPOrPaMMHOI'O KOMILJIEKCA IIPOJEMOHCTPUPOBaHa Ha IIPUMEPE JBYX MOJEJIEeN: MOJEIN
®Pepxronbcra u Mogenu Jlorku—Boabreppsr.

Buaarogapuoctu

Pabora gactuuno noggep:kana rpantamu PODU Ne 15-07-08795, 16-07-00556. Taxxxke
IMyG/IMKAaIs TOATOTOBJIEHA IpU mogaep:kke nporpaMmel PY/IH «5-100».
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Using the computer algebra system SymPy to implement the

method of stochastization of one-step processes

M. N. Gevorkyan*, A. V. Demidova*, T. R. Velieva*, A. V. Korolkova*,

D. S. Kulyabov*, L. A. Sevastianov*}
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When modeling phenomena such as population dynamics, the study of controlled flows,
etc. there is a problem of adapting existing models to the phenomenon under investigation.
To this end, we propose to obtain new models from the first principles on the basis of the
method of stochastization of one-step processes. Our study has the form of an iterative
process, which consists in obtaining a model and subsequently adjusting it. The number
of such iterations can be extremely large. The aim of this work is to develop a software
implementation of the method of stochastization of one-step processes by means of computer
algebra. In this paper, we propose to use the computer algebra system SymPy as the basis for
software implementation. Based on the developed algorithm, we obtain stochastic differential
equations. The results of the program are demonstrated on the Verhulst model.

Key words and phrases: CAS, SymPy, iPython, stochastization, one-step processes.
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Strong consistent finite difference approximations to systems of
PDEs
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In the talk we present some of our recent results obtained in collaboration with Yu.Blinkov,
D.Robertz, P.Amodio and R. La Scala on computer algebra based application to study the
consistency of finite difference approximations to systems of partial differential equations of

the form
h==f=0,

where F:= {f1,...,fp} C R{u(l), RN u(m)} is a set of partial differential polynomials with

differential indeterminates (dependent variables) u(*),... u(™ and mutually commuting
derivations d1,...,0,. R is assumed to be the differential field of rational functions in the
independent variables x1, ..., x, with rational coefficients and may also include finitely many
constants (parameters).

Key words and phrases: differential polynomial, system of polynomially - nonlinear
PDEs, finite difference approximation, weak and strong consistency, differential Thomas
decomposition, difference Grobner basis, two-dimensional Navier-Stokes equations, numerical
experiments.

1. Introduction

Along with the methods of finite volumes and finite elements, the finite difference
method [1] which exploits a local Taylor expansion to replace a differential equation
by the difference one is widely used for numerical solving partial differential equations
(PDES) in various fields of scientific computing [2,3]. It is defined on the chosen solution
grid and based on a finite difference approximation (FDA) to the given PDE(s). Together
with the discrete approximation of initial or/and boundary condition the FDA constitutes
a finite difference scheme (FDS), [4,5].

The fundamental requirement to a FDS is its convergence to a solution of the
corresponding differential problem as the grid spacings go to zero. Unfortunately, in
practice, except a very limited class of problems, the convergence cannot be rigorously
established. Because of that, for a scalar PDE it has been adopted that the convergence
is provided if a given FDA to the PDE is consistent and stable. The consistency implies
a reduction of the FDA to the original PDE when the grid spacings go to zero, and it is
obvious that the consistency is necessary for convergence. The stability means that the
error in the solution caused by small numerical perturbations is bounded.

2. Weak and Strong Consistency

We consider a regular grid with the set of grid spacings h := {h1,...,hn} (h; > 0) and
use the vector notations for the independent and dependent variables: x := {x1,...,Zn}
and u = {u® ... uwlm},
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Discretization of a differential polynomial f means its replacement with a difference
polynomial f:

X — {k1h1,...,knhn},

ki,...,kntez™.
u= Uy, .k, =ulkihi,...,knhn), { rfon

f:>f:{

Given a finite set F := {f1,..., fr} of differential polynomials, [F] := /[F] will denote
the set of their algebraic differential consequences, that is, the set of all differential
polynomials vanishing on common solutions to the PDE system { f =0 | f € F'}. [F]
is a radical differential ideal.

Similarly, if F:= {f1,--., fi} is a set of difference polynomials then [[F]] will denote
the set of their algebraic difference consequences, that is, the set of difference polynomials
which vanish on common solutions to the difference system

{f=0|feF}.

[F] is a perfect difference ideal [6).

We shall say [7] that a difference equation f = 0 implies the differential equation
f =0 and write f > f if there is a limit |h| — 0 such that the Taylor expansion about a
grid point yields ~

f——f+0O(h]).
|h|—0

In this terminology, weak consistency or w-consistency of f with f means f > f.

Given a PDE system F and its FDA F, F is strongly consistent or s-consistent [8|
with F if there is a limit |h| — 0 such that

(VfelF]) (3fe[F]) [f>F].

3. Main Theoretical Results

Theorem 1. [7]
AFDA {f=0]|f € F} toa linear PDE system { f =0 | f € F'} is s-consistent
iff there exists a limit |h| — 0 such that a Grébner basis (or involutive basis) G of [F]|

satisfies _
(VgeG) (FgelFl) [g>g].

Remark 1. For linear systems a Grobner basis always exists and the above theorem
provides an algorithmic check of s-consistency. In doing so, given a differential polyno-
mial g, its membership in [F] is algorithmically verifiable via the differential Thomas
Decomposition [9].

Theorem 2. [§]

AFDA {f=0]| f € F} toa nonlinecar PDE system { f = 0| f € F'} is s-consistent
if and only if there is a limit |h| — 0 such that a standard basis G satisfies

(Vie@G) (3gelF]) [§>g]

Remark 2. Generally, for nonlinear systems the last condition is algorithmically
undecidable since the standard basis G can be infinite. However, one can check the
necessary conditions of s-consistency by composing difference S—polynomials from the
elements in FDA, computing their continuous limit |h| — 0 and verifying its membership
in [F] (see [8]).
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4. Application to the Navier-Stokes Equations

‘We consider the two-dimensional motion of incompressible viscous liquid of constant
viscosity whose dynamics is described by the Navier-Stokes equations that can be written
as the following PDE system

i

2= ur + uug + vUuy = —pz + iAu,

Uy +vy =0,

3 = vt + uvg + vvy = —py + éAv.

Here f! is the continuity equation, f1, f2 are the proper Navier-Stokes equations, (u,v)
is the velocity field, p is pressure and Re is the Reynolds number.

Completion of the Navier-Stokes equation system to involution adds one more
equation called the pressure Poisson equation

1y oug +vy =0,

f2 0 w4 uug 4+ vuy = —pr + g u,
3 vt—i-uvz—l—vvy:—py—ﬁ—éAv,
A u§+2vzuy+v§:7Ap.

By using the discretization method suggested in [10] and based on combination of the
finite volume method, numerical integration and difference elimination via the construc-
tion of Grébner bases, we obtained in [11] the following two s-consistent approximations
on the regular grid with t,11 —tp =7 >0and 11 —2; = Yp41 — Y =h >0

n n n n
5o i1k %1k + Yik+1 Yjk—1 -0
€1 = 2h 2h -
n+l_ n 2n 2n n — n
&y 1= Yik Yk + u j+1k:u j=tk UU k41 }U"”jlc—l +
T 2h 2h
n n n n n n n n
L Pit1EPioak 1 Uiy 2u gt oy LY k2 2 et oo _ 0
2h Re 4h2 4h2 ’
FDAL D T A R
G ik J J = J Jk—
€3 = T + 2h + 2h +
n n n n n n _oym n
Pik+1 Pik—1 1 [ Yi+2k 2YiktVi—2k Vik+2 2V ktVik—2 —0
+ 2h Re 4h2 + 4h2 -
2n 2n 2n n n n n
Gy = Y 2k 2 et ok +21“J_7‘+1 kbl %Y1 k—1 " Y1 k1 TV 1 k1 +
4= 1h2 1h2
2mn 2n 2n n n n n n n
LY Jk42 =207 gtV g2 4 Pitokr 2PjktPj_2g 4 Pikt2 2P ptPiK_2o —0
4h2 4n2 4h2 .
n n n n
- ui TSk v 1V e
o= + L =0,
n+1 n 2n 2n n n
~ Wty w27 27 wo —uw "
Yk Jk itlk i—1k Jk+1 jk—1
f2 = e + 2h + 2h +
n n n oum n n oy aam
+pj+1k'27hpj—1k 1 (“j+1k 2uj2k'+u]'71k: 4 ikt 2“3‘21«*“;' k—l) —0
e h ?
Lt _ n n n 2n 2n
FDA24{ 7 .— B R 5 Wl S WA 2 Sk 1 WY
= T 2h 2h
n n n n n n n n
+Pj k41 Pik—1 1 (Y4162 TV 1k n Uikl T2V U 1) _ 0
20 Re "2 "z »
2n - 2n 2n n n n n
f o uTiyop2ut i tuti oy +2“”j+1 Bl %Y 1 k—1 "% 1 kb1 TV 1k +
4= 2 An2
27 2427 27 7 _op™ n " _2pn n
4 Uik 207 i tv k2 n Piyok 2P ptPi ok n Piky2 2P 1P 2 —0
4h?2 4h?2 4h2 .
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The third approximation with 3 X 3 stencil obtained by the conventional discretization
is s-inconsistent

n n n n
G Y+l ik Mi—1k + Vik+1 Y5 k-1 0
g1 2h 2h ’
n+1 n n n n n n n
w w —u” ) W, = p7 —p7
~ . jk ik n “i+1,k j—1,k n “j,k+1 j,k—1 i+1.k j—1,k
92 = T +ujy 2h + vk 2h + 2h
n n n n n n
S U (0 5 Wl i o WSS s Sk | St N U RO
Re h2 h2 ]
pn L _ym on _m o _ym n _.n
FDA3 =~ . Yk ik +un GRS Lt Y R . & o e 1l +Pj,k+1 Pjk—1
93 = T ik Sh ik 3h 2h
T 9,1 P22 n o, T
_ o (Vi TuRtionke | Yienn T2ETY-1 )
Re n2 n2 =Y
n n 2 n n n n n n 2
Ga = DLk M= Voo o ludtik Yy—lik Myikdd - Mykot Mgkl Ykl
94 = 2h 2h 2h 2%
»nT _ n »T n _ n »T
Pidlk “PPikTPi o1k | Pt “2P rtPie—1 _
+ %) + 2 =0

h

Our numerical comparison done in [12] and based on the exact solution to the
Navier-Stokes equations [13]

u = — exp(—2t) cos(z) sin(y) ,

<

= exp(—2t) sin(z) cos(y) ,
p= _% exp(—4t)(cos(2z) 4 cos(2y))

revealed superiority of the s-consistent FDAs over s-inconsistent ones. However, in [12]
we restricted the numerical analysis by a rather small time interval. Analysing behaviour
of solutions at larger times we discovered a notable growth of numerical error for all
three approximations.

Searching a FDA with better behavior at large ¢, we applied in [14] a Buchberger’s
like algorithm [8,15] to compute a Grobner basis G of the difference ideal generated by

f1, f2, f3 from FDA2 for the lexicographic ranking with

ot >=0g >0y and p>u>v,
where o is the forward-shift operator in time along the solution grid. Similarly, o, and
oy are the forward-shift operators in = and y, respectively. The Grébner basis G has 5
elements. We selected that extra element in G which contains the dependent variables
on the same temporal layer:

O SN S e o WA NS e e
q4 == 1h2 1h2

4 @) 2205 )2 (g )® | (0F )2 2007

W] 2)?
4h2 4h2

n n n n n n n n
+ 2uj+1,k+lvj+1,k+17“j+1,k—1"’j+1,k—17”j—1,k+1’”j—1,k+1+uj—1,k—1vj—1,k—1
4h?

U Mt N Sl 15 W et 8 Y £ S 10 V0 St 11 V0 Yt 8 WO e W
Re Ah3

D 0 e L R L O B T ) S Y N Dot S WY SO S S WY O U
* Re s =0.

Thus, we constructed a new FDA (scheme) as {f1, f2, f3, 34 }. We shall refer to it as
to FDA4. It is s-consistent [14]. The below figures show the time dynamics of errors in
u, v, p, in dependence of the value of h, and demonstrate much better behavior of FDA4
in comparison with the other three FDAs.



86

Kowmmbiorepnas anrebpa — 2017

error

error

error

10"
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10°

10°

uin h=1.0e-01§

— vinh=1.0e-01

— pinh=1.0e-01

— uinh=5.0e-025
— vinh=5.0e-02

p in h=5.0e-02

— uinh=2.5e-025
— vin h=2.5e-02

p in h=2.5e-02

~

FDA1

M;
o

uin h=1.0e-011
vin h=1.0e-01
pin h=1.0e-01
uin h=5.0e-02 1
vin h=5.0e-02
p in h=5.0e-02
uin h=2.5e-02 1

vinh=2.5e-02||
pin h=2.5e-02
6
t
FDA2
I
I —
I —
4444»—«"””>>;'______—_'____ Ty
S
e —
::::::=,———"“:=_’__—<<<<<<<<<____ -
—

— uinh=1.0e-01
— vinh=1.0e-01
— pinh=1.0e-01[1
—— uin h=5.0e-02
— vinh=5.0e-02 ]

p in h=5.0e-02
— uin h=2.5e-02
— vinh=2.5e-02
p in h=2.5e-02
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We propose a new algorithm for calculating high-order Hermite interpolation polynomials
of the simplex of the Euclidean space implementable in any computer algebra system in
analytical form and give their classification and a typical example of triangle element. The
basis functions of finite elements referred to as Hermite interpolation polynomials are high-
order polynomials, determined from a specially constructed set of values of the polynomials
themselves, their partial derivatives, and their derivatives along the directions of the normals
to the boundaries of finite elements. Such a choice of the polynomials allows us to construct
a piecewise polynomial basis continuous across the boundaries of elements together with the
derivatives up to a given order, which is used to solve elliptic boundary value problems using
the high-accuracy finite element method.

Key words and phrases: Hermite interpolation polynomials, simplex element, high
accuracy finite element schemes.

1. Introduction

For more than half a century, the finite element method (FEM) has won universal
recognition as an efficient method for solving the most diverse problems of mathematical
physics and engineering. In the multidimensional case the finite element grids of various
shapes are used. The problem of constructing high-order interpolation polynomials for
FEM has a simple solution only for simplex finite elements, such as the known Lagrange
interpolation polynomials (LIPs) [1]. Meanwhile, the LIPs of the order of p’ are often
sought by compiling and solving systems of (p’+1)(p’ +2)/2 and (p' +1)(p' +2)(p' +3)/6
linear algebraic equations for a 2D domain and a 3D domain, respectively [2].

However, there are problems, in which the values of directional derivatives are also
necessary. They are of particularly importance, when high smoothness between the
elements is required, or when the gradient of solution is to be determined with enhanced
accuracy. The construction of such basis functions, referred to as Hermite interpolation
polynomials (HIPs), is not possible on an arbitrary mesh of nodes. It is one of the most
important and difficult problems in the FEM and its applications in different fields,
solved to date explicitly only for certain particular cases [2,3].

In this paper we announce a new algorithm for calculation of HIPs providing continuity
of piecewise polynomial functions composed of them and their directional derivatives
up to the order x’ along the normals to the boundaries of simplex finite elements in
the physical frame of the Euclidean space, which reduces to compiling and solving the
systems of the (p’ — 2k’)(p’ — 2k’ + 1)/2 linear equations for a triangle domain.
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2. Algorithm for Calculating the Hermite Interpolating Polynomials

In the conventional implementation of FEM for the problem set in the physical

coordinates z = (21, ..., z4) € R all calculations are performed in the local (reference)
coordinates 2’ = (2], ... z"i) € R%, in which the d 4 1 coordinates of the simplex vertices
are the following [3]: 2/=(%},, ""’%’k’ ...,2;[1), égk: ik J=0,.,d, k=1,...,d
d d
zi=20i+ ) Jigzh, 2= (J 7Yz — 205), (1)
i=1 =1
o K. o9 0 )
= jy a0 = (jil)Jii’
0z, ]; 0z; 0z; ; 8z§

where jij = Zj; — 20i, 1 = 1,...,d, given by the corresponding d + 1 physical coordinates
2;=(%j1,..,2j4). In the local coordinates of the d-dimensional simplex A, the LIP
©,.(2") of the order p is equal to one at the node point &, = (n1/p, ...,na/p), ni > 0,
n1+...+nq < p and zero at the rest node points ¢/, i.e., ¢,.(¢],) = J,,/ are determined
by the formula:

d n;—1

no—1 ’ ’ /
_z—ni/p 1—2{—...—2z,—ng/p
| | | I n/ ) | I oy — , No=p—Ni—...—Ng.
i=1n/=0 i/P— p nl =0 0/P—Nqy/P

Step 1. To construct the HIPs in the local coordinates 2/, let us introduce the set of
auxiliary polynomials ¢yt~ *?(2’) referred to as AP1
aﬂlmﬂd@fl'”“d (Z/)

1\ __
(gr)férrl(sﬁlo."éﬁdoy azlll"l.naz:i“d

:5rr’5»€1ﬂ1“'§ﬁdud7 (2)

—
z 7§r/

0< k1 +kr2o+..+rq <Kmax—1, 0< p1+p2+ ...+ pg < Kmax—1.

Here at the node points £/, in contrast to LIPs, the values of not only the functions
themselves, but also of their derivatives to the order kmax—1 are specified. AP1 are
given by the expressions

ErlT2Nd Gy = wp () DD aptTERLTRA L gl YL L x (2] — &)t (3)
HEAK
d n;—1 max no—1 max
wn (2= H H (zf—nl/p)* i_[ (1—z]—...—zh—n{/p)" wn(€l) = 1
s - ’ max 7 max ’ TS/ T &
=10 =0 (ni/p=—n3/p)* nt=0 (no/p—ng/p)*

where the coefficients ayt 41 #d are calculated from recurrence relations obtained
by the substitution of Eq. (3) into the conditions (2).

Step 2. For unique determination of the polynomial basis let us introduce the K
auxiliary polynomials Q(z) of two types: AP2 and AP3, linearly independent of AP1
from Eq. (3) and satisfying the following conditions at the node points &/, of AP1:

8}{3”/2"'&11@5(2’/)

TR1 51 b2 /i
02111 02512...02);

Qs(£.,)=0, =0, s=1,.., K. (4)

r—g!
z —§T/

To provide the continuity of derivatives the part of T} (x’) polynomials referred to as
AP2 must satisfy the condition

9*Qs(2)

=64t 8,8 =1,...,Ti(s"), k=K, (5)
onk

-
i(s) =Ny,
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Table 1
Characteristics of the HIP bases
[PEmaxk’] (120] | [131] | [141] | [231] | [152] | [162] | [241] | [173]
p’ 3 5 7 8 9 11 11 13
Nip 10 21 36 45 55 78 78 105
K 1 3 6 9 10 15 9 21
N(AP1) = N, 9 18 30 36 45 63 60 84
N(AP2) =Ti(x) 0 3 3 6 9 9 6 18
N(AP3) = K — T (x') 1 0 3 3 1 6 12 3
p = HmaX(p +1)—1
Kmaxp’ = (p+ 1) (p+ 2)kmax(kmax +1)/4
Ny = (' +1)(p' +2)/2
K = p(p+ 1)Kkmax(Kmax — 1)/4
Restriction of derivative order «’: 3pr’(k’ +1)/2 < K.
where 77;, = (n;,l, ey n;,d) are the chosen points lying on the faces of various dimension-

alities (from 1 to d —1) of the d-dimensional simplex A and not coincident with the nodal
points of HIP ¢/, where Eq. (2) is valid, 0/0n;(s) is the directional derivative along the
vector n;, normal to the corresponding i-th face of the d-dimensional simplex Ay at the
point 7, in the physical frame, which is recalculated to the point 17/5, of the face of the
simplex A in the local frame using the relations (1). Calculating the number T (k) of
independent parameters required to provide the continuity of derivatives to the order x,
we determine its maximal value x’ that can be obtained for the schemes with given p and
Kmax and, correspondingly, the additional conditions (5). To=K—T)(x’) parameters
remain independent and, correspondingly, 75 additional conditions are added, necessary
for the unique determination of the polynomials referred to as AP3,

QS(C;’):(SSS’» s:sl:Tl(K:/)+1a'--’K7 (6)

where ¢!, = (¢/,;,.,¢./;) € A are the chosen points belonging to the simplex without

the boundary, but not coincident with the node points of AP1 &/.
The auxiliary polynomials AP2 and AP3 are given by the expression

d
ke J J
QS(Z')‘<H4 ) S b e =1 - (7)
t=0 J1,---5dd

For AP2 k; = 1, if the point 7s, in which the additional conditions (5) are specified, lies
on the corresponding face of the simplex A, then k; = k’, otherwise, t = 0, ...,d. For
AP3 k¢ =/, t=0,...,d. The coefficients b;, ... j,:s are determined from the uniquely
solvable system of linear equations, obtained as a result of the substitution of Eq. (7)
into the conditions (4)—(6).

Step 3. As a result, we get the required set of basis HIPs ¥ (2') = {@F(2'), Qs (")},
K = K1, ..., Kd, composed of the polynomials Qs(z’) of the type AP2 and AP3, and the
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Table 2
The HIP p = 1, kmax = 3, & = 1, p’ = 5 (the Argyris element [3])

AP1:£,=(0,1), £=(1,0),&3=(0,0)

©00=23(622-15204+10) | ¢3°=23(622—1521+10) | ¢3°=23(622—1520+10)
¢?’1:—zg(22—1)(322—4) gog’lz—zi’zfz(ﬁlzl —4) ¢g’1:—zgzz(320—4)
<p}’ozlez§’(32274) gp; Offzi’(zlfl)(Szlfél) ¢é’077z8z1(3z074)

PY =25 (22—-1)%/2 ey =2725/2 ey =225 /2

SR T SER SN e
@f’o—z122/2 ¢§’0:Z?(zl_1)2/2 ‘9370_2021/2

AP2 : 1m1=(0,1/2),72=(1/2,0),ns=(1/2,1/2)

Q1=16222125/f1, Q2=162223 22/ faz ‘ Qs=—8z027 23/ for

polynomials @F(2")

K aFpr(2) ,
. —k ’ QS(Z )GAP27
Py (2)=pr (2")— Z CrirsQs(2'), Crirs= nits) z'=nj
s=1 @?(Cs): Qs(2')€APS.

Step 4. The AP1 ¢F(2') from (8), where k denotes the directional derivatives along
the local coordinate axes, are recalculated using Eqgs. (1) into ¢F(z2’), specified in
the local coordinates, but now k denotes already the directional derivatives along the
physical coordinate axes.

For example, at d = 2 the derivatives 9/0n; along the direction n;, perpendicular to
the appropriate face i = 0, 1,2 in the physical frame are expressed in terms of the partial
derivatives a/az;, j = 1,2 in the local frame of the triangle A, using the relations (1), as

aini fi 88, +fi2 82 i=1,2, 8(2 (f01+f02) 8 (f01—f02)8 r
where f;; = fij(Z0, 21, 22) are functions of the coordinates of vertices 2o, 21, 22 of the
triangle A4 in the physical frame. The characteristics of the polynomial basis of HIPs on
the triangle element A at d = 2 are presented in Table 1. Table 2 presents the results of
executing the Algorithm for calculating the HIPs in the case of (p=1, kmax = 3, &' = 1,
p’ = 5), AP1 ©F(2’), AP2 and AP3 Qs(z’), and the corresponding coefficients cy.r:s
are calculated using Egs. (8) (in considered example the number of ck;r;s equals to 48).
The notations are as follows: &, ns, (s are the coordinates of the nodes, in which the
right-hand side of Eq. (2), (5) or (6) equals one, 290 = 1 — z1 — 22, the arguments of
functions and the primes in the notations of independent variables are omitted.

The explicit expressions for the HIPs from Table 1 were calculated analytically in
Maple, but are not presented here because of the paper size limitations (one can receive
it with request to authors or using program TRIAHP implemented in Maple which will
be published in the library JINRLIB). The calculations were carried out using the Intel
Pentium CPU 987, x64, 4 GB RAM, the Maple 16, during 6 seconds.

3. Examples

In Fig 1 we show on examples how to construct the set of equations for calculation
of THP.
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A

r' 3

> P.#T

Figure 1. The sets of conditions for constructing IHP on triangle elements. Left panel: the
IHP [120] are constructed using values of polynomials and their partial derivatives in points
marked by dots with arrows, and using values of polynomials in point marked by dots
without arrows. Right panel: the IHP [131] are constructed using values of polynomials and
their first and second order partial derivatives in points marked by dots with arrows, and
using values of normal derivatives marked by arrows.

1. In a case p = 1, Kmax = 2 we have third order p’ = 3 polynomials of two variables
(21,25). In an vicinity of the edge z5 = 0 this polynomial can be present in the form

PUSE=)(2}, 24) = PUE=D)(3]) 4+ 3 PUUE=D) (a1 o .,

where P(Q)(*) means a polynomial of degree ¢ of its arguments. From the equality
OP(des=3) (x1 21)/dz, = P(de8=2) (3! follows that the polynomial P(d¢8=2)(2") deter-
mines a first derivative of P(d¢8=3) (21 2! on a edge 2} = 0.

The total number of third order linear independent polynomials is Ny, = N1z = 10
and number of AP1is N, . ., = Nag =9 it means that we have only K =1 AP2 and
AP3, or K = 1 parameters.

For an identical determination of a third order polynomial P(deg:3)(z’1) it is needed
four parameters. So, we have them: they are values of polynomials and their tangential
derivatives P(4°8=3) (21 21)/8z} at (2},24) = (0,0) and (2}, 25) = (1,0) (see Fig. 1).
For identical determination of first derivative of AP(4%8=3) (2! 21 /82! which equals to
polynomial P(deg:m(zi) it is needed three parameters, but we have only two: they
are values of normal derivatives 9P (deg=3) (2], 2})/0zh (generally, the derivative by any
non-tangential direction) at (z{,z5) = (0,0) and (2],25) = (1,0). So, for identical
determination of derivatives needed for matching IHP in all three edges of a triangle,
needed 3 parameters, but we have only one. Thus, using these polynomials we can
construct the FEM schemes providing continuity of piecewise polynomial functions but

not first-order directional derivatives. So, this set of polynomials, marked in table 1 as
[120] consisting of 9 AP1, and one AP3 which is determined by (6) at ¢ = (1/3,1/3).
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The basis third-order IHP [120] have the form

2 =2 (722 =222 472, 26,72, 4+32L), @ b 0(2 Y=—24(22, 2 =22 422) 2h 22! 4-21),
2)=—z25(1—2]—22}), @g 0(2’):—21 (22{2—7,222—72122—321—1-722),
2')y=—z125(1-22]—2}), Lﬁg L= 20 (22 =222 — 2! 422, —22 1),
2)=z(1-22) —z})(1— zl z2) e0 (2 =24 (1—2) —22) (1—2} —2),
o ()=—(1—z]— 22)(22 +222 +1lzizh—21—25—1), Qu(2")=27z2,(1—=]—2}).
An alternative set is Zienkievicz polynomials [3], that determined by an additional
condition ¢;((1/3,1/3)) = 0, the basis of Zienkievicz polynomials contain 9 polynomials,
presented above without polynomial Q1 (z’).

2. In a case p = 1, kmax = 3 we have fifth order p’ = 5 polynomials of two variables
(21,2%). In an vicinity of the edge z/, = 0 this polynomial can be present in the form

OOD—‘[\JD—‘HO)—IO
o o ©o = O
—~ o~~~

PUs=3) (31, 24) = PUAE=5) (2] 4 2 PUeE=0(5]) 1 ...

The total number of fifth order linear independent polynomials is Ny, = N15 = 21 and
number of AP1is N ., = N35 = 18 it means that we have K = 3 AP2 and AP3, or
K = 3 parameters.

For an identical determination of a fifth order polynomial P(4¢8=5)(2/) it is needed six
parameters. So, we have them: they are values of polynomials and their first and second
tangential derivatives at (27, 25) = (0,0) and (2, 25) = (1,0) (see Fig. 1). For identical
determination of first derivative of 9P(1°8=5) (3!, 2!)/8z! which equals to polynomial
p(deg=4) (2]) it is needed five parameters, but we have only four: they are values of
normal and mixed derivatives, OP(198=3) (21 21)/8z} and 82 P(de8=3) (2! 21)/9z! /92,
at (z],25) = (0,0) and (2], z5) = (1,0). So, for identical determination of derivatives
needed for matching IHP in all three edges of a triangle, needed 3 parameters, and
we have them. Thus, using these polynomials we can construct the FEM schemes
providing desirable continuity of piecewise polynomial functions and first-order directional
derivatives, but not second one. So, this set of Argyris polynomials, marked in table 1
as [131] consisting of 18 AP1, and three AP2 which is determined by (5) at the centers
of the edges (see table 2).

An alternative set is Bell polynomials [3] contains of 18 polynomials that can be
presented in the form

PUE=9 (2], 2) = PUIS=9) () 4 25 PEE=D (o)) 4,

i.e. the normal derivative on the edge is third-order (not forth-order polynomials). These
polynomials can be obtained by the additional conditions 9°P(2], z5)/0nor* = 0.
Another alternative set that provides continuity of piecewise polynomial functions
but not first-order directional derivatives is consisting of 18 AP1, and three AP3 which is
determined by (6), for example, at (1 = (1/2,1/4), (2 = (1/4,1/4) and {3 = (1/4,1/2).

4. Conclusion

We presented a symbolic-numeric algorithm, implementable in any computer algebra
system, in particular, the Maple system, for analytical calculation of the basis of Hermite
interpolation polynomials of several variables of the simplex, which can be used to
construct a FEM computational scheme of high-order accuracy. The symbolic part is
calculation of HIPs in the local (reference) coordinates but the transition to the physical
coordinates leads to cumbersome expressions and can be performed only numerically.
The efficiency of the FEM computational schemes using high-order accuracy LIPs and
HIPs for benchmark calculations of exactly solvable problems for the triangle membrane
and hypercube is shown in the forthcoming paper.



Gusev A. et al. 95

Acknowledgments

The work was partially supported by the RFBR (grants Nos. 16-01-00080 and 17-51-
44003 Mong_ a), the MES RK (Grant No. 0333/GF4), the Bogoliubov-Infeld program
and grant of Plenipotentiary of the Republic of Kazakhstan in JINR. The reported study
was partially funded within the Agreement N 02.03.21.0008 dated 24.04.2016 between
the MES RF and RUDN University.

References

1. N.C. Bachvalov, N.P. Zhidkov and G.M. Kobelkov, Chislennye metody (Nauka,
Moscow, 1987), in Russian.

2. A.R. Mitchell, R. Wait, The Finite Element Method in Partial Differential Equations
(John Wiley & Sons, Chichester, 1977)

3. P. Ciarlet, The Finite Element Method for Elliptic Problems (North-Holland, Ams-
terdam, 1978)

VIIK 519.632.4

AJII‘OpI/ITM BbIYMCJICHUA NHTEPIIOJJIAINNOHHBIX ITIOJIMHOMOB
SpMI/ITa AJisd MeToda KOHEYHbIX 3JIEMEHTOB BBICOKOI'O ITOPpAIKa
TOYHOCTHU

A. Tyces*, C. Bunnukuii*’, O. Uynyyubaarap*?, I. UyayyuGaarap*,
B. I'epar*, B. Jep6ost, A. I'yxnxT, II. Kpacosuuxmiill

* 06sedunénnnti uncmumym adephux uccaedosanut, Jybra, Poccus
T Poccuticruri yrusepcumem 0pyotcbo. napodos, Mockea, Poccus
¥ Unemumym mamemamury MOH20AbCK020 HALUORAABLH020 Yrnusepcumema, Yaar-Bamop,
Monezoaus
§ Capamoscruii zocydapcmeenmviti ynusepcumem um. H.I. Yepruvauescrozo, Capamos,
Poccua
Al Hremumym gusuru yrnusepcumema um. M. Kropu-Craodoscka, JIobaun, Ioavwa

I Hremumym adeproti pusuru, Aamamov, Kazaxcman

Email: gooseff@jinr.ru,vinitsky20080gmail.com,chuka@jinr.ru,galmandakh@mail.ru,gerdt@jinr.ru,derbovvl@
gmail.com,andrzej.gozdz@umcs.lublin.pl,pavel.kras@inp.kz

Mur npeajiaraeM HOBBI1 aJIFOPUTM BBIYUCJICHUA B aHAJIUTUYIECKOM BH/IE€ WHTEPIIOJIAIIMOHHBIX
IIOJINMHOMOB SPI\JHT& BBICOKOI'O IIOpsAJKa Ha CHUMIIJIEKCE B €BKJIMJOBOM IIPOCTPAaHCTBE, pealn3sy-
eMbIX B JII06OH cucreme KOMHLIOTEPHOﬁ aHI‘e6pr, " JaeM UxX Knaccncbn}(aun}o " TUIIUYHbIC
IIpUMEPHBI TPEYTrOJIBHOI'O 3JIEMEHTA. BazucapivMu beHKHI/IHMI/I KOHEYHBIX 3JIEMEHTOB, Ha3bIBae-
MBbIMHU WHTEPIIOJIAIUNOHHBIMU ITIOJINMHOMaMH Spl\/II/ITa,7 ABJIAIOTCH IIOJIMHOMBI BBICOKOTI'O IIOPAJKA,
onpe/esjieHHbIe U3 CIIellUaJIbHO IIOCTPOEHHOI'O Ha60pa 3HAYEHUN caMuxX IIOJIMHOMOB, UX 4YacCT-
HBbIX IIPOU3BOJAHBIX U UX IIPOU3BOJAHBLIX II0 HallpaBJI€HUAM Hopmaneﬁ K 'paHulniaM KOHEYHBIX
3J1eMeHTOB. Takoit BLI60p IIOJIMHOMOB ITIO3BOJIFIET IIOCTPOUTH KyCO'IIIO—HOHPIIIOMHH,JILIILIP‘I 63,3I/IC,
Hel'lpepb]'BHbe/’I Ha IpaHuliax 3JIEMEHTOB BMeCTe C NIPOU3BOJAHBIMU JI0 33JaHHOTO IIOpAJAKa, KOTO-
pblﬁ UCIIOJIB3YeTCHd Jid PEelIeHUd JIJIUIITUYIECKUX KpaeBbIX 3aJaY C UCIIOJIb30BaHUEeM MeToda
KOHEYHBIX 3JIEMEHTOB BBICOKOI'O IIOPAJAKa TOYHOCTH.

KuroueBble cJjioBa: NHTEPIOJIAITNOHHbIE ITOJIUHOMDBI SPNII/ITB., CHMHHHHHaﬂbHLIﬁ KOHEeY-
HBII JJIEMEHT, ME€TO/Z KOHEYHbIX 3JIEMEHTOB BBICOKOTI'O IIOPAJKa TOYHOCTH.
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C uncnoJsib30BaHUEM METOMIOB KOMIIBIOTEPHOH aJsire6pbl, ObLIN IPOBENEHBI HCCJIENOBAHUS
CBOMCTB ajrebpanvecKoil CHCTEMBI, OIPEIeJISIONell CTallMOHapHbIE IBUXKEHUsI OCECHMMET-
PHUYHOTO CIIyTHHKA, IBUKYIIErOCs [0 KPYTOBOW opbuTe IO I1efCTBHEM I'DABUTAIMOHHOIO U
gemndgupyiomiero MoMenToB. OCHOBHOe BHUMAHME yJI€J€HO UCCIeIOBaHUIO YCIOBUI CYIECTBO-
BaHMs CTAIlMOHAPHBIX IBHKEHMI CiyTHHKa. C MCIIOIb30BAHNEM METOOB ITOCTPOEHUs 6a3MCOB
I'pebHepa mpoBeneHa peLyKIIUsI CUCTEMBI IIIECTH HEJTNHEWHBIX alrebpanvecKnx ypaBHEHNH K
ofHOMY anrebpan<decKoMy ypPaBHEHUIO, ONPEIEIAONIEMY BCE CTAIMOHAPHBIE JBUKEHUS CITyT-
Huka. IIposesena kiaccudukarus o61acTeil C PABHBIM YHCJIOM CTAIMOHAPHBIX PEIIeHHuil C
HpUMEHEHUEM MeTO/ia MOCTPOEHUs JUCKPUMHUHAHTHBIX ruieprosepxHocreil. I[Iposengeno cpas-
HeHue 3pOEeKTUBHOCTU PA3IUYHBIX AJTOPUTMOB IIOCTpoeHUst 6a3ucoB I'pebuepa JIst perieHust
paccMaTpUBaEeMON 3a1atdu.

KuroueBble cjioBa: KOMITbIOTEpHasi ajarebpa, 6asuc ['pebuepa, IUCKPUMUHAHT MHOTO-
qjleHa, CIIyTHUK, JeMIUPYIONUi MOMEHT, CTAIMOHAPHBIE JIBUXKEHUS .

1. Bsegenue

B naunnoii pabore npecTaBIeHbl Pe3y/IbTAThl IPUMEHEHNsI METOI0B KOMIIbIOTEPHO
airebpbl B PelIeHUH 3aJa4 JUHAMHUKH CIYTHHKOB. B mpejcrasieHHoil pabore mpo-
BEJIEHO HCCJIE/OBAHKUE CTAIIMOHAPHBIX JBUKEHUI OCECHMMETPUIHOIO IPABUTAIMOHHO—
OPHEHTUPOBAHHOI'O CIIyTHUKA [PHU JAeHCTBUUM MOMEHTOB AKTUBHOI'O JeMIKDPUPOBAHUS.
Takoe akTHBHOE AeMII(UPOBAHNE MOXKHO OOECIIEUNTD ILyTE€M UCIOJb30BAHUS JATIMKOB
yriI0Boii ckopoctu. eiicTBue neMidupyIOmux MOMEHTOB IO3BOJISIET HOJLYYUTh HOBbIE
CTAIOHADHBIE JIBUKEHUs CIIyTHUKA M 00ECIIeYUTh ACHUMITOTHYECKYH YCTOWYMBOCTH
WU3BECTHBIX IIOJIOXKEHUI PABHOBECUsI TPABUTAIIMOHHO—OPUEHTUPOBAHHOTO CILy THUKA.

CranuoHapHbIE PELIeHUs] OLPENENIAIOTC N CTBUTEIbHBIMU KOPHSAMYI CUCTEMBI ajreb-
pandeckux ypasHeHwuii. VccienoBaHue KJacCoB CTAIMOHAPHBIX PEIIEHUH GbLIIO BBINOJI-
HEHO C HUCIIOJIb30BaHUEM aJTOPUTMOB IOCTpoeHus 6asucos I'pebuepa. Kiaccudukarims
obutacTeil ¢ paBHBIM YHCJIOM CTAIMOHAPHBIX PEIIeHUi Oblla IIPOBEIeHa Ha OCHOBE IIOCTPO-
€HUs JUCKPUMUHAHTHBIX TUIEPIIOBEPXHOCTE. BBINOIHEH eTalbHbIA aHAIN3 SBOJIIONUN
obsacreil CyleCcTBOBaHUS PA3IMYHOIO YUC/Ia CTAIMOHAPHBIX PEIIeHU.

2. VYpaBHeHUsI OABU>KEHUSA

PaccmoTpum gBUIKEHHE CITyTHUKAa—TBEPAOTO TeJa OTHOCHTEIBHO IEHTPa MacC Ha
KpYyToOBoit opbute mos AeficTBueM IPABUTAIMOHHOTO MOMEHTa U MOMEHTOB AKTUBHOTO
neMiibupoBaHusl, 3aBUCSAIIUX OT IIPOEKIUH YIJIOBOI CKOpocTH ciiyTHuKa. st 3anucu
YPaBHEHUI NBUKEHUS CITy THUKA BBEJEM OpOuTabHyIo cuctemy koopauunatr OXY Z u ca-
3aHHYIO CO CIlyTHUKOM cucreMy KoopauHat Ozyz, ocu kotopoit Oz, Oy, Oz cOBIAIAOT ¢
[JIABHBIMU [EHTPAJIBHBIMYA OCAMY UHEPIHU CIlyTHUKA. OPUEHTAINIO CUCTEMBI KOODIMHAT
Ozyz OTHOCHUTEJIBHO OPOUTAJIBHON CUCTEMBI KOOPAMHAT OIPEEJIUM C UCIIOIb30BaHIEM
yryoB Diiepa ¢ , ¥, u ¢ . Hanpassiromue KocuHychl oceii cucreMbl kKoopauaar Oxyz B
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opbuTasnbHoii cucreme koopauuaT OXY Z BbIparKaroTcsl 4epe3 yIiibl Diijiepa ¢ IMOMOIIBIO
COOTHOIIEHUIT TIPECTABICHHBIMH, HAIpUMED, B [1].

Ilycte Ha COYTHHK AEHCTBYIOT MOMEHTBHI aKTHBHOIO JEeMI(UPOBAHUS, TPOEKIHH
CyMMapHOro BeKTopa KoTopbix Ha ocu Oz, Oy, Oz coorBeTcTBEeHHO paBHbI My = k1D,
My = koq u M, = kar. Saecs k1, k2 u k3 — xoaddurmenTs! nemndupoBanus; p, ¢, T —
IpoeKIwy abCOIOTHON yIUIoBO# ckopocTu ciiyTHuka Ha ocu Oz, Oy, Oz; wo — yriosas
CKOPOCTB JIBUKEHUsI IIEHTPA MaccC CILyTHHKa TI0 Kpyrosoit opbure. Torja ypasHeHns
JIBUKEHUS CITyTHUKA OTHOCUTEJIHHO €ro MEHTPa Mace 3alluIlyTCs B BUJE:

Ap + (C — B)gr — 3(C — B)asz2ass + pk1/wo = 0,
B+ (A—C)rp—3(A — C)assasy + gk /wo = 0,
C7 + (B — A)pq — 3(B — A)aziazs + rk3/wo = 0,
p=tas1 + 1900590 + a21,
q=1azz —Isinp+aze, =1pazs+ ¢+ azs.
B ypasrenusx (1) A, B, C — ryiaBHble LEHTPaJIbHbIE MOMEHTHI MHEPLIUY CILyTHHKA;
TOYKOU 0603HaUeHO auddepeHImpoBatHne 10 NePeMEHHONR T = wot, rie t — Bpems.

Hanee 6ymer paccMaTpuBaThCs Cilydail ocecuMMerpuvHOro cinyranka A = B. B

aTOM ciydae npu yciaosuu k3 = 0 u3 Tperbero ypasuenus cucremsl (1) mmeem 7 = 0,
OTKYyZa MOXKHO IIOJIYYUTb MHTErpaJl ABMXKEHHUS T = rg = const.

3. CranuoHapHbI€ JBUKEHUSI OCECUMMETPUYHOIO CILy THUKA
_ Iosnoxus B (1) ¥ = g = const, ¥ = Y9 = const, ¢ = const, nosyuum npu A = B,
k3 =0, r = ro ypaBHEHHUS
—(A — C)roaze + 3(A — C)aszass + azzk1/wo = 0,
(A= C)roagy + 3(A — C)asszasy + azzkz/wo = 0,
To = ¢ + az2s,

[IO3BOJISIIOIINE OIPEIEIUTD CTAIMOHAPHBIE JBUXKEHUSI OCECUMMETPUYHOIO CIIyTHUKA B
opbuTasbHOR cucreme KoopauHaT. C yIeToM BbIPaXKEHUH JJIsi HAIIPABJISIONIMX KOCUHYCOB
un3 [1] cucremy (2) MOXKHO paccMaTpUBaTh KakK CUCTEMY TPEX YDaBHEHHUI ¢ TpeMms
HEU3BECTHBIMHU 1, ¥ U .

Jpyroit 6osee yao6HBIA /11 MCCIIeIOBaHUs CIIOCOO 3aMblKaHUs ypasHeHuid (2) 3a-
KJIIOYaeTCsi B IOOABJIEHUN TPeX YCJIOBUM OPTONOHAJIBHOCTY HAIIPABJISIIONINX KOCHHYCOB

a3; + a3y +azz —1=0,
a§1+a§2+a§3 —1 :0,
az1a31 + az2a32 +azzazz = 0.

Vpasuenus (2) u (3) 06pa3yorT 3aMKHYTYIO ajire6panviecKyio CUCTEMY yPABHEHU
OTHOCHUTEJIHO 6 HEM3BECTHBIX HAIIPABJIAIONMX KOCUHYCOB, OIIPE/IEJIAIONINX CTAIMOHAPHBIE
JIBUKEHUSI CILyTHUKA. JIJIst 9TON CHCTEMBI CTABUTCS CJICLYIOMIAs 3a/1a9a; JJI 33 JaHHBIX
A, C, k1, k2, ro 1 ¢ Tpebyercsi onpefeauTh BCE HIECTh HAIPABIISIONIAX KOCHHYCOB.
OcTrasibHBIE TPH HAIPABJISIONMX KOCHHYCA G11, G412 U G413, MOTYT OBITH HOJIyYI€HBI U3
ycaoBuii oproronansaoctu. OTMeTnM, 4TO perrenusi cucreMsl (2) u (3) cymecrByroT
upu |ro — ¢| < 1. Ilpm ¢ = 0 cucrema (2) u (3) ompenessieT MOJIOXKEHNsT PABHOBECUS
CITy THUKA.

B mannO# paboTe OCHOBHOE BHUMAHUE YJEJICHO HMCCJIEOBAHHUIO CTAMOHAPHBIX Pe-
LIEHNUI, OlpeiesIsieMbIX aJrebpandeckuMu ypasaenusaMu (2) u (3), ¢ ucrnosb30BaHIEM
METOZIOB KOMIIBIOTEPHO#1 aareGpel
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4. MHWccnenmoBaHue CTAMOHAPHBIX JABUXKEHUN OCECHMMETPUYHOIO CIIy THUKA
C IpUMEHEHHEM aJI'OPUTMOB IocTpoeHusi 6asucos I'peGuepa

BBons GespasMeprbie mapamerpbt k1 = k1 /(A — C)wo, k2 = k2 /(A — C)wo, cucrema
(2) mpumer Bum:

—roazz2 + 3az2a3z + kiaz1 =0,
roaz1 + 3aszasi + k2age =0,
ro — ¢ —az3 = 0.

JlJ1s1 HaXOXKIeHUs pereHus! ajrebpandeckoi cucrems! (3), (4) IPUMEHAINCH AJIOPHTMBL
nocrpoenus Gazucos I'pebuepa [3]. Meroz nocrpoenus Gasuca 'pebrepa npejacrasiser
coBOI AJIrOPUTMUIECKYTO TIPOLE/LYPY /ISl OJIHOTO IPUBEICHNUS 381891 B CILyIae CUCTEMBI
[IOJINHOMOB OT MHOTHUX [IEPEMEHHBIX K PACCMOTPEHUIO IIOJIMHOMA OT OJHOHN II€pEeMEHHOMA.

VccnenoBanue MpoBOAMIIOCH C UCIIOJB30BAHUEM DEAM30BAHHOIO B CHCTEME KOMIIBIO-
TepHoii anreGper Maple [4] nakera nocrpoenus: 6aszucos I'pebuepa Groebner[Basis|.

Bouio nposesieHo cpasrenne 3dEKTUBHOCTH AJITOPUTMOB [IOCTpOoeHust 6a3ucos ['pe6-
Hepa, peaqu30BaHHbIX B Maple [ia cucTeMbl MOJMHOMOB BrOporo mopsazaxa (3), (4).
Buauasie 6611 nocrpoen 6asuc I'pebuepa juist mectu nommuoMoB f; (1 = 1,2,...6),
KOTOPBIE IPEJICTABJIAIOT Co0OH JieBble yacTn ypaBHeHHH cucrembl (3), (4) ¢ mectbio
HePEMEHHBIMA HAIIPABJISIONMME KOCuHycaMu a;; (1 = 2,3,7 = 1,2, 3), ncnons3ys onuuio
JIEKCUKOIPadUIecKoro yrnopsijo9eHnst 110 IepeMeHHbIM plex,

G:=map(factor,Groebner[Basis] ([f1, ... £f6], plex(a21, ... a33))).

Ucnonb3ys komanay Maple - infolevel [GroebnerBasis] := 2, MOXXHO IIOJIyYHUTH JIaH-
HbBIE 10 THUILY UCIOJIB3YEMOr'O aJI'OPUTMa U BPEMEHU €r0 BBIIOJIHEHNSI. Bce BbIYHMC/IEHUS
IIPOBOJMJINCH HA IE€PCOHAJBHOM KOMIbioTepe ¢ 8 ['mrabaiiT onmepaTuBHON IaMsATH U
npoueccopom Intel Core i7 2,4 I'T'i.

st mepBoro cirydas B cucreme Maple MCIIOIb30BAaJICs aJITOPUTM IIOCTPOEHUST Ga3uca
T'pebuepa FGLM, paspaborannsiii PoxkepomM, lxxuanu, Jlazapmom u Mopoit (Faugere,
Gianni, Lazard, Mora) [5].

Bpewmst BbIOJIHEHUST MO/LYJIsl IPOrPAMMBI IIPU SIBHOM YKa3aHUH METOA BBIYHCJICHUS
6asuca ['pebHepa method=fglm cocraBuio 0.235 cek. Takoil ke pe3ysIbTaT MOJIy4YaeTCs,
ecyi yKas3aThb omnnuio method=direct, KoTopasi peaju3dyeT CaMblil OBICTDBIN, PEaAIH30-
BaHHBII Ha JAHHBII MOMEHT, YHUBEPCAJIbHBIN MPSAMON MeToI. B manHOoM citydae camblit
ObICTPBIN MeTo coBnagaer ¢ merogom FGLM.

JaJiee mpuUMeHSJICS ABYXCTYIIEHYATHIN aJIropuTM Bbluncjenus 6a3uca ['pébuepa c
onuye JIEKCUKOIPadUIeCKOro yIOPsTOUNBaHNs IEPEMEHHBIX - CHAYAJIA JJIsI CTEIIEHHOIO
nopsifika tdeg, a 3aTeM ObLI IIPOBEJIEH IIEPECUET MOy YeHHOro Ha3uca B JIEKCUKOrpaduyae-
ckuil mopsiok plexr na ocuose anropurma FGLM. Bpewms Borancnenus 6asuca I'pebuepa
s nopsinika tdeg ¢ mpumeHeHueM ajropurma F4, paspa6orannoro 1.C. ®Poxkepom
(Faugere), cocraBnsier - 0.141 cek. Ilepecuer sToro 6asuca s nopsaka plex Ha OCHOBE
anropurma FGLM Bemosnusicsa 3a 0.094 cek. O61iee BpeMsi paboThl IpOrpaMMbl Ha
OCHOBE JIBYXCTYIIEHYATOro ajropurMa cocrasiseT 0.235 cek, YTO COBIAJAeT C BpeMeHEM
pabots! anropurma FGLM B nmepsBom ciydae.

MaxkcnmanabHoe BpeMs BbrauciaeHus 6asuca ['pebHepa U3 BCeX BBIMIEIEPEINCICHHBIX
CIIOCOOOB OBLIIO MTOJIYYEHO JJIsl UCKJIIOYAIONIEro OJI0YHOro nopsijika lexdeg mpu ssBHOM
YKa3aHWU MEeTOJa paboThl ajropurMa — method=walk:

Groebner [Basis] (F,lexdeg([a21,...,a32], [a33]), method = walk).

3aecy F' — cnmcok w3 mectu noJauHoMoB f;. B pesynbrare paboThbl JAHHON KOMAHIHI
BHAaYaJIe BBIIOJIHSETCS IIPpOrpaMMa ¢ puMeHeHneM ajropurma F4 3a 0.125 cek.; gajee
paboraer nmporpamma Ha ocHoBe ajiropurMa Walk. B pesysibrare, obiiee BpeMsi BbIYuC-
nenus 6a3uca ['pebuepa cocrasssier 0.735 cek., YTO HOYTH B TPH pa3a OOJIbIIE ITEPBBIX
IBYX CIIOCOOOB.

Vcnonb3oBanue ajropurMa ¢ UCKJIOYAIONUM OJIOYHBIM MIOPSIKOM IIO3BOJISET IIOJIY-
YUTb BBIPAXKEHUsI, ONPEJIEJISIONINE CBA3U MEXK/Iy IapaMeTPaMu 3a/1a9i. DTHU BbIPDAXKEHUS,
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B CBOIO OY€PEIb, ONIPEEIIAIOT YacTHbIEe 6udypKaIOHHbIe pertenus. B Hamewm ciry4ae 6bI-
JIO HafiIeHo, TOJIbKO oHO 6udypKarmonnoe pernrenue (1o — )2 = 1, KOTOpoe onpeesster
CJIeIyIOIee TPUBUAIBHOE PEIIEeHIE a§3 =1, a21 = age = 0 wameit 3a1a49u.

Anropurm Walk, koTopslit paspaboran Kosutaprom, Kank6penepom u MoJsiom
(Collart, Kalkbrener, Mall), mojyep:kuBaeT Bce KOMMYTATHBHBIE TIOJISI U MOPSIZIKA MOHO-
MOB U IIPOM3BOJUT IIpeobpa3oBaHue Oa3uca ['pebHepa U3 OJHOTO MOpsiTKa MOHOMOB B
apyroit [6].

Beinuiem u3 nocrpoennoro 6asuca ['pebHepa MoIMHOM, KOTOPBIl 3aBUCUT TOJIBKO OT
OJIHOI IepeMeHHOH T = aggz

P(z) = poz* + p1a® + paa? + p3z + pa = 0.
31ech
po = 38I,
p1 54(2rop — 2¢% — 3),
p2 = 9[6r2(p —10)? + 2k1ka (@ — r0)% + 1002 —
—  12¢r0 4+ k? + k2 +9]

ps = 3[(¢ —r0)® — 1[B(k} + k3) + dk1karo(p — 7o) +
+  2r3(2rop —2¢° - 3)],
pa = [(¢—r0)*—1(kika +13)>

Tlpu uccietoBaHUM CTAIMOHAPHBIX DEIIEeHMH CILyTHHKA CTABUTCS 3aJada OIpelie-
JIEHUSI B MIPOCTPAHCTBE TAapaMETPOB O0JIACTEH ¢ OJMHAKOBBIM YHCJIOM BEMIECTBEHHBIX
Kopuelt ypapuennus (4). Kaxaomy Kopuio ¢ = a3, ypasaenus (4), ¢ y4eToM ycjiosmii
OPTOTOHAJILHOCTH, COOTBETCTBYIOT 4 CTAIIMOHADHBIX PENIeHUs 3a/1a4u.

IIpu ¢ = 0 ypasuenue (4) IO3BOJISET ONPEJIECIATH BCE HETPUBHAJIBHBIE MTOJIOYKEHUS
PABHOBECHS] OCECUMMETPUYIHOTO CITy THHKA.

s BbIIEJIeHns B IPOCTPAHCTBE IapaMeTPOB 06JIacTell ¢ OAMHAKOBBIM UUCJIOM Be-
LIECTBEHHBIX KOPHEN BOCHOJIB3yeMcst TeopeMoil Meiimana [7], u3 xkoTopoii ciemxyer, 9ro
pasbueHne NPOCTPAHCTBA NAPAMETPOB Ha OBJIACTH C OJUHAKOBBIM YHCJIOM BEIIECTBEH-
HBIX KOPHEl OIIpeJiesisieTCsl JUCKPUMUHAHTHON TUIIEPIIOBEPXHOCTHIO. JIpyrumM criocobomM
YHCJIO BENECTBEHHBIX KOPHEH IIOJIMHOMA MOXKHO IOJIYYHUTDb C IOMOIIBIO BBIYUCIEHHU {—X
CyOAMCKPEMUHAHTOB MHOTOYIEHA, HCIOJb3Yys TeopeMy fIkobu [8,9)].

B mamewm ciydae JUCKPUMHHAHTHAS TUIIEPIOBEPXHOCTD 3a/Ia€TCA JUCKPUMUHAH-
TOM MHOrOWIeHa (4). DTa IMNepHOBEPXHOCTH COAEPXKUT KOMIIOHEHTY KOPa3MEPHOCTH
1, KoTopas sABIAETCS rpaHuIell 06IacTell ¢ OMHAKOBBIM YHCJIOM BEIIECTBEHHBIX KOD-
Helt. MHOXKECTBO 0COGBIX TOUEK JUCKPUMUHAHTHON TUIIEPIIOBEPXHOCTH B MPOCTPAHCTBE
napamMeTpoB ki, k2, ro U ¢ 3aaeTcs ciepyommeil cucreMoii aare6panvecKkux ypaBHEHUIL:

P(z) =0, P'(z)=0.

3necs x = a§3 M CUMBOJI IITPpUX 0b03Ha4aeT audpepeHImpoBaHne 10 IePEMEHHON X.
13 cucremsl (4) nepemennasi ¢ 6blIa HCKIIIOYEHA [IyTEM BBIYHCIEHUS OIPEIEIUTELs
MaTPHUIBI PE3YJIbTAHTa ypaBHEHUH (4) ¢ MOMOIIBIO CUMBOJIBHBIX MATPUYHBIX (DYHKIUI
cucrembl Mathematica 8.0 [10]. B pesysnbrare BEIMHCIIEHHI pe3y/IbTaHTa OBLIO MOJLYIEHO
anrebpanveckoe ypaBHEHUE JUCKPUMUHAHTHONW MUIEPIOBEPXHOCTH B CJIEIYIOMIEM BUJE:

(k1 + k2)*[(¢ —r0)> = 1]*Pa(k1, k2,70, ¢) = 0.

Buecy Po(k1,k2,70,¢) — HOIMHOM BOCHMOW CTENIEHU IO IIEPEMEHHO 70, KOTOPBIN nMeeT
BU/JL

Py(k1,k2,m0,) = por§ + pirg + per§ + parg + parg +
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+  psrh +perd + prro +ps = 0,

KO3 DUIMEHTHI KOTOPOIO IIPEACTABIISIOT COOO0i MOJMHOMBI 9 CTEIIEHH OT I1apaMeTPOB
cucremsl k1, ka, 70 1 . Boipaxkenus koaddunnentos ypasaenust (3) npeacTaBisiioT
co00i1 TOBOJILHO I'POMO3IKUI BUJ U 3aHUMAIOT 6oJiee 50 CTPOK.

YpaBHeHUe JUCKPUMUHAHTHON runepnosepxuoctu Pa(ki, k2,r0,¢) = 0 mossossier
OIIPEIEJINTD YUCJIO CTAIMOHAPHBIX JBUKEHUI CIIyTHUKA B 3aBUCHMOCTH OT 3HAYEHUI
CHCTEMHBIX IIapaMeTPOB. DTO MOXKHO CIEJIaTh YHCJIEHHO, OLPEIEJINB YUCJIO PABHOBECHUIT B
OJHOMI TOUKe U3 Kaxkaoi obmacru Pa(k1,k2,70,$) = 0 B mpocTpaHcTBe nmapamerposB ki,
k2, ro u ¢. Ilo pe3ysbraTaM YHCJIEHHOTO aHAIN3a MHIIEPIOBEPXHOCTH (5) OBIIO IOKA3aHO,
9TO CyIIECTBYIOT OOJIACTH, TJe MMEIOT MeCTO 8 m 4 neficTBuTebHBIX KopHA (16 m 8
CTAIIOHAPHBIX PEIleHuit) it ypaBHeHus (4) u obacTu, rae AefHCTBUTENbHBIX KOPHEH
HE CyIIECTBYET.

5. 3akirodyeHue

B zaksrouenue ciegyer oTMETUTD, YTO IPUMEHEHNE METOJ0B KOMIILIOTEPHON ajarebpbl
[IO3BOJIsIET IIPOBECTH JIeTAJbHOE KCCJIE/IOBAHUE BJIUSIHUS AKTUBHBIX JEMII(DUPYIOIUX
MOMEHTOB Ha, CTAI[MOHAPHBIE IBUXKEHUsI OCECUMMETPUYHOrO CiyTHUKA. Ha ocHOBaHUM
[IOJIyYEHHBIX B JJAHHOU paboTe C MCIIOJIb30BaHUEM CHMBOJIBHBIX METO/IOB PE3yJIbTaTOB
MO2KHO CJZIeJIaTh BBIBOJI, UTO YUCJIO CTAIIMOHAPHBIX JBHKEHUN OCECUMMETPUTIHOTO CILYy THH-
Ka B 3aBHCHMOCTH OT 3HAaUYEHUi mapaMeTpoB 3aa4u namensercs ot 0 go 16. [lomyyennsre
Pe3yabTaThl MOI'YT OBITH KCIIOJIL30BAHbI Ha dTAlle IPEIBAPUTEIBHOIO IPOEKTUPOBAHS
CHCTEMBI 'PABUTAIIMOHHON OPUEHTAIMY CILy THUKA.
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With the help of computer algebra methods the properties of a non-linear algebraic system
that determines the stationary motions of a axisymmetric satellite moving along a circular
orbit subject to gravitational and active damping moments were investigated. The main
attention is paid to the study of the conditions for the existence of stationary satellite motions.
The computer algebra method based on the algorithm for the construction of a Grdébner
basis applied to reduce the satellite stationary motion system of six algebraic equations with
six variables to a single algebraic equation with one variable that determines all stationary
motions of the satellite. A classification of domains with an equal number of stationary
solutions is carried out using algebraic methods for constructing discriminant hypersurfaces.

The effectiveness of various algorithms for constructing Groebner bases for the solution of
the problem under consideration was compared.

Key words and phrases: computer algebra, Groebner basis, discriminant of polynomial,
satellite, damping moment, stationary motions.
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ITpumenenune pakTOpHOTO aHAIN3a NPU PEIIEHUN
HeCOOCTBEHHBIX 331a4 JIMHEHHOTO NPOrpaMMUPOBAHUS

B. B. dukycap*, H. H. Onenés*, A. Siko!
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Hecob6crBennble 3a/1aun JIMHEHHON ajareOpbl U JIMHEHHONO IPOrpaMMHUPOBAHUsT BOSHUKAIOT
IIpYU 9YUCJIEHHOM peNIIeHUHU 3a/a4 OIITUMAaJIbBHOI'O yIlIpaBJIEHUdA CO CMEIIaHHBIMU OI'DaAHUYCHU -
mu. Meron perynsipusanuu Tuxonosa A.H. 3a cuer BBeleHHsI TOIOJHUTEIbHBIX 1apaMETPOB
CBOJIMT HEKOPPEKTHDIE 3a1a9H JIMHEIHOH aarebpbl K CHCTeMaM, UMEIOIINM €JIMHCTBEHHOE pelle-
uue. OCHOBHBIE TPYAHOCTH IPHU BHIGOPE MAapaMeTPOB PEryJIsipU3alliy CBS3aHbI C I1OJIy Y€HUEM
obparueIx Marpull. [IpuMenenune dakTopHOro aHajU3a IO3BOJISET CBECTU dTHU 3aJadH K I10-
HCKY COOCTBEHHBIX 3HaUeHHUI M COOCTBEHHBIX BEKTOPOB oIlpeliesieHHBIX MaTpuil.llokasano,
9TO OIlEHKAa PellleHusd 3aJa9un JIMHEITHOTO IIporpaMMUpOBaHUdA 3a CUET IIPOJOJI2KEHUsA I10 I1apa-
MeTPY CBOOHUTCS K PEIICHUIO HEKOPPEKTHOM JimHeiinoi cucremsl. I[Ipu sTom 3amada moucka
COOCTBEHHBIX 3HAYEHUII U COOCTBEHHBIX BEKTOPOB pacCMaTpPHUBAaETCdA KaK 3aJa4a ONTHMHU3a-
UMY B IPOCTPAHCTBE IlapaMeTpoB. B kadecTBe dyHKIHOHAJIA BbICTylaeT cdepruieckas HOpMa
MaTPUIbl HAGIIOAEHUN, & COOCTBEHHDbIE 3HAYEHUsI — CYThb IapaMeTpbl. DTa 3aja4a PelIaeTcs
HCIOJIb30BAHNEM NapaJiebHoro BapnanTta Merona Cobons—Crarnnka (mepeGop mo paBHOMEp-
HOIl ceTKe). 3/eCh EPBBIM NPUOJINKEHUEM CIIyKUT TPeXJAuaroHajbHasi SPMUTOBA MaTpPHIA,
a mapaMeTpbl 3a/laHbl HA WHTEPBaJie OTKJIOHEHUI BOJIM3HU nepBoro npubsiuzkenust. s ycko-
PEeHUus CXOJUMOCTHU UTEPaTUBHOIO IIPOLECCa IIPUMEHAETCH MEeTOJ, IPOJOJIXKEeHUs PelIeHuil 1o
napamMerpy. st MUHUMU3aLIUU OMINOKH IIPUMEHSIETCS CABUI CIIEKTPa COOCTBEHHBLIX 3HAUe-
HUil MaTpunbl. [lapaiienbable BBIMHCIEHNS 110 BBEJIEGHHOMY ITapaMeTpy MO3BOJIAIOT yCKOPHTH
BBIIIOJIHEHHE YHCJIEHHOrO MeToma SIKo6u mpu MpOmOJIZKEHUN IO ITapaMeTpy.

KiroueBbie ciioBa: HeCOOGCTBEHHBIE 3aJ1a4M, JIMHENHAs ajarebpa, JIMHEeHOe TPOrPpaMMUPO-
BaHUe, (PaKTOPHBINA aHAJIN3, ITapaJjljieJIbHble BHIYUCIEHUS.

1. Bseaenune

IIpn 4mciieHHOM pereHnu 33129 ONTUMAJIBLHOIO YIIPABJIEHUs CO CMEIIaHHBIMU Orpa-
HudeHUAMY [1] BO3HUKAIOT HECOGCTBEHHDIE 3a/1a9K JIMHEHHON aireGpbl U IPOrPAMMHUPO-
BaHus [2]- [9], KOTOpble MOXKHO PEIIUTH 3a CIeT IpuMeHeHus: (paKTOpHOro aHamu3a [10]
U MCIOJIb30BAaHUs [IAPAJUIEIbHBIX BHIUUCIeHHH [11] Ipyu IpooKeHnn 1o mapaMeTpy.

Heco6cTBeHHBIMY TPUHSATO HA3LIBATDL T€ ONTHMU3AIMOHHBIE 33/1a49U, KOTOPbIE B CUJTY
TeX WM WHBIX [IPUYAH HEe MMEIOT pelleHHsl. B COBpeMeHHOH MaTreMaThKe He CTaBHUT-
Csl TI0J, COMHEHUE COMIePKATEBHOCTh NMPOBJIEMbl KOPPEKIIMH HECOOCTBEHHBIX MOJIEJIE.
HeobxomumocTh pa3paboTKU TEOPUHM M METOJIOB aHAJIU3a TAKUX MOJIEJIEdl BO MHOIOM
OTIpEIENISIACH U CTUMYJIMPOBAJIACh TPAKTUKON PelleHus MPUKJIIHBIX 3aja4. Vcenenosa-
Hue GOJIBIIMHCTBA TEXHUYECKUX, COIUATBHO-9KOHOMUYECKHX, S9KOJIOTUIECKUX TIPOIIECCOB
MIPOUCXOIUT TIOCPE/ICTBOM TIOCTPOEHUSI UX MaTEeMATUIeCKuX Mojeneil. B sasucumoctu ot
KOHKPETHOH ucciie1yeMoil IpobJieMbl, BOSHUKAIOT Pa3JIMYHbIe KJIACCHI MOJIENIEll, KOTOpbIE
MOTYT IIPEJICTABJIATH CO0OIl KaK HECOBMECTHBIE CHCTEMBI YPABHEHUN U HEPABEHCTB, TaK U
6osiee cioXKHbIe HecobcTBeHHbIE 3a1a49u. OTCYTCTBHE PereHus JJ1s 60 MOIEIN MOXKET
6bITH OOYCJIOBJIEHO KAaK HEOIPEEJEHHOCTHIO MM HETOYHOCTBIO MCXOJHBIX JIAHHBIX, TaK U
HEKOPPEKTHOCTBIO TPEOOBAHUH, IIPEIbABIAEMbIX K MOJEIU (UM U3yIaeMOMYy OOBEKTY).
Kpowme Toro, B HacTosiliee BpeMsi OCTPO CTOUT BOIPOC 06 U3GBITOYHOCTU UMEIOIIeHCst
06 06bekTe mHpoOpManyu. [locTpoeHre anmpOKCUMUPYIOIIEH 3aBUCUMOCTHU 10 TAKOM
n36pITOUHON MHMOPMaK (YTO SKBUBAJIECHTHO MUHUMAJIBLHOW KOPPEKIIMH HCXOJHBIX
JIAaHHBIX) 329aCTYI0 60JIee aJleKBaTHO, 9eM OOHApPY?KEHHEe 3aBUCHMOCTH, OCHOBAHHOE HA
MUHUMAJIbHON nHMOpMalun 06 obbeKTe.
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Havasno 6ypHOMY pa3sBUTHIO TEOPUM U IPAKTUKU METOIOB PELIEHUs] HEKOPPEKTHBIX
3amaq nosoxkui akagemuk A.H. Tuxonos (1943 r.). Bo mHorom 6Gsaromapst ero Tpy-
nam [12] paspaborana ofmasi CTpaTerusi MOCTPOEHUST YCTONUNBBIX METOJOB PEIICHHSI
HEKOPPEKTHBIX (HEyCTOWYUBBIX) 3ajad. JacTHBIM CilydaeM MOJEJIN C HECOBMECTHOH cH-
CTEeMOIl OTpaHUYEHUN SIBJISIIOTCS HECOOCTBEHHBIE 3aadH JINHEHHOIO IPOrPaMMUPOBAHUS
KaK 3aJ[a9¥, UMEIOIIe MHOYKECTBA JOIYyCTUMBIX DEIIeHHIl, OlpeiessieMble HECOBMECT-
HBIMU CHCTEMAMU JIMHEHHBIX aJIre0panvdecKux ypaBHEHUN UJIM HEPaBEHCTB. Pernenne
331291 KOPPEKIH MIO3BOJISIET BBISIBUTh «Y3KHE MECTay, a TaKXKe MUCKJIIOYUTh HETOYHOCTH
M3MEpEeHUii, BHEIIIHee BO3JEeHCTBHAE U T. II.

VccnenoBanuss MaTpUYHON KOPPEKIMHM HECOBMECTHBIX JIMHEHHBIX CUCTEM U COOTBET-
CTBYIOIUX 3324 JUHEHHOrO IPOrpaMMUPOBAHNS IPOBOMINCH NAPAJUIEIBHO H OTeYe-
CTBEHHBIMM MaTeMaTHKaMH, U 3apyOEKHBbIMU. PellleHns ¢ TOUKYU 3peHusl CUHTYJISIPHBIX
pasitoxkennit omybaukoBasan B 1980 r. amepukanckue mareMmaruku-perauciauTenn Gene H.
Golub u Charles F. Van Loan.

Cpein 0TeIeCTBEHHBIX MATEMATUKOB MATPUIHON KOPPEKIUEH BIIEPBLIE 3AHSJICI B
cepeaune 80-x rogoe XX B A.A. Barosmmu. Pa6oTel B 3TOM HApaB/IEHUH, HO C YIIOPOM
Ha HECOOCTBEHHBIE 33a9H MaTEMAaTUTIECKOrO IIPOIPAMMUPOBAHUS, IIPOBOLUINCEH IO,
pykoojcTeoM akagemuka PAH N.M. Epemuna nHay4dHoit mkosioi IHCTUTYTa MaTeMaTUKK
u mMexanuku YpOPAH.

B konie 90-x rooB XX B. UCC/I€I0BaHUS yPAJIbCKOM IIIKOJIBI ObLIN ITPOJOJIXKEHBI B
BII PAH u MIIT'Y B.A. l'openukom u ero yuenukamu: B.J. Epoxunsiv, Y. A. 3oaToeBoii,
P.P. Ubarymmuueivm, O.A. Kaumenko, B.A. Konnparsesoit, O.B. Mypasbsésoii, P.B.
TleuéukunubiM U Apyrumu. B OCHOBHOM B Ka4yeCcTBe KPUTEPUs ONTHUMAJIBLHOCTU PEIIEHUsT
3a/1a91 KOPPEKIUU UCIIOIH30BAJICT MUHUMYM €BKJIUIOBONA HOPMBI MATPUILI KOPPEKIIWH.
WccnemoBanbl BOIPOCHL CyIIECTBOBAHUS DEIIEHUsI, BUJ, PELICHUSI CKOPPEKTUPOBAHHOMN
CHCTEMBI, CTPYKTYPHOI KOppeKIuu (KOrja MaTpulia KOPPEKIUKA UMeeT (bUKCHPOBAHHBIE
CTPOKHM /WM CTOJOIBI, OTAEIbHBIE 3JIEMEHTDI, SBJISACTCS DA3PEXKEHHOM, MaTpHueil
Tenuna, KOMOGHHATOPHOIO THUIIA, UMEET GJIOYHYIO CTPYKTYPY U IIp.).

P.P. UbaryimabiM 661 paCCMOTPEH MUHUMAKCHBIA KPUTEPUIl ONTUMAIbHOCTHU JJIsi
KOPPEKITMY CUCTEeM JIMHEHHBIX yPABHEHUIT; ONUCAHA KOPPEKIUsl JIMHEAHBIX YIIPABIAEMbBIX
CHCTEM MDY OTPAHUYEHUSIX HA yIPABJISIIONINE IIePpEMEHHbIE, 3HAYEHUsI BXOJA U BBIXOJA
cucreMbl. [IpenjoykeHbl METOABI MHHUMAKCHOM KOPPEKIINN, CBOJSIIIIE UX K DEIICHHIO
3aja4 JuHeHHOro nporpaMmMupoBanusi. V. A. 30JTOEBOI HCCII€I0BAHBI BOIIPOCHI MHOI'O-
KPUTEPHUAJIBHON KOPPEKIMK, B TOM YUCJIE C MCIOJIb30BAHUEM MUHUMAKCHOTO KPUTEPUSI,
¥ KOPPEKIUU HECOBMECTHBIX JINHEHHBIX CHCTEM C Pa3PEXKEHHBIMH MaTpUIaMu Kodddu-
nuenToB. Takxke B.A. Topesukom u O.B. MypaBbéBoii 332491 KOPPEKIMA 10 MUHUMYMY
€BKJIMOBOI HOPMBI IPUMEHEHBI K IIPOGIeMaM ONTUMU3AIMY U PACIO3HABAHUS.

XOopoIIo U3BeCTHO, YTO COBMECTHOCTH MJIM HECOBMECTHOCTD JIMHEHHBIX MOJENei, 3a-
JIAHHBIX CHUCTEMAMM yDaBHEHUil, HEPABEHCTB UJIU CMEIIAHHBIMUA CUCTEMaMU YDABHEHUN 1
HEPABEHCTB MPECTABIISIOT c060ii (DyHIaMEHTAJIbHBIE CBONCTBA, CBA3AHHBIE C TAK HA3BIBA-
eMBIMHI TeopeMaMu 00 aJbTePHATUBAX — KJIACCHIECKON OCHOBOM TEOPEM CYIIEeCTBOBAHUS
peniennii 387129 ONTUMUSANNAN U BO3MOXKHBIM UHCTPYMEHTOM UX 3(PDEKTUBHOIO YUCIICH-
HOT'O pellleHus], pa3BUTbIM B paborax Bbuprokosa A.T.,; A.W. T'onukosa, Juxkycapa B.B.,
1O.I"EBrymenko, 2Kanana B.I"., Kanopuna U.E., Tlocemmkuna M.A., Yekapesa I.A.,
Ymuosa E.A., Ymuosa E.E. u ap. Meros mrpadubix dyHknuit u dyaknuii Jlarpas-
2Ka sIBJISIETCS YHUBEPCAJIbHBIM CPEJICTBOM PEIIEHUsT S9KCTPEMAJIBHBIX 3aaY PA3JIMIHON
IPUPOJBL.

AKTyaJbHOCTb MCCJIEIOBAHUS HECOOCTBEHHBIX MATEMaTHIECKUX OOBEKTOB OblIa XOPO-
mo obozuadena V1. 1. EpemunbiM, B TaCTHOCTH, OH yKa3aJl, YTO B TEOPUU MaTeMaTU-
YEeCKHUX MOJIEJIeH U KJIACCOB 3aJa4 IIPOCIIEKUBACTCS SBOJIONMSA B CTOPOHY OCJIA0JIeHUsT
TpebOBaHMI, HAKIAbIBAEMBIX Ha UCCJIELyeMbIil MaTeMaTUIeCKuil 06 beKT. BosHukaer mo-
CJIEZIOBATEILHOCTD IIOCTAHOBOK 3a/1a4: €JUHCTBEHHOCTD PEIIEHUs M yCTONYIUBOCTD; €IUH-
CTBEHHOCTb, HEYCTOHYNBOCTH (HEKOPPEKTHOCTD); HEEMHCTBEHHOCTb M HEYCTONIMBOCTD;
HECOOCTBEHHOCTh; HECOOCTBEHHOCTD U IIJIOXasl (POPMAIN3YEMOCTh; THOKOE MOJIEIMPOBAHNE
u T.1.

HecosmecTHast (HeCOGCTBEHHAsT) MOJED HE MO3BOJISET Oy IUTh COJEPKATETBHYTIO
nadOpMAIUIO 00 UCCIIEIYEMOM IIPOIECCE U SBJICHUN HEOCPEACTBEHHO. [iist oToii nesn
TpebyeTcs UCIPaBJIEHUE MOJEIN U €€ KOPPEKIusl. Buapl n ciocoObl KOPPEKIINA MOLYT
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ObITh pasnauyHbiME. Hanbosiee ob6mas dpopMa KOPPEKIUH 3aKJIIOYAETCA B U3MEHEHUN
K03 (PUIINEHTOB JIEBBIX U IPABBIX YaCTEeH COOTBETCTBYIOIINX yPABHEHUI U HEPABEHCTB.
COOTBETCTBYIONIYIO KOPPEKIMIO HA3bIBAIOT MATPHIHO. CHCTeMaTHIECKOe HCCIIeI0BAHNE
HECOOCTBEHHBIX 3342 JINHEHHOIO U BBIILYKJIONO IPOrpaMMUPOBaHuUsI ObLI0 Ha9aTO B 70-X
rr. npomoro croierus V. Y. Epemunbiv u ero yuenukamu. B paborax H.H. Acradbesa,
A.A. Baronuna, B.JI. Masyposa, JI. /1. Ilonosa, B./I. Ckapuna, C.II. Tpodumosa,
B.H. ®posnosa u gp. paccMaTpUBaJIACh HECOOCTBEHHBIE 3aJaU JIMHEHHOIO U BBIILYKJIOIO
IPOrpaMMUPOBAHMUSL, IPOBO/IMJIACH KJIACCHU(DUKAINS, CTPOUJIACH U HCCJIEI0BAJIACH TEOPHUS
nBoiicTBeHHOCTH. IIpy 9TOM BBOAMINCH U UCC/IENOBAIICH AUCKPETHBIE AIIPOKCHMAIINN
pelleHni, T.H. KOMATETHBIE KOHCTPYKIH. OTMETUM, YTO B GOJIBIIMHCTBE UCCIICIOBAHUAN
paccMaTpHBaJIaCh KOPPEKIMS IO BEKTOPY IIPAaBO YaCTH OrPAHUYEHUH U KO3 UIEHTOM
BEKTOPA IIeJIEBON (PYHKIIUN.

Marpuynasi KOppekiiusl BIEPBbIe ObLIa paccMOTpeHa B paborax A.A. Baromuna.
Uccnenosanust A.A. Barosmna 6buin nnpogoskensl B BIL um. A.A. Jopomaunsina PAH
u MIIT'Y B.A. T'opesiukoMm u ero yuenukamu: B. A. Konnparsessim, O.B. MypasbesbiM,
P.P. N6arynuusiv, P.B. Ilewenkunsiv, B.M. EpoxunbiM 1 ap. YKa3aHHBIME aBTOpaMU
ObLIN yTOYHEHBI pe3ynbraThl A.A. Baronuna.

B nacTosiieit pabore 1npej102KeHbl METO/IbI PEIIeHIs HECOOCTBEHHBIX 3a/1a4 JIMHEHHON
asIre6pbl U JIMHEHHOTO IPOrPaMMUPOBAHUSI 33 CUET HCIIOIL30BaHus (PAKTOPHOTO aHAIN3A
M MeTOJa MPOJOJI2KEHHS 110 ITapaMeTpy.

Jluist perieHust 1pobJieMbl COOCTBEHHBIX 3HAUYEHUI MaTPUIIbI HAOIOAEHUN B (paKTOPHOM
aHaJjn3e, KOTOPBIA PUMEHSIETCs IIPU PEIIEHUH HEKOPPEKTHBIX 3a/a4 JIMHEHHON ajredpsl,
paccMaTpUBAETCH 337a4a MUHUMU3AIUN CHEPUIECKOI HOPMBI MATPHIIBL. 37eCh B Kade-
CTBE IIEPEMEHHBIX IIPU IIOUCKE 9KCTPEMyMa BLICTYIIAET BEKTOP IIapaMeTPOB COOCTBEHHBIX
3HAYEHUN, 3a/laHHBIX Ha BBIOpaHHOM uHTepBaJie. llonydaromasics 3ajlada ONTUMU3a-
IIMU PEIIAETCs MOJHBIM 11epeOOPOM IO PABHOMEPHOII CETKe C IOMOIIBIO MTapaJllesIbHbIX
BBIYHUCJICHUI.

2. HekoppekTHble 3aaa4U JIMHEMHOUN aJjredpbl

Cucrema JIMHERHBIX AJIreOpandecKuX yPaBHEHUH MOXKET OBITH IJIOXO OOYCJIOBJIEHHOM,
MMeTb MHOXKECTBO PEIIeHUil, 100 ObITh mpoTuBOpeunBoil. PaccMoTpuM nBe JinHEHHbBIE
CHCTEMBI

A1X = By, (1)
AsY = Bs. (2)

Ymuoxkas (1), (2) Ha TPaHCHOHMPOBAHHbIE MATPHILBI A{ u Ag, TTOJTY IHM
AT A1 X = AT By, (3)

AT Ay = AT B, (4)

Cucremsr (3), (4) Bcerja COBMECTHBI, OJHAKO OHHM MOI'YT MMETb MHOXKECTBO DPEIIeHHIT
[12]. Eciin npumennts k cucremam (3), (4) meron perynsipusanuu Tuxonosa A.H., To B
pesy/bTaTe MOy 9uM

(AT A, +61E)X = AT By, 6, > 0, (5)
(AT Ay + 52, E)Y = AT By, 65 > 0. (6)

Kaxxnast us cucrem (5), (6) umeer enuncrsenHoe pemenne. OCHOBHON BOIIPOC IIPH
PELIeHnN yKa3aHHBIX CHCTEM CBS3aH C BBIOODOM IIapaMeTPOB PerysspH3anun 61 u 62,
KOTOpBIE HEOGXOAUMO ycTpeMuTb K Hyro. OIHAKO, 37eCh BO3HUKAIOT TPYJHOCTH C
[OJIyYeHneM OOPATHBIX MaTpHIl. MHOrume aBTOPBI NIPEIJIAraioT PasjIddHbIE CIIOCOOBI
BBIOOpPA YKa3HBIX [IaPAMETPOB.

O6o3Ha4yrM MaTpuubl B JIeBbIX yacTax (5) u (6) depes A3 u A4, a npaBble 4acTH —
gepe3 B3 u By, COOTBETCTBEHHO.
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PaccmoTpuM yKa3aHHBIE MATPHUILLI, KAK MaTPUIBI HAOJIIONEHH B (PaKTOPHOM aHAJII3E.
Bribepem B katuecTBe 6a3mCa COBOKYIHOCTH COOCTBEHHBIX BEKTOPOB M Pa3JI0KUM HAIIN
pellleHus 10 BeIOpaHHOMY 6a3ucy.

X=a1Pi+a2Po+ ... +amPm,m<n,
Y =061F1+ B2Fs+ ...+ B F,l <n, (7)

rae Pi(i =1,...,m) n Fj(j = 1,...,1) — Bbluenennbie GpaxTOpbI.

CyIIecTBYIOT METO/IbI pellleHusl HeKOPPEKTHBIX JIMHEHHBIX CUCTEM, B KOTOPBIX MaTpU-
ubl Az u A4 MOTYT OTJIMYATHCS. 3/1€Ch K€ Mbl PACCMATPUBAEM TOJBKO METOJ, [VIABHBIX
KOMIIOHEHT. B 3ToM MeTojie (paKTOpHOTO aHaImu3a A1 06ecledeHnsl eJUHCTBEHHOCTH
petienus 3anaun dakropusanuu [10] mer mosaraem Az = Ay € R™*™. Jljisa cOGCTBEHHBIX
BEKTOPOB BbIosHEeHO yciosue (P, Pj) =1 npu i = j , B nporusaoM ciygae (P, Pj) =0
(9TO CKaJIAIpHOE IIPOU3BEJICHUE 3a/1a€T YCJIOBHE OPTOTOHAILHOCTH U HOpMHUpOBKH [10]).

ITonoxxum By = CBs, rae C = 27;1 Ai, & A; — COOCTBEHHbBIE 3HAYEHUS] MATPUIIBI
As (m Ay). llpumennM MaTpHUHBIN omepaTop K pemenuio Y. Vmeem

AgY = BidiPr+ BedePe + ...+ +BmAmPm = (A1 + X2 + ...+ An)Bs.
B CI/II[y €IUMHCTBEHHOCTH peI_HeHI/IH nuMeemM
B1A1P1 = A1Bs, ..., BmAmPm = Am Bs.

B pesynbrare mosryaaem
B1P1 = Bs, ..., BmPm = Bs.

Tosyuennyio cucreMy ypaBHEHHUil yMHOXKaeM CKaJsApHO Ha BeKTOp (P1, ..., Pp). Orciona
ciensyer
(P1, Bs)
ﬁl = 77"'7/37774 = T =
(P1,Pr1) (Pm, Pm)
Torga BekTop X BbIYMCIsIETCS Yepe3 BeKTOp Y 1o (hopmysie

Xfo Y
C Zy;l)‘f

pu 3ToM BeKkTop Y onpegensiercs (7), rae B cuily exuHcTBenHoctu F; = P,

3. HecobcTBeHHbIE 3a4a4YM JIMHENHOrO HPOrpaMMUPOBaAHUS

B pa6ore [7] npengoxen npubInKEHHBIH METOJ| PEIIEHUs HEKOPPEKTHBIX 3aad
smHeHHOro nporpammuposanust (JIIT).
Paccmarpusaercs 3amada

maz(C,X),X € R",C >0,C € R", A1 X = By, (8)

X >0,41 >0,B; >0,A; € R™*"™ B, € R™. 9)

Baece B1 n C — NONOXKUTEIBbHBIE BEKTOPa, A1 — HNOJIOKHUTEIbHAS MATPALA (IIOIOXKHA-
TeJIbHBI €6 KOMIIOHEHTHI).
Samaua (8) — (9) s3amuceBaerca B popMe, 3aBUCAICH OT CKAJISAPHOrO IapaMeTpa

max t, A2 X = Ba, (C,X) =t, (10)

c t
Ay = Bg = X>0 11
()= () s o



106 Kowmmbiorepnas anrebpa — 2017

rae { — HeW3BeCTHBIN ITapaMeTp.
Bazaga (10) — (11), BooGmie roBopsi, MOXKET HE UMETHb pelleHHus. B sToM ciydae
paccMarpuBaeTcsa 0bobiennast 3agada JII1

maz t, AL AsY = AT By, Y > 0. (12)

Cucrema (12) Bcerma coBmecTHA.
IIpu npumeHeHnn MeTona peryisapusamun [12] Bmecro 3amaum (12) paccmarpusaercs
cllelyIoIas 3a0a9a

mazx t,AsZs = B, Zs > 0,
As =A+6E AT Ay =A B=ATB6>0.

Wssectno, uaro lims_,g Zs = Zo € {Y'}, tme {Y} — mHOXKeCTBO pernennii 3anaun (12).
Perenne siuHeitHOM cucreMbl sIBJIsieTCs JUHERHONM (byHKIMER mapaMmerpa t

Zs =C1 +tCs, C1,Co € R™.

IIpu t = 0 maxogum BekTop C1, a npu t = 1 BekTop Co.
YcioBue Zg > 0 NIpuBOAUT K HEPABEHCTBY

t1 <t<to.

Ecnu pernenne HeorpaHnyeHHO CBepXy, TO tg = 00. TakuM 0O6pa30M, OIEeHKa, peleHui
3agaun (12) cBOAUTCS K PELIEHUIO HEKOPPEKTHOMN JIMHEHHO cucTeMbl.

4. TIlapanaeabpHble BapuaHTbl MeTona Akobu u meroma Cobossi—CraTHUKaA

B nacrosiiiee BpeMs paspaboTaH U UCIOIL3YETCS Pl HTEPAIMOHHBIX METO/IOB IIOUCKA
COGCTBEHHBIX 3HAYEHHI, B 00meM cirydae Goslee MeJIEHHBIX, YeM IpsMble MeTonsl [13],
HO 00JIAZIAIONINX ONPEIEICHHBIMA IIPEUMYIIIECTBAMY JIJIsi MATPUI] GOJIBIION PAa3MEPHOCTH.
TpéxauaronajbHas MaTPULA SABJISIETCA BBIPOAHBIM HAYaJIbHBIM NPUOJIUKEHUEM J1J1sT
urepannoHHoro Meroga fAxobu. Meron fxobu B OKpeCTHOCTH peIIeHUs UMEET KBaJpa-
TUYHYIO CKOPOCTb CXOAUMOCTH. MeTos cxonuTcs ropasao ObIicTpee NMPU CHENUATbLHON
mapamMerpusanuu Merona fkobu.

Bwmecro maxoxenunsi cOGCTBEHHBIX 3HadYennit marpunbl A + E paccmoTpuMm marpwiry,
3aBHUCHAILYIO OT IIapaMeTpa

B(a) = 1—a)E+a(A+E),

rne E — enquHUYHAs MaTpHIA, & ( — MapaMeTp 3a1a4u. IIpu 9ToM BBIYHUCIIEHHOE 3HA-
YeHMe BEKTOpa COOCTBEHHBIX 3Ha4YeHU Oouiblie mau paBHo 1 + §, tae § > 0. Ilocse
9TOTO JIETKO BBIYUC/IATH COOCTBEHHBIE 3HAYEHUS 3aJaHHOoN MaTpunsl A. B obuiem ciyuae
BMECTO €IMHUYHON MATPHIBI JJIs1 PEIIeHUs TPOOIeMbl KPATHBIX COOCTBEHHBIX 3HAYEHUN
MOKHO B3£Th 3aJaHHYIO JUArOHAJBbHYIO MATPUILY C PA3IMYIHBIMU IOJIOKUTEIbHBIMU
JIEMEHTAMU Ha JUaroHaju. B pe3yibrare Mbl MOyYUM 3aJ1ady ONTUMU3AIUU C Pas3-
JINYHBIMHA COOCTBEHHBIMU 3Ha4YeHUAMU. [Ipu pacdere [ KayKJI0ro ¢, BBIOUPAEMOTrO IO
paBHOMepHOII ceTke (MeTox 1) mm ciydaiiabiM o6pasomM (Merorn 2) w3 maTepBata [0, 1],
[IPUMEHSIIOTCS TTapaJljlesibHble Bbluuciaenns [11].

OreHKa peleHust 3a/1a49u JUHEHHOrOo MMPOrPAaMMHUPOBAHUS 38 CUET MPOJOJIXKEHUS
IO mapamerpy CBOAMTCS K DPEIIeHUI0 HEKOPPEKTHOW JiMHeiHO cucrembl. [Ipu sTom
3a/1a4a MOUCKa COOCTBEHHBIX 3HAYEHUN M COOCTBEHHBIX BEKTOPOB PACCMATPUBAETCH KaK
3a/1a9a ONTUMHU3AINY B IPOCTPAHCTBE IapaMeTpoB. B KadecTBe pyHKIMOHAIA BEICTYIIAET
cdepudeckast HOpMa MaTPHUIIbl HAOIIOAEHU, a COODCTBEHHbIE 3HAYEHUS — CyTh IIapaMeTPhI.
Ora 3aJa4a pelraeTcsl UCIOIb30BaHUEM IapaJlIeJbLHOrO BapuanTta Merona Cobosis—
CrarHEKa, B KOTOPOM I1epebop OCYIIECTBIISIETCS IO PABHOMEPHOM CeTKe. 31eCh IEPBBIM
NPUOINKEHUEM CIIy?KUT TPEXIUArOHAIbHAA 9PMUTOBA MATPUILA, & TAPAMETPbI 3a[aHbI
Ha WHTEPBAJIE OTKJIOHEHUN BOJIM3U I1€PBOrO NpubJIIKeHus. B mporecce HaKomIeHUst
nudOpManE IPOU3BOAHUTCS ee 00paBoTKa [0 METOLY, IIPEIJIOKEHHOMY B pabore [14].
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5. 3akirodeHue

HpI/IMeHeHI/Ie (baKTOpHOI‘O aHaJIu3a II0O3BOJIAET peunlaTb HEeCOOCTBEHHbBIE 3aJa9un JIMHEH-

HOIT ayrebpbl, a TakyKe HeCOOCTBEHHBIE 3aJa9X JIMHEHHOI'O IPOrPaMMIPOBAHUA. 34ECh
pellleHre OHNMAeTCs: B 0OOOIIEHHOM CMBICIIE.

® N o

10.
11.
12.
13.
14.

Baaronapuoctu

Pabora Bemosnena npu noggepxkke POPU (kox npoekra Ne 15-07-08952).
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Applying factor analysis in solution of improper problems of
linear programming
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The improper problems of linear algebra and linear programming arise in the numerical
solution of optimal control problems with mixed constraints. The regularization method of
Tikhonov A.N. reduces ill-posed problems of linear algebra to systems having a unique solution
due to the introduction of additional parameters. The main difficulties in the choice of the
regularization parameters are associated with obtaining inverse matrices. The use of factor
analysis allows us to reduce these problems to the search for eigenvalues and eigenvectors of
specified matrices. It is shown that the estimation of the solution of the linear programming
problem due to the continuation with respect to the parameter reduces to solving an ill-
posed linear system. The problem of finding eigenvalues and eigenvectors is considered as
an optimization problem in the parameter space. The spherical norm of the observation
matrix acts as a functional, and the eigenvalues are parameters. This problem is solved
using a parallel version of the Sobol-Statnik method (search over a uniform grid). Here, the
tri-diagonal Hermitian matrix serves as the first approximation, and the parameters are given
on the deviation interval near the first approximation. To accelerate the convergence of the
iterative process, the method of continuation of the solutions with respect to the parameter
is applied. To minimize the error, the shift of the eigenvalue spectrum of the matrix is
applied. Parallel calculations on the entered parameter allow to accelerate the execution of
the numerical Jacobi method when continuing with respect to the parameter.

Key words and phrases: Improper problems, linear algebra, linear programming, factor
analysis, parallel computations.
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I/IHTEJIJIQKTyaJII)HI)Ie MeEeTOAbl CMHTE3a 'rpaMMaTUY€CKHA
IIPaABUJIBHOTO TEKCTa Ha PYCCKOM A3bIKE

T. A. 2Kykos, T. M. Caabikos

Kagedpa ungpopmamuru,
Poccutickutl akonomuveckuti yrnusepcumem umerny I.B. Ilaexarosa,
Cmpemannoili nepeyaok, 0.36, Mockea, Poccus, 117997
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3&;['(1‘184 CHUHTe3a 'paMMaTHU4Y€CKHU IIPaBUJIBHOT'O TE€KCTa Ha €CTeCTBEHHOM f3bIKe NU3BECTHa
CBO€ell BBICOKOH CJIOXKHOCTBIO. Llesibio paboThl siBjisieTcsi pa3paboTKa U peajin3alius CETEeBOro
cepBHCa, 00eCIEeUYNBAIOLIETO IOJHOE AJTOPUTMHUYECKOE MOKPBITHE PYCCKOrO sI3bIKA U ITO3BO-
JIAIOIIIEro (bOpI\JI/IpOBaTb FpaMMaTH‘IeCKH HpaBI/IJ'IbeII‘/'I TEKCT IIO J'IIO6bIl\I TOYHBIM JaHHBIM Ha
100y10 TeMy. B kadecTBe pesyJibTara BBIIIOJHEHHONW pabOThI ObLIN IPEJCTABICHBI OCHOBHBIE
aJII‘OpI/ITMbI n 0C069HHOCTM nux peanusauun, JiexKamue B OCHOBe pa6OTbI caiTa aBTOlVIaTMBHpO—
BaHHOI o6pa60’1‘K14 JIMHI'BUCTUYECKUX JaHHbIX U CUHTE3a I‘paMl\/IaTI/I“IeCKM leaBI/IJIbHOI‘O TeKCcTa
passare.ru.

KurroueBblie cjioBa: KOMIIbIOTEpHad JIMHIBUCTHKAa, CUHTE3 TEKCTa, o6pa60TKa ecTrecTBeH-
HOIr'o #A3bIKa, ceTeBOM cepBucC.

1. Bsenenune

PyCCKI/Iﬁ A3BIK ABJIAETCA CHUJILHO M3MEHYHUBBIM SI3BIKOM CO CJIOXKHOM rpaMMaTHu-
Koit [2,12]. IIpouecc ob6pasoBanust (GOPMBI CJIOBa MOXKET TPeGOBATH OJIHOBPEMEHHOI'O
U3MEHEHHsl BCeX ero vacreil (mpucraBku, KOpHH, cybdUKCa 1 OKOHUAHUS) 110 CJIOXKHBIM
npasmtaM [2,10]. Taxrke dopma CI0Ba MOXKET 3aBHCETH OT YUCJIA, POAA, BHJA, BPEMe-
HU, [1a/1e?Ka, 3aJI0ra, OAYIIEBIeHHOCTH. [0 OIeHKe, IOy IEHHOM C TIOMOIIBIO AHAJII3A
cnoBapa OpenCorpora [13], cpennee KoIu4IecTBO Pa3anIHbIX GOPM MPHUIATATEIHHOTO B
pycckoMm si3bike cocrasiisier 11,72, Inmarosi, B cpegaeM, umeer 44,07 pa3audabix HopM,
BKJIIOYas BCE €r0 IVIArOJIbHbIE (DOPMBL.

HeCl\/IOTpH Ha CyH.[eCTBeHHBIﬁ IIporpecc, ajigd MHOTHUX A3BIKOB CO CJIO?KHBIM BHUIOU3MEHE-
HHEM CJIOB, IIPOIECC aBTOMATUYECKOr0 0b6pa3oBaHusi (hOPM CJIOBA BCE €IIe MPE/ICTaBIISeT
1pobJieMy. BOJIBIIMHCTBO CyHIECTBYIOMIMX [OJIXOJ0B K JIAHHOM IpobJieMe BKIIIOYAIOT Pas-
MeUeHHBIE BPYUHYIO CIOBAPH, CyIIECTBYIOIIE IS BCEX OCHOBHBIX s3bIK0B [11]. [laHHBII
[IOJIXOJT UM€eEeT DsiJi HEJIOCTATKOB, TAKUX KaK HEOOXOAMMOCTb COCTABJIEHUS, IOJJIEPKKU U
06pabOTKHU CIOBAPSI, CONEPKAIIEr0 MUJIMOHBI CJIOB, UX (POPM U JECATKH MUJIJINOHOB
OTHOIIIEHU I MeXKy HUMHU [9], a TaK>Xe€ HEBO3MOXKHOCTBH IIOJIHOT'O OIIMCaHUA fA3bIKa CJIOBa-
peMm. Ilo sTum mpuvnHaM CylIieCTByeT HEOOXOOMMOCTDH B AJITOPUTMUYECKOM IOKPBITUN
SI3BIKA JJIs1 SI3BIKOB CO CJIOZKHBIM (POPMOOODPA3OBAHUEM.

Ilenbio HacTosIEN PAOOTHI SBJISAETCH pa3pabOTKa M MPOrpaMMHast PeaIu3allis ajaro-
PUTMOB aBTOMATH3NPOBAHHOIO 06pa3oBaHust GOPM CJIOB PYCCKOrO S3bIKA M UX HUCIIOIB30-
BaHUS B PA3HOOOPA3HBIX 3a/adax KOMIBIOTEPHO JUHIBUCTUKH: KOppeKuuu opdorpadumn,
COIJIACOBAHUM CJIOBOCOYETAHUM, ITONCKE TPAMMATHYECKUX U PEYEBBIX OIIUOOK, aHAJIN3E
TEKCTOBBIX JAHHBIX OOJIBIIIOrO O0beMa M CHHTE3€ IPAMMaTHIECKN IPABUIBHOIO TEKCTA
Ha PYCCKOM SI3BIKE.

IIpencrapiennbie B paboTe aJropuTMbl U METO/IbI BHEJIPEHBI B IIPOIPAMMHOM 00ecIie-
YeHUU, UCIIOJIb3YEMOM JIMHI'BUCTUYECKHUM IIOPpTaJIOM WWW.passare.ru.

2. AJropurmsbl BUIOM3MEHEHUS YACTEH PEYU PYCCKOr'O SI3BIKA
U UX OPUMEHEeHUe

Iuist ipe/icTaBIeHHBIX B JAHHON paboTe aJilrOPUTMOB BUIOU3MEHEHUSI CJIOB PYCCKOI'O
A3BbIKa BEPHBI CJIeAYyIOIue Olpeae/IeHUs:
- BXOJHBIMU apryMeHTaMH siBJISIOTCS: HadajbHas HopMa cjioBa, HAOOP JIMHIBUCTUYECKUX
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napaMeTpoB (poz, YHCIIO, NAJNeXK, U T.J.);
- Pe3yIbTaTOM OOPabOTKH SBJISETCH: IPOU3BOAHAs (popMa CIOBa.

2.1. BI/I,HOI/IBMGHEHI/IG CYILIIeCTBUTEJIbHBIX PYCCKOI'O f#A3bIKa

I3menenue ciroBa 1o majgekaM Ha3bIBaeTCs CKiIOHeHneM. CKIIOHEHNEM Ha3bIBAETCsI TAKKe
KJIACC CYIIECTBUTEIbHBIX, O0bEINHEHHBIX OOIIHOCTHIO CIIOBOM3MEHEHNsI, U OTBJIEUYEHHbII
obpaser, 0 KOTOPOMY H3MEHSIOTCS CJIOBA 3TOrO Kjacca. B coOBpeMEeHHOM PyCCKOM
A3BIKE CYIIECTBYeT TPH TaKUX Kjacca (TPU CKJIOHEHHUsI) — IIEPBOE, BTOPOE M TPEThe,
Pa3IMYAONIMeCs CUCTEMAMU T1a/1e2KHbIX (byiekcnii. THIIbI CKIIOHEHHS CTPOro Pa3/INnIaloTCH
TOJIBKO B IaJIEXKHBIX opMax €. 4. Bo MH. 4. pa3juvus MeXK/Jy THIIAMU CKJIOHEHUS
He CTOJIb OIIPEJIEJIEHHBI, a B JaT., TB. U NPeJI. MajexKax pasimans ¢JIeKcuili Boobie
orcyrcTByIoT [6,7].

CkJl0HeHne CymecTBUTENBHBIX [4] cBsizaHo ¢ Mopdosornaeckoil kareropueil poga, HO
He OIIPeJIENIAETCs €10 MOC/Ie0BaTeNbHO. B I CKII. BXOAAT CyIIeCTBUTE/bHBIE MY2K. U CPE,.
pP- ¥ HE BXOJSAT CyLIECTBUTEJIbHBIE 2KeH. P.; BO II CKJI. BXOASAT CylecTBUTEIbHBIE YKEH.
My2?K. 1 OOIIl. pP. U He BXOIAT CyIIEeCTBUTEIbHBIE Cpe. p.; B III cki. BXOOAT B OCHOBHOM
CyIIeCTBUTEJIbHBIE 2KEH. P., a TaK>Ke JBEHAJIaTh CJIOB CPEJ. P. U OJHO CJIOBO MYyX. P.
IlepBBie 1Ba CKIIOHEHUS 110 OTHOIIEHUIO K POJY XapaKTEPHU3YIOTCS CJIEAYOIINM 00pa3oM:
I ckn. — mexkenckoe (T. e. My»Kckoe u cpeanee), I cki. — Hecpeuee (T. €. My»KCKoe U
xenckoe); 111 ¢k — IpenMyIecTBEeHHO KEHCKOe.

B Tabmuie 1 npuseseHbl OCHOBHBIE THUIIBI CKJIOHEHHUSI NUMEH CyIIECTBUTEIBHBIX B
PYCCKOM si3BIKE.

Tabmna 1
TI/IHI::I CKJIOHEHH: MMEH Cy]_T_leCTBI/ITe.HbeIX B pyCCKONI A3bIKE

Tun | Tlosichenust u npuMepbl O6paTuTh BHUMaHUE
CymecTBUTeIbHBIE YKEeHCKOTro, MysKcko- | CymecrBuresnbHble Ha -usa (apMmusd,

1 ro u obIero poga ¢ okoHdaHueM -a / | 'penus) UMEOT B JATEJIHHOM H IIPe/I-
-s1 B MMEHUTEJIbHOM IIaJIeXKe €IUHCTBEH- | JIOKHOM TNaJerkaX eIUHCTBEHHOIO
HOI'O YHCJIa: YKEHa, 3€MJIsl, CJIyTa. qHCJIa OKOHYAHME -H.

CymiecTBUTEIbHBIE MY?KCKOI'O POZIa C
HyJIEBBIM OKOHYaHUEM B UMEHUTEJIbHOM
najie’ke eJUHCTBEHHOI'O YucJja U Cylie-
2 CTBHUTEJIBHBIE CPETHETO POJA C OKOHYA-
HUEM -0 / -€ B IMEHUTEJIbHOM I1aJiesKe
€JIMHCTBEHHOI'O YHCJIa: 3aKOH, KOHb, Ce-
J10.

Cy1ecTBuTENIbHBIE Ha -Hii U -He (Te-
HUM, HACTPOEHHE) UMEIOT B IIPEJJIOXK-
HOM TaJiexKe €JIMHCTBEHHOI'O YHCJIa
OKOHYAHUE -H.

v CyHIIeCTBUTEJIBHBIX, OKaHYUBalO-
IUXCAd B UMEHUTEJIbHOM U BUHUTEJIb-
HOM ITaJexXaxX € JUHCTBEHHOI'O 4YUCjia
Ha INIUAIIANTYIO, BCerJa ITUIIETCA Ha
KOHIIe MSATKUNU 3HAK: MBIIb, J0Yb.

CymiecTBUTENIBHBIE YKEHCKOTO POJA C
3 HYJIEBBIM OKOHYaHHEM B HMEHHUTEeJIb-
HOM IaJiezKe €IMHCTBEHHOT'O YUCJIa: elb,
MBIIlIb, JOYb, JIOIIab, PAJOCTh.

Bo MHOXKeCTBEHHOM [HCIIEe PA3IUIUsA MEXKJy TUIIAMU CKJIOHEHWUS TPAKTUIECKA OTCYT-
CTBYIOT, TAK YTO MOYKHO OTJEJIBbHO TOBOPUTH 00 OCOOOM CKJIOHEHUU CYIIECTBUTEIbHBIX
MHOKECTBEHHOTO Yucja. [lagexkaMu BbIPasKarTCsi PA3JIMIHbIE POJIUA CYIIECTBUTEIBHOTO
B IIPEJIJIOXKEHUU. B pyCcCKOM sI3bIKE BBIJEJISIETCs MIECThb Najexxeil. OnpenesnTs maaex
CYIIECTBUTEBHOTO B NIPEJIOKEHUHA MOYKHO TI0 BOIIPOCY.

B rabiune 2 nano 06001eHne pa3HUIbl B CKJIOHEHUSIX CYIIECTBUTEILHOIO HA IIPUMe-
pax B €IUHCTBEHHOM YHUCJIE.

Tabiuna 3 06001aeT pa3HUIly B CKJIOHEHUSIX CYIIECTBUTE/ILHBIX HA IIPUMepax BO
MHOXKE€CTBEHHOM YHCJIE.
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Tabsuna 2

O606I_LleHHaH pa3nulia CKJIOHEHWs UMEH CYILIEeCTBUTEJ/IbHBIX B €UMHCTBEHHOM YHUCJIe

ITanex 1 ckJyioneHue 2 CKJIOHEHUuEe 3 ckJioHEeHUe
JKEH-& 3eMJI-sl CJIyr-a | 3aKOH- KOHb- CeJI-O IOJI-€

u. . €J1b- MBIIIb-
3a0UsAK-a APMU-51 PeHMil- HaCTPOeHMe-€e
KEH-bl 36MJI-M CJIYT-H | 3aKOH-a KOH-si CEJI-a IMOJI-5

P. €JI-U MUII-U
3a0USIK-U apMU-U PEeHU-51 HACTPOEHU-5I
JKEH-€ 3€eMJI-€ CJIyr-€ | 3aKOH-Y KOH-IO CeJI-y HOJI-I0

. €JI-U MHUII-I
3a0UsIK-€ apMU-1 PeHU-I0 HACTPOEHU-IO
JKEH-y 3eMJI-I0 CJIyr-y | 3aKOH- KOH-sI CeJI-O II0JI-€

B. €J1b- MBIIITb-
3a0UsAK-y apMU-I0 PeHM-s1 HACTPOEHUE-€
JKEeH-OU 3eMJI-efi CJIyI- | 3aKOH- KOHb- CeJI-O IIOJI-€

T. " " . . €JIb-10 MBIIIIb-10
oif 3a0UAK-0il apMu-eit reHMil- HaCTPOeHMe-€e
O KE€H-€ 3eMJI-€ CJIyr-€ | O 3aKOH-€ KOH-€ CEJI-€ IMOJI-€

II. O €JI-U MBIII-1
3abusk-e 06 apMu-u PeHU-U HACTPOCHU-U

Tabsuna 3

O6ob1eHHasT pa3HUIla CKJIOHEHNUS UMEH CYIEeCTBUTEJbHBIX BO MHOXKECTBEHHOM YHCJIE

CKJIOHEHUE BO MHOXKECTBEHHOM
ITanex , MHOro-+5,6,7...
a quciie +2,3,4 +5,6,
. >KEeH-bl 3aKOH-bI CeJI-a eJI-U BpEeMeH-a >KEeH- 3aKOH-OB CeJl- eJl-eii BpeMeH-
P. JKEH- 3aKOH-OB CeJl- ejl-eli BpeMeH- JKeH- 3aKOH-OB CeJl- ejl-eli BpeMeH-
I JKeH-aM 3aKOH-bl cejl-aM  eJI-sIM JKeH-aM 3aKOH-bl cejl-aM  eJI-sIM
i BpeMeH-aM BpeMeH-aM
B. JKEH- 3aKOH-a CeJI-a eJI-U BpeMeH-a JKEH- 3aKOH-a CceJI-a eJI-U BpeMeH-a
T KEeH-aMU 3aKOH-aMU CeJl-aMUu eJI-aMHu KEeH-aMU 3aKOH-aMUu ceJl-aMu eJI-saMHu
i BpeMeH-aMu BpeMeH-aMu
I O JKeH-aX 3aKOH-aX CeJjl-aX eJI-faX O JKeH-aX 3aKOH-aX CceJjl-aX eJI-faX
i BpeMeH-ax BpeMeH-ax

MozkeM HabIIIONATH CJEAYIOLULyIo 3aKoHOMepHOCTH [1|: CymecrBurensusle B Mme-
HHUTEJILHOM IIaJI€XKe, CTOSIINE BO MHOXKECTBEHHOM YHCJIE, & TaK K€ I10CJIe TaKOW KOH-
crpykuun «2,3,4», nmeror onuH psj okondanuii; Ho cymecrsurensubie B VIMeHuTEIBHOM
najiezke, COCTOSIIUE B KOHCTPYKIUK «MHOIO Ui 5,6,7..», IMEIOT APYTroil psifi OKOHIAHUM.
Ha npyrue nmaje:ku 3Ta 3aKOHOMEPHOCTb He pacupocrpansercs. Ciienyromme camble
YIOTPEOUTEIBHBIE CyIIECTBATEIBHBIE JOILYCKAIOT JBOSIKOE 00Pa30BaHIE NMEHUTEILHOTO
IageXka MHOXKECTBEHHOTO IHCIIA.

HekoTopble CymecTBUTENBHBIE My?KCKOIO POAA B MMEHHUTEJHHOM IaJ|esKe MHOXKE-
CTBEHHOI'O YHMCJIa BMECTO OKOHYAHW -bl(-M) MOTYT UMEThb yJapHOe OKOHUaHHE -a(-51).
TIpeskze BCEro, K HAUM OTHOCSATCH CIIEAYIOLINE TUILL CyLECTBUTEIbHbIX:

1) MHOrHIE OZJHOCIIOXKHBIE CYIIECTBUTEIbHbIE THIIA, JIEC-JIECa, IIEJIK-IIeNKa, G0K-60Ka,
[y1a3-Iia3a 1 T.1.

2) MHOrHe ABYXCJIOXKHBIE CyIIECTBUTEJBHBIE, UMenmue B (GopMe eIUHCTBEHHOTO
4HCia yoapeHne Ha IepBOM CJIOre, HanpuMep: Geper — Gepera, rojioc — rojoca, Bedep —
Bedepa, TOPOJ — OPOAa, OKPYT — OKPYra, Yepell — Yepela U T.1.

3) omHAKO CTPOrHX 3aKOHOMEPHOCTEH paclipe/ie/IeHus! CyIeCTBUTEIBHBIX 110 BapU-
aHTaM OKOHYaHHI HAWTH HEJb3sl, IOCKOJIbKY Ha JaHHOM y4acTKe sI3bIKa HabIII0IaIoTCs
KoJiebaHusI.
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2.2. BwugounsmeHeHHe NpuJaraTejibHbIX PYCCKOI'O fA3bIKA

AJIropuT™M BUIOM3MEHEHHS! TIPUJIANATEILHBIX CYIIECTBEHHO MPOIIE AJITOPUTMOB BUJIOM3-
MEHEHHs! IPOINX MHOTOYHMCIIEHHBIX 9acTell pedn pycCKoro sisbika (2, 3]|. Bumonsmenenne
MIPUJIATaTeIbHBIX OCYIECTBJISETCS 110 YHUCJIaM, POJAaM U IajerKaM, IIPUYeM B BUHUTEb-
HOM majiexke popMa MPUJIAraTeJIbHOTO 3aBUCAT OT OLYIIEBJICHHOCTH CyIIECTBUTEIHLHOTO,
K KOTOPOMY OTHOCHTCS MU3MEHSIEMOE IpHjIaraTejbHoe. JIJIa HeoyIeBJIeHHBIX CyIIe-
CTBUATEJIBHBIX (POPMa MPUJIATATEHHOTO B BUHUTEIBHOM IMajeXKe COBIMagaeT ¢ popMoit
MMEHUTEIHLHOTO Tajle’kKa, B TO BPeMs KaK JIsl OJLyIIeBJIEHHBIX — ¢ POPMOil POAUTENHLHOIO
najiexka.

B 6ousibmuHCTEE CTy9aeB U3MEHEHUEe MPUJIATaTeIbHOIO OCYIIECTBISAETCS Iy TeM U3-
MEHEHHUsI €ro OKOHYaHUA [8], YTO ¢ TOUKH 3PEHUsI IIPOrPAMMHON PEAJIU3AIUMNA BBITOJHO
OTJINYIAET MPUJIAraTe/IbHbIe OT MPOYNX MHOTOYHMCJIEHHBIX YaCTel PEeIr PYCCKOTO SI3BIKA.
Vckiiovuenne coCTaBIsAeT KIacC «IPUTAXKATEIbHBIX> IPUIaraTeabHbIx (medseorcuti, de-
suyul, pobut u T.1.). B aToM ciyuae opmbl npusararesbHOro TpebyroT 1o6aBiIeHus K
OCHOBe MH(PUHUTUBA MSTKOI'O 3HAKA.

2.3. Bnnonsmeﬂeﬂne rJIarojJioB pycCckKoro sa3bIKa

B pycckom si3bike riarossl Bugou3MeHsiorcst no auiy (1,2,3), uncay (ex, Mu.), poxy (K,
M, ¢), BpeMeHH (mporeinee, HacTosIee, Oyayinee), HAKJIOHEHUIO (IIOBECTBOBATEILHOE,
COC/IaraTeIbHOE, MTOBEJIUTEHHOE).

Paccmorpum BHauasle aaropuTM BHIOU3MEHEHUsI [VIATOJIA PYCCKOTO SI3bIKA B IIOBECT-
BOBATEJIbHOM HAKJIOHEHUU U HACTOSIIIEM BPEMEHHU.

Hekoropbie xapakTepHble YaCTHBIE CJIydau

3uare — 1-e cupsikerue (cm. Tabur. 4)

Tabauna 4
DopmBbl rIarosia «3HaTh»

Yucyo 1-e nuio 2-e JU110 3-e juro
Eauncreennoe 3HAI0 3Haellb 3HaeT
MuozkecTBeHHOE | 3HaeM 3HaeTe 3HAIOT

CMmoTpeTs — 2-€ cupsizKeHue

DTOT ciiydail OTHOCHTCS K IIPOCTBIM, TaK KaK (POPMBI IJIaroja o0pas3yroTcs IIyTeM
no6aBiIeHNsT OKOHYIAHNN K OCHOBE, KOTOpas IPH 9TOM He M3MeHsieTcs. Bee riarosiel, Bu-
JIOU3MEHSIOIIMECS 110 TAKON cxeMe (TO eCThb, ¢ HEeM3MEHHON OCHOBOM) MbI Oy/1eM Ha3bIBATH
npoCTBIMU. BCTpeyaroTcs u CI02KHBIE TJIAT0JIbI, HAIIPUMED, <IIUTh» — IIPU BUIOM3MEHEHIH
9TOrO IJIaroJia K OCHOBE J0OABJISIETCS MATKUAN 3HAK.

Caoxublii ciygait Homep 1: ocHOBa hpOpMUpPYeETCs IMyTeM yAaJeHUs «-UTb» U J00aB-
JIEHUST MATKOTO 3HaKa [5):

IIIuTh, BUTH, IUTDH, JIUTH, OUTD.

CJUtoKHBIN ciry4dail HoMep 2: MEeHsIeTCsl KOPHEBasi COIJIaCHAsI:

KOpHeBad rjiacHasi meHsiercss Ha 2K:

Bugers (cM. Tabn. 5), raguTs, cuaeTb, 06UIETh, XOOUTh, 6PEUTh, TOPOUTh, TOP-
MO3HUTb...

KOpHeBas IJIacHasi MeHsieTcst Ha :

KPYTUTb, BEPTETh, YEPTUTh, TPATUTh, TATOTUTH, KATUTD, JIETETh, IILIXTETh.

KOpHeBas rijiacHasi MmeHsiercs: Ha IT1:

YHUCTHUTD, YaCTUTh, XPYyCTETh, CBUCTETh, OJIECTETH.

KOpHeBas ryiacHasi MeHsiercs: Ha IT1:

BHCETH, 6ECUTH, HOCUTb, KPACUTb, KOJIECUTH, KOCUTh, MECUTH, 0O€30I1aCHUTb...

K ocHOBe gobasJisiercs: JI:
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Tabsuna 5
DOpMBI IJIaroJia «BULETb»

Yucyio 1-e nuo 2-e JII0 3-e Juro
Euncreennoe BUXKY BUUIIID BUJIAT
MHOXKECTBEHHOE | BUIUM BUJIATE BUJAT

TEpIETh, XPAIETh, XPUIIETh, IIUIETh, KUIIETh, CKPUIIETh, COIIETh.
-0BaTh,-€BaTh:0CHOBa (DOPMUPYETCsT NHAYE, HEXKEIN B ODIIEM CJIydae.
Pucosars, 6eceroBaTh, 3aBe10BaTh, TOPEBATE.

OponesBarh, IPoO/JIEBATh, 3aTMEBATH, 3aCTPEBATD.

-4b: 6epedb, CTepedb, Medb, Ke€4Yb, CTPUYb, IOMOYb...

-TH: UJITHU, HECTU, BE3THU, BECTH, IJIECTU, I'PECTH...

-CTh: ITaCTh, KPAcTh, KJIAaCTh, IPSCTb, CECTh, CYECTh.

Heperynsipao BUAOU3MEHSIIOTCS TVIATOJIBI «XKUTb», <OBITH», «IIE€TH».

2.4. OG6pazoBaHue IIPUYIACTHBIX U JEEIIPUYACTHBIX 060POTOB
B PYCCKOM sI3bIKE

JeiicTBUTeNbHBIE IPUYACTUs IPOLIEAIIEr0 BpeMeHHU (JesaBIInii, CeIaBIInii)
00pas3yroTcs, KaK MIPaBUJIO, IyTeM H00ABJICHUS «-BIINN» K (POPME IPOIIEANIEro BpEMEHH,
€JIMHCTBEHHOI'O YUCJIa U MY?KCKOI'O JIMIIA, OT KOTOPON OTHHUMAEeTCs IOCIeNHsIsE OyKBa:
JeJIaTh — JleJlan — Jenasuiudl.

Wckmovenns: uaru (menmmit), moruGHyTh (moru6mmit).

JeenpuyacTysi HECOBEPILIEHHOrO BUAA (Jesas) 06pa3yIoTcsi OT [VIAr0JIOB HECO-
BEPIIIEHHOTO BU/IA, KaK IIPABUJIO, 0OPa3yIOTCs OT OCHOBBI HACTOSIIETO BPEMEHN IIOCPEI-
cTBoM cyddukca -a(-s1): CBEPKa~-I0T — CBepKa-sl, PEM-AT — I'PeM-s1, CTy4-aT — CTyd-a. B
OTJEJILHBIX CIy4asx (OT [VIArOJIOB HECOBEPIIEHHOTO BHIA ¢ Cy(hPUKCOM -Ba-: 1aBaTh, CO-
3HABATb ¥ CO CBA3AHHON OCHOBO, HAIIPUMED, OTCTABATH) ITU JEENPUYACTHS 06Pa3yIOTCsH
OT OCHOBBI HEOIIPEJIEJICHHOM (POPMBI: BBIIABa-Th — BblJaBa-si, OTCTaBa-Th — OTCTABa-5.

JleennpuyacTust HECOBEPIIEHHOI'O BHa He 0Opa3yloTCs OT IVIaroJIoB:

1) ¢ oCHOBOI, cOCTOAIEH U3 OJHUX COIMVIACHBIX: INBIOT, JIBIOT, KMYT, TKYT W T.II.
(ucKIIOUeHNEe: MYIATHCA — MYaCh);

2) ¢ OCHOBO#f Ha T, K: 6EryT, TEKyT U T.IL;

3) ¢ OCHOBOIi HACTOAIIErO BPEMEHU Ha IIUIISIIUI U ¢ OCHOBOM HEOIIPEIe/IeHHOMH (DOPMBL
Ha 3, C, CT, X! MaXXyT — Ma3aTb, IUIIyT — IHCATh, XJIEIIYT — XJIECTaTh, IAIIyT — IaxaTb;

4) ¢ cybdukcom -uy-. HeynorpebureabHbl feenpuvacTus OT [JIArojIoB JIe3Th, 6exKaThb,
exaTb, XOTeTb, IPaTh, 3BaTh, II€Th, THUTD.

JleennpugacTus OT TaKMUX IVIATOJIOB 3aMEHSIIOTCSI COOTBETCTBYOIUMU 110 3HAYEHUIO
[IPUCTABOYHBIMU OOPa30BaHUAMU: Ha3bIBas, pacieBas U T.1. [2]

VHHUKaIBHBIMUA JJIsI JINTEPATYPHOTO A3bIKA SBJISIOTCS [eCIPUIACTUs — OyLydH, Kpa-
nyunch: |[ennii| «Gyay<an opuruHaJIbHBIM, B TO ¥Ke BpeMs u obiiee tananras (Bem.); «5
Jle’kaJjl B 9TO BPeMsl Ha IIOJIATSX M, KPAJLydHCh OT JIe/la, YUTall yBJIEKATEIbHYIO KHUTY >
(Tnagxos).

JleenpuuacTus Ha -y4uu (-I09M) UMEIOT apXaudHbli XapakTep U sBJIAIOTCA CPEJICTBOM
CTHJIM3AIMH 110, HapoAHyo peub: «Hukoro He ocy»kiaro4um, OH OJHU CJIOBa yTEIIHbIE
roBopus MHe, ymupatoun» (H.).

-A(Cb) (II cupsizkenue mociue K, 9, u1, 1mx): Ouu kpuuar — Kpuda. OHu cnemar —
cnemra Onm yuarcss — ygack. Onm cabmmar — cabima. -B / -BIIV(Cb). IIpounTtan —
npounTas / npouurasiin. Hamucan — nanucas / Hanucasmu. Hajysics — HalyBIINCh
-41(Cb) (B OCTAIbHBIX CIIy4asX).

JleenpuaacTuil HECOBEPIIEHHOTO BUA HET y CJIEAYIOMUX IJIArosos [8):
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— Ha -4b: IIeYb, O€epeydb, MOYb U T.J.;

— ¢ cy(dpdUKCOM -Hy-: BAHYTH, IaXHYTh, KPEIHYTh U T.J., KPOME IJIarojia TAHYyTb —
TSHST;

— 0e3 IJIaCHOM B OCHOBE HACTOSIIErO BPEMEHU: KJIYT, PBYT, IIbIOT;

— Ha XK, I, I 6exkaTh, (OHM) BSIXKYT, JIHXKYT, MayKyT, HAIILYT, CHILIIOT.

3. AuropurmMbl BUJOU3MEHEHUS UMEH COOCTBEHHBIX

ComplexName — Brioyaer(NamePrimary, NameSecondary, NamePatr)
OcHoBHasl (DYHKIUS BUJOM3MEHEHNSI UMEH, TaKKe BBIIOJIHSIET OIPE/IeJIEHNEe POJIa UMEHN
M TUIl COCTABJISIFOIIMX UMEHU.

TTonaep>kuBaer dpopmarsl BBoga: mst, Umsa @amunust, Pavunus Ums, PUO, TOD
Jasee njer onucaHue COCTABHBIX YacTeill (pyHKIUU:

NamePrimary (BujonsMeHeHUE MMEH )
VIMeHa MOXKHO Pa3JeJHUTh Ha 4 IPYIIbI:

— HEUu3MeHsIeMble UMEHa, 3aKaHYNBAIOIUeCsa Ha -0)
— HEU3MEHAEMBbIC 2KEHCKNE NMEHa II0 OKOHYaHUAM;]
— HEeU3MEeHdAEMbIe MY2>KCKHUE NMeEHa II0 OKOHYaHUAM;
— HMEHa, USMEHAIIUECA KaK CYyIIeCTBUTEJIbHbIEC.

NameSecondary (Bumousmenenne paMusmii)
Cpenu daMunmii BBIIEIAIOTCA HECKOIBLKO KJIACCOB:

— HensMeHsieMble (haMUINN, HE 3aBUCSIIUE OT POJIa

— Hen3MeHsieMble >KeHCKUe (haMuJInm;

— amMuny, OKAHYNBAIOIIUECS Ha -bIHA;

— MyXKCKHe (haMuJInK, OKAHINBAIOIINECS HA -€B, -OB, -OH, -UH, -bIH, -sIH;

— Heu3MeHsieMble MY2KCKHe (DaMUJInK 110 OKOHYAHUAM -0, -V, -5, -p€, -JLJIE;

— My»KCKue (QaMUInd, U3MEHSIOMNECs KaK IPUIaraTeJbHble 10 OKOHYAHUAM -KUii,
-XWi, -HU#, -KOM, -HOM, -TOMH, -BOH, -HUI, -XOM;

— ocTaJIbHbIE (DAMUJINY, U3MEHSIFOLINECS TI0 AJITOPUTMY CYIIIECTBUTEIBHBIX C UCIIPAB-
JIEHHeM OKOHYaHUI.

NamePatr (BugonsMeHenue oT4ecTs)
B dyskiun ucnosnb3yercs 6a30BbIH aJrOPUTM BHIOM3MEHEHUsI CYIIECTBHTEJIBHBIX C
3aMeHOIl HEKOTOPBIX OKOHYaHUNi
(npumep: -uam — -wueii, -eBUY — -€BUYA, -BH — -BEH...)

RussianCity (Bunonsmenenne Haspanuii roponos Poccun) B HazBanusix ropojos
MOZKHO BBIJIEJIUTH HECKOJIBKO KJIACCOB C PA3HBIM BUJIOU3MEHEHUEM:

— ropoga ¢ ocobennbiM BugonsmenenneM (Faspusios nocax, Ilerpos Bas, Ceprues
Iocan);

— ropoja, BCerja ynoTpebIIsionuecss BO MHOKECTBEHHOM UHUCIIE;

— ropoja ¢ BHJOM3MEHEHHEM CYIIECTBUTEJIbHBIX U CJIOBOCOYETAHUSI IIPHJIAraTe b=
HOE-+CYIIECTBUTEIILHOE.

Tak>ke B pa3pe3e CTPYKTYpPbI HA3BAHUS T'OPOJOB JEJATCH Ha:

— IIPOCTBIE, «CYLIECTBUTEILHOEY IpruMep: BaaanBocTok;

— CJIOXKHBIE, «IIpUJIaraTeJbHOE CyIlecTBUTeIbHOe» npuMmep: Hukanit Hosropomn;

— CJIOXKHBIE, «HEM3MEHsieMOe-CyIIeCTBUTEIbHOE» npuMep: ['opHo-Aurraiick;

— CJIO’KHBIE, «HEU3MEHsIeMOe-IIPUCTABKA-CyIeCTBUTEIbHOe» npuMep: Pocros-ua-lomy.

4. IIpuMepbl CMHTE3a rpaMMaTUYECKH IIPABUJIBHOTO TEKCTa
HA PYCCKOM fI3BIKE IIO YUCJIOBBIM JAaHHBIM

IIpuBeieHHbIE HUXKE IPUMEPDI UCIIOJIBL3YIOT OIMCAHHbIE PaHee aJI'OPUTMbI BUIOU3Me-
HEHHUsI JYacTeil pedr PYCCKOIo si3bIKa, a TaK2Ke [IOJICUCTEMY MeTas3blKa. Bce OHM JTOCTYITHBI
Ha caiiTe.



Kyxos T.A., Cagpikos T.M. 115

4.1. 0OG6G30p pMHAHCOBBLIX PHIHKOB

AsToMaTnvecku chbOPMUPOBAHHBINA OTUET O JUHAMUKE KyPCOB BAJIIOT C TIOMOIILIO CEPBHCA
passare.ru

Beoa: RUB;USD;EUR;1.1.2015;25.3.2016

Pesynvrar paborer amropurma: Kypc pybus x mosmapy zHa 25 mapra 2016 roxa
cocrasisteT 0,015. Poccuiickuit py6Jib IpOI0JI2KaeT POCT 110 OTHOIIEHHIO K AMEPUKAHCKOMY
JI0JTapy B TO BPeMsI KaK €BPO 3aMe/IJIsIeT aJIeHNe 110 OTHOIIEHUIO K POCCHIICKOMY PyOJIIO.
Kypc poccuiickoro py06sist 10 OTHOIIEHUIO K aMEPHKAHCKOMY IOJIAPY JOCTUT MUHHAMYMAa
3a nocsieaue Yerbipe Jua. CTOMMOCTD POCCUUCKOrO pyOJis B €BPO 3a mepuoj, ¢ 1 nexabpst
2015 roga mmo 25 mapra 2016 roga xosebisiercs: B mpegenax ot 0,01108 mo 0,01423. Kypc
py0uist kK eBpo Ha 25 mapra 2016 roga cocrasssier 0,013.

4.2. OTekcToBKa apu(PMETUUYECKUX BbIPA>KEHUMN

Bsox: 7923 * 210 - 413 / 8

Pesynbrar paborsr anropurma: CeMb THICAY JAE€BATHCOT ABAIATH TPH YMHOKEHHOE
Ha JIBECTHU JeCATb MUHYC 9€TBIPECTa TPUHAJIATH Pa3/eJIeHHOE Ha BOCEMb DABHO OJJHOMY
MHJIJIMOHY MIECTHCTAM IIECTUIECSTH TPEM THICAIaM CEMUCTAM CEMHUJIECSTH BOCHMH IEJIBIX
TPeMCTaM CEeMUJIECSTH MSATH THICAYHBIX.

4.3. CuHTe3 IPOrHO3a MOrobI

Bsoa: HoBocubupck

B Gaumzkaiimue gsagnars derbipe yaca B HoBocubupcke oxXujiaeTcsi sicHasi moroja 6e3
ocazkoB. ATMocdepHOe TaBieHIe HAXOAUTCH B AUANA30HE OT CEMHUCOT CEMUJECIATH TPEX
IO CEMUCOT CEMU/JIECSITU IISITU MM. PT. cT. JIHEeM BO3/yX IpOrpeeTcs A0 JAeBATHAIIATH
rpajlyCcoB HIXKE HyJIsI, HOYbIO TeMIIEpaTypa BO3/yXa COCTaBUT ABaIaTh OLUH I'PAIYC
HUXKE HyJIsl.

5. CraTucTuka MUCIIOJb30BaHUA caliTa passare.ru

B nanHOM paszesne mpeicTaBIeHa CTATHCTUKA TIOCEIIECHHsT BeO-CepBUCa passare.ru B
paspese BpeMenu (cM. puc. 1) u reorpadun (cMm. puc. 2).

@ Ceancal

Puc. 1. E}KCHC,ZLCJILHOC KOJINYIEeCTBO CeaHCOB 3a BCE€ BpeMsAa pa60TbI caiita
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1 B 367 @ 11063

Puc. 2. KosimuecTBO ceaHcoB 1o CTpaHaM

6. 3akirodyeHue

Pycckuit a3bIK U3BECTEH TPYIHOCTBIO CBOEH TPAMMATHUKHY, CJIOYXKHBIM BUIOU3MEHEHUEM
CJIOB ¥ Pa3BUTHIM CJIOBOOODA30BAHMUEM. 3aJ1a4M ITOMCKA U AHAJIN3a TEKCTOBLIX JTaHHBIX,
MAIIUHHOIO [I€PEBOJA, PACIO3HABAHUS U CHHTE3a PETIU U AP. TPEOYIOT aJlrOPUTMUIECKOIO
BUJOU3MEHEHHUSI CJIOB PYCCKOI'O sI3bIKa M CHHTE3a IPAMMATHYECKH [IPABUILHOIO TEKCTA.

JlaHHBIE aJITOPUTMBI OBLIH pa3pabOTaHbl U PEAJIM30BaHbI B CETEBOM CEPBUCE passare.ru,
KOTOPBIil 06eCIeINBAET OJHOE AJTOPUTMUYECKOE TIOKPBITHE PYCCKOrO sI3bIKa ((PyHKIMsI-
Mu o6pa3oBanHus HOPM Il BCEX YaCTell pedn) U 1Ho3BoJiseT (POPMUPOBATH IPAMMATHYE-
CKH{ IIPABUJIBHBINA TEKCT IO JIIOOBIM TOYHBIM JAHHBIM Ha JIIOOYIO TeMy.

Anpo cucrembr cocrout u3 1 ucnosusiemoro ¢aiisia — cepBepa U He UCIOJIb3YEeT CTO-
poHHMX Gubsmorek. VlcxoaHbl KO, MporpaMMbl HalMcaH Ha sa3bike C# Ha nardopme
Microsoft .NET Framework 4.0. CepBuc npenocrasisier 13 dyHknmit BugonsMeHenus, 4
dyukuu coryacoBanusi, 4 dpyHKuu cunresa rekcra u 5 dyuknuit APIL.

HanbHeiilnee pa3BUTHE CUCTEMBI COCTOUT B CJIEIYIOIIEM:

— YJIyd4IlI€HHEe IOJCUCTEMBI CUHTE3a TEKCTa;

— nopaboTKa CyIIeCTBYIONHX QyHKIuA (popMoobpa3oBanus U JOOABJIEHIE HETOCTAIO-
LX)

— pa3spaboTka cucTeMbl (DOHETUKY U €€ BHEJPEHUE B CYIIECTBYIOIIME aJITOPUTMBI.
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The problem of synthesis of a grammatically correct text in a natural language is known to
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O HOpOAHBIE TOYTU IPUMUTUBHBIE JIEMEHTHI CBOOO/THBIX
ajredbp mnpatiepoBbIXx MHOT00Opa3uii

A. B. Kimumakos, A. A. Muxanés

Mezanurxo-mamemamuveckuti paryasovmem
Mockosckozo 2ocydapcmeennozo yrnusepcumema um. M. B. Jlomonocosa

Email: klimakov88@mail.ru,aamikhalev@mail.ru

MHuoroo6pasue TUHEHHBIX aare6p Ha3bIBAETCs MIPARepOBBIM, €CJH JIo6as Mmofanarebpa CBo-
60/1HOM ayIreGphl 9TOro MHOro06pas3ust ABjsieTcss cBobomauol. CucremMa 3JIEMEHTOB CBOOOIHON
anreGpbl Ha3BIBAETCS IPUMHUTUBHOM, €CJIN €€ MOYXKHO JIONOJIHUTB JIO MHOXKECTBa CBOOGOIHBIX 00-
PasyoIuX 3TOH aarebpbl. DJieMeHT CBOOOAHON areGphbl MpaliepoBoro MHOroobpasust ajarebp
HA3BIBAETCS IIOYTH [IPUMUTUBHBIM, €CJIM OH HE SIBJISIETCS IPUMUTHBHBIM BO BCEH CBOGOIHOMN
asirebpe, HO IPUMUTHUBEH B JIIOOON cOGCTBEHHON nopasrebpe, ero cozepxkainei. B manHoi
paboTe ucciesyeTcss BONPOC MOYTH MPUMUTUBHOCTH OJIHOPOJAHBIX 3JIEMEHTOB CBOGOJIHOMN Heac-
conuaTuBHON anrebpbl, cBoGOHON (aHTH)KOMMYTATUBHONH ajre6pbl U CBOGOAHON ajare6pb

JIn.
Pa6ora BbinosnHena npu dhunHancosoit nogaep:kke POP®U (npoekrst Ne 16-31-00096 u 16-01-

00113).

KuaroueBble cJjioBa: IIpailepoBo MHOroobpa3ne JIMHEHHbIX aarebp; NpUMHUTUBHbIE dJI€MEH-
ThI CBOOOJAHBIX aJrebp; HOYTH IPUMUTUBHBIE SJI€MEHTHI.

1. Bseaeuune

Muoroobpasue JUHEHHBIX ajarebp HaJ, IOJIEM ONPEJEIsieTCs KaK KJace aarebp, 3a-
MKHYTBIX OTHOCHUTEJIBHO B3ATHS T01aIrebp, rOMOMOPQHBIX 00Pa30B U MPSIMBIX IIPOU3-
BemeHuit. Muoroobpasue asre6p Ha3bIBaeTCs HMIPAe€POBLIM, ecyau Jirodast momaaredbpa
CBOBOIHOMN anre6pbl 9TOro MHOrOO0pa3ust sIBJISIETCs] CBOGOAHOMN (B TOM 2Ke MHOrooGpasuu
asre6p). IlonaTue mpaiiepoBa MHOroo6pasusi BO3HUKJIO B Teopuu rpymit: B 1920-x rogax
Huscen (1] n paiiep [2] nokasamm, uTo mobast MOArpyImna cBOGOLHON IPyIIbI CBOGOA-
ma. A. I". Kypom [3] goka3zas, 4To nopaiare6pbl CBOGOAHBIX HEACCOLUATUBHBIX ajirebp
cobomubl. A. Y. Iupmos [4] mokasas, uro MHOroo6pasue Becex anredp Jlu ssiserca
mIpailepoBBIM (3TOT pe3y/IbTaT ObUI IOJIydeH Takxke BurToMm B [5], rme Takzke Gbu10
JIOKa3aHO, YTO MHOrooOpasue Bcex p-ajirebp Jlu spisercsa mpaiepoBbiM).

A. 1. lTupmos B 6] nmokazas, 910 mojanreSpbl CBOGOJHBIX HEACCOIMATUBHBIX KOM-
MYTATHUBHBIX ¥ CBOOOJIHBIX HEACCOIMATHBHBIX AHTUKOMMYTATUBHBIX AJIre0p CBOOOIHBL.
Takum 06pa3oM MHOrooGpasue BceX KOMMYTAaTUBHBIX aJrebp (BceX aHTHKOMMYTATHBHBIX
asire6p) siBisiercs mpaiiepoBbiM. A. A. Muxases [7] u A. C. Ilrepn (8] nokazasu, 4To
MHOroobpasue cynepaJsrebp Jlu asiserca mpaiieposeiM. A. A. Muxases [9] momyann
STOT pe3yJIbTaT AJIsl GBETHBIX p-cymepanre6p Jlu. A. 1. Kopenanos [10] moxasasm, aro
nofarebpsl CBOGOAHBIX CyNEPKOMMYTATHUBHBIX HEACCOIMATUBHBIX ajredbp CBOOOIHBL.
V. V. Ymupbaes u U. II. Ilecraxos [11] nokasamnm, aTo nmomanre6pel cBOGOAHBIX anreGp
Axkusuca cBobogubl. Y. Y. ¥Ymupbaes B [12,13] mosyuns HeoGXoauMble U JOCTATOYHBIE
YCJIOBUSI [IJIs1 TOrO, IYTOOBI MHOrooOpa3ue aaredp ObLIO MpailepOBBIM, U IIOCTPOUI HOBBIE
[PUMEPDBI MIPAREPOBBIX MHOI000pa3mii.

B nannoit paGoTe MBI OCTAHOBHMCSI Ha PACCMOTPEHUM OCHOBHBIX THIIOB CBOOOIHBIX
aare6p HmIpaiflepOBBIX MHOTOOOpPa3uil: CBOOOLHON HEACCOIUMATHBHON aarebpbl, CBOOOLHOMN
(aHTH)KOMMYTATHBHON ajre6pbl U cBOGOAHON asreGps! Jln.
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2. OcHoBHas YacTb
2.1. IIpuMuUTUBHBIE CHCTEMbI JIEMEHTOB

CucreMa 31eMEeHTOB CBOOOHOMN aireOpsl A HA3bIBAETCS NPUMUTHBHOMN, €CJIM OHA sIBJIsi-
eTCsl OJMHOXKECTBOM HEKOTOPOT'O MHOXKECTBA CBOOOIHBIX 00pa3yolux aarebpsr A.

Ilycres X = {z1,...,2n}, A = F(X) — oqHa U3 NEpEeIUCIECHHBIX BBIIE CBOOOIHBIX
asrebp (B ciiydae KOMMYTATHBHON CBOGOJHOI asirebpbl, cautaeM 49ro char F' # 2; a B
ciay4ae cBoboHol anrebpsr JIu, uro char F' = 0).

st anemenTa a anre6per A gepes M, o6osnaunm snesbiit U(A)-nogmonyns 8 U(A),

MMOPOXKAEHHBIA 3JIEMEHTAMUI 6%(-11’ ... B(an . Anre6pa U(A) — cBoGomHast acconuaTuBHASL
n

ajrebpa.

CaobGouas acconunarusHas anrebpa F(Y') nazn nosem F' sBiisieTcst KOJIBIOM CBOGOIHBIX
nJealIoB, T. €. JeBble (IpaBble) uaeassl anaredpbl F(Y) sBISIOTCS CBOGOAHBIMU JIEBBIMA
(cooTBETCTBEHHO IIPABBIMK) MOZYJISAMU €AUHCTBEHHOro panra. CiezoBarenbHo, 11060
HOAMOLYJIb cBOGOAHOTO s1eBoro (mpasoro) F(Y )-momynst ceoGonen [14,15]. Do cpoiicTso,
B COBOKYITHOCTH ¢ 0GOBIIEHHBIM ajropurMoM EBkinga, 1aéT BO3MOXKHOCTD IIPOU3BOUTH
3 deKTUBHbIE BBIYUCIEHUS B JIEBbIX (mpaBbix) muaeanax anredpol F(Y), npumenss
TEXHUKY CTaHJAPTHBIX 6A3UCOB HMJI€AJIOB CBOGOIHBIX ajredp.

Teopema 2.1 ( [16]) Cucmema ai,...,ar 2aemenmos areebpor A A6AAEMCA NPUMU-
muenol mozda u moavko mozda, kozda mampuya (8(a1),...,0(ar)) obpamuma cresa
nad U(A). B wacmuocmu, aremenm a arzebpvr A npumumueer 8 mom u moavko 6 mom
cayuae, x020a CYWECMBYI0m MaKue IAEMENMbL M1, . . ., Mmn € U(A), wmo

Teopema 2.1 HaéT aaropuT™M paclO3HABAHUS IPUMHTHBHOCTU CHCTEM 3JIEMEHTOB
CBOBGOAHBIX aare6p OCHOBHBIX THIIOB IMIPailepOBBIX MHOr00Opasnit airebp (cm. [17-22],
B 9TuX paboTax TaKyKe MOCTPOEHBI AJITOPUTMBI JIONOJHEHUS] MPUMUTUBHBIX CHCTEM
3JIEMEHTOB 10 CBOGOJHBIX MOPOKJIAIOIIMX MHOXKECTB).

2.2. Ilo4Tu HNPUMHUTHUBHBIE DJIEMEHTHI

Henynesoit snement u cBoboHOi anrebpel F(X) Ha3bBaeTCA MOYTH IPUMUTHBHBIM
3JIEMEHTOM, €CJIM U He ABJIAETCS NPUMHUTUBHBIM dj1eMeHTOM aure6per F(X), HO aBs-
eTCcsl IPUMUTUBHBIM 3JIEMEHTOM JII000i cobcTBeHHOi nmoganreopsr H anrebpor F(X),
conepxxaeit sanement u (uw € H,H C F,0 # H # F). Ilourn NpuMUTHBHBIE 9JIEMEHTHI B
CBOGOAHBIX IPYIIAX U3yYaJuch B paborax [23-25]. AJIropuTM pacrno3HaBaHUs IOYTH
IIPEUMHUTHBHBIX 3JIEMEHTOB CBOOGOAHBIX Ipymn 611 nocrpoer JI. Komepdopmom B [24].

U3ydenne moYTy NPUMUTHUBHBIX JIEMEHTOB CBOOOIHBIX HEACCONMATUBHBIX aJrebp
6bu10 HavyaTo B paborax [26,27] u B Monorpadun [19]. B yacTHOCTH, GBIIO IIOKA3aHO, YTO
JIEMEHT XX ABJIAETCH [MOYTH MPUMUTUBHBIM 3JIEMEHTOM CBOGOIHON HEACCONMATUBHON
asrebpel F (), 2/1eMeHTBI Ty, TY + T ABJISAIOTCS MOYTH NPUMHUTHBHBIMU 3JI€MEHTAMU
CBOBOIHON HEACCOIMATUBHON are6psl F(z,y), 3/1eMeHT [z, y] ABageTcs HOYTH IPUMU-
TUBHBIM 3JIEMEHTOM CBOGOAHOM anreGpel JIu L(z,y), saement [z, y] + ([, 2], 2] sBisercs
[IOYTH MPUMUTHBHBIM 3JIEMEHTOM CBOOOAHOMN asre6psl JIu L(z,y, z).

B nocnenyrouux paborax [28-30] ocHOBHOE BHHMaHUE OBLIO yIEJIEHO OZHOPOIHBIM
[IOYTH IPUMHUTHUBHBIM JIEMEHTAM: OBbLIN IOCTPOEHBI HOBBIE IIPUMEPHL U JTOKA3aH KPHU-
TEpUii MOYTHU IPUMUTUBHOCTU OJJHOPOJIHOTO JIEMEHTA B CBOOO/IHBIX HEACCOIMATUBHBIX,
CBOGOJHBIX (AHTH)KOMMYTATUBHBIX U ajrebpax JIu MaJibIX paHIOB.

OCHOBHBIM METOJOM HU3YUEHHS OJHOPOJIHBIX MOYTH IPUMHUTHUBHBIX SJIEMEHTOB SIB-
JISIETCST PACCMOTPEHNE KAHOHUIECKUX IIPEJICTABIICHII JIEMEHTOB B JIMHEHHBIX Oasncax
(fasucax perysisipHBIX OJHOYJIEHOB) CBOOOIHBIX ajrebp Kak JIMHEHHBIX IIPOCTPAHCTB.
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OTMeTnM mpocTeine CBORCTBA TPUMUTHBHBIX U TIOYTH MPUMUATHBHBIX 3JIEMEHTOB CBO-
OOHBIX aredp.

IIpennoxkenne 2.1 ( [28—-30]) IIycmo F(X) — ceo600nan arzebpa ¢ KOHEUHBIM MHO-
otcecmeom X ce0bodrvx obpasyrowux, {hi,...,h} — pedyyuposarroe mHodcecmeo
€60600HbIT 06pasyrowux cobemeennot nodaszebpu. H anzebpu F(X). Ecau anemernm
ABAALMCA NPUMUMUBHBIM 6 nodanzebpe H, mo cywecmsyem ceobodnas obpasyrowan h;
nodanzebpo. H, 6rodawan aunetino 6 ezo npedcmasaenue (em. [19]). Ecau cywecmsyem
c80600Has 06pasyrowas h; nodaszebpo. H, sxodawan moavko aunelino 6 npedcmasie-
HUE INEMEHMA, MO INOM IAEMEHM ABAAEMCA NPUMUMUBHBIM 6 nodanzebpe H. Ecau
cywecmeyem ceobodnas obpasyrowan h; nodanzebpv, H, makozo owce seca, wmo u cam
2NEMEHM, BLOOAULAA AUHETHO 8 NPEOCTABACHUE INEMEHMA, O IMOM INEMEHITL AG-
AAEMCA NPUMUMUBHOIM 68 nodaszebpe H. Ecau cyuecmeyem c60b6odnasn 0b6pa3yrouw,as
h; modanzebpo. H, cmapwasn wacmsd Komopol 6Lodum moavko auhelino 8 npedcmas-
AeHue CMapuwets Yacmu IAEMEHMA, MO IMOM INEMEH, ABAAEMCA NPUMUMUSHBIM 8
nodanzebpe H.

flcHo, uTO 10601 OMHOPOIHBII SJIEMEHT CTEIEHU OOJIbIIIE €IUHHUIIBI HE SIBJISETCS IPHU-
MuTUBHBIM 110 ITpesiorkennio 2.1, TeM caMbIM OCTA€TCsI BOIPOC BBISICHEHUS €0 IIPH-
MHUTUBHOCTU B COGCTBEHHBIX mogairebpax. [Ipu paccmorpenunn Jiro6oi momaire6psi,
cozepKalileil JJAaHHbBINA OHOPOJHBIN SJIEMEHT, BbISICHSIETCS, YTO MJIA OHA COBIAIAET CO
Beeit anrebpoit F/(X), To ecTb He sIBIsS€TCsI COGCTBEHHOM, UM SJIEMEHT OKA3BIBAETCS
NPUMHUTUBHBIM B Heil, WM HUKakas CBOOOJHas 0Opas3yolas monaaredpbl He BXOIUT
JINHEIHO B IIPEJICTaBJIEHNE TAaHHOI'O SJIEMEHTa U [IO9TOMY OH He IPUMUTHBEH B HEM.

TIoMuMO KAHOHMYECKOIO IIPEJICTABJIEHNS 3JIEMEHTA B 6a31ce PeryJisipHbIX OJHOYJIE-
HOB, Ha IIOYTH HMPUMUTHBHOCTH 3JIEMEHTa MOXKET BJIMATH II0JI€, HaJl KOTOPBIM pac-
cMarpuBaeTcss cBobomuas anrebpa. IIpomeMoHCTpEpyeM 9TO Ha IpHMepe 3JIEMEHTOB
ug 1(z,y) = (ad2)*(y) + (z)(Ady)! ¢ k,1 > 2, tie ans u,v € F nonowum (ad u)(v) =
uv, (v)(Adu) = vu. B pabore [26] 6but0 HOKA3aHO, YTO SJIEMEHT Uy ((T,Yy) ABIAETCT
[I0YTH IPUMUTUBHBIM B anrebpe L(z,y) npu k,l > 2, k # . B paGore 28] ananormaabiM
croco6oM GBIIO JOKa3aHO, YTO Uy 1(Z,Yy) ABISETCS MOYTH NPUMHUTHBHBIM B ajrebpe
F(z,y) upu k,l > 2, k # I, n, ucnonb3yst KpUTEPHUH MOYTH IPUMUTHBHOCTH OJHOPOIHOIO
semenTa, npu k = | > 2. B smeBom ciryuae, kak 66110 pasobpano B [30], npu pasimaHbIx
k = | HabirrofaroTcsi COBCEM pa3Hble KapPTHHBL:

IIpennoxxenne 2.2 (Ilpepgyoxkenus: 4, 5 [30]) IIpuk =1=2uk =1 =4 anemenm
up,1(z,y) He aeasemca nowmu npumumuensim 6 L(z,y). IIpu k =1 = 3 asremenm
U, (@, y) asasemea nowmu npumumueroim 6 L(x,y) mozda u moavko moeda, Kozda
6 noae K, nad xomopum paccmampusaemcsa 0anwnas anzebpa, we umeem peuerHud
ypasHnenue o2 +1 = 0.

HampoTus, axementst ut(z,y, z) = vy + (v)(Ad 2)! € F(x,vy, 2) B cBo6oaHOI Heacco-
uaTHBHOM anrebpe u ut(T,y,2) = [z,y] + (z)(Ad 2)t € L(x,y, 2) cBoboxaHoit anrebpe
JIu SIBJISIFOTCS MOYTH NPUMUTHBHBIME nipu ¢ > 2 (cM. [26,28)).

Haxkorer, 0606mum Teopems! u3 pabot [28-30], mospossomume B HEKOTOPBIX CIIydasx
JieJIaTh BBIBOJ] O IIOYTU IIPUMUTUBHOCTH 3JIEMEHTA U3 IIOYTU IIPUMUTUBHOCTHU €r0 CTapIHefI
JacTH, Ha CJIydall IPOU3BOJIBHOI'O PAHTa.

Teopema 2.2 [Iycmov F(X) — ceobodnan neaccoyuamustas aszebpa uay c60600HaA
(anmu)kommymamuenas anrzebpa, usu ceoboonas anzebpa JIu. Tozda:

(a)  Ecau anemenm u € F(X) ne asaaemea npumumushowm saemenmom 6 F(X), no
cmapwas 4acms u ABAACMNCA NPUMUMUSHDIM IAEMEHMOM 6 N1060T cobecmeenHot
nodanzebpe u® € H° C F(X), nopootcoennoti 00HopoOHbMY 06Pa3YIoUUMU, MO
INEMEHN, U ABAAEMCA NOYMU NPUMUMUBHBIM daemenmom 6 F(X).

(b) B obpamnyro cmopony ymeepotcderue (a) 6epHo 04 00HOPOOHBIT INEMEHMOS.

(c) Cyuecmeyrom HeodHopoorvie asemenmol, 0as Komopwux ymeepoicoenue (a) 8
06paAMHYI0 CMOPOHY MaAK dHCE HEBEPHO.
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B kauecTBe npumepa HEOJHOPOJHOIO IIOYTH IPUMUTHBHOIO JIEMEHTA C HE [IOYUTH
PUMUTHBHON CTapIieil 9acThIO JJIsi CBOOOIHON HEACCOUATHBHON (aHTH )KOMMY TATHBHON
ayrebpel ¢ MHOXKeCTBOM X = {Z1,...,Zn} CBOGOIHBIX OOPA3YIOMIMX MOXKHO B3SITH
ssteMeHT U = U n(a) + 21 = (... (((az1)z2)23)...)Tn + 1 C IPOU3BOJIBHLIM HEHYJIEBbIM
3JIEMEHTOM @ IO CepejIuHe.

Haxkonern, 0606mmasi KpUTEepUn MNOYTH IPUMHUTHBHOCTH OJHODOJHBIX 3JIEMEHTOB B
cBOGOAHBIX anrebpax Maubix paHros ( [28-30]) ma ciaywail npomssosbHOTO panra, chop-
MyYJIUPY€EM CJIeJYIOILYI0O TeopeMy JJisi CBOGOIHON HEacCOIMaTUBHOMN aareGpsl.

Teopema 2.3 ITycmv K — anzebpauvecky 3amMEHYmMOe nose, 00OHOPOOHBLL dAeMeHM,
u € F(X) cmenenu d(u) =m > 3 umeem npedcmasaerue

n n

u=1u(1,...,%n) = (Z ‘Pj‘lf]) + (Zﬂﬁz/\z +ZNiéBi) = ugpy + U,
v #0 i=1 i=1

2de anemenm U umeem 6uo

n

=Y (S ) + Yo (e, ),
i=1 J i= J

1

20e E;\i , E;.V'i € K, (®j(x1,...,2n), ¥Vj(x1,...,2Tn)) — DPa3AUMHBIE NAPBL 0OHOUNEHOS
cmenenu d(®;) = 2, d(¥;) > 2, d(®;) +d(¥;) = m, Az, Ay, Np, Ny — 00nopodnsie
anemernmo, cmenenu d(Ag) = d(Ay) = d(Ng) = d(Ny) = m — 1 uau nyaesve, M; —
ynopadouernwvie oonowrens, cmenenu d(Mj) =m — 1.

Pacemompum korneuwno nmopootcoermolli udean

n

i=1,...
I= ({Fi,]'};:l,“.,l)’
om 2nL obpasyrouur 6 Korvue
i=1,..., j=1,...,L j=1,...,£ ~
K [{ks,i}zzl,.wzfla{as,j}izL...,nflv{bs,j}?s:l,”.,nfl] =K [y1,..-,y(zg+n)(n,1)] ’

— p(m=—1)C(m-2)

om (2&€ + n)(n — 1) nepemernnovix (20e £ — WUCAO PABAUMHBLT OOHO-
waenos cmenenu m — 1 6 F(X), C(m — 2) — (m — 2)-oe wucao Kamanana (wucao
PABAUNHOLT PACCTRAHOBOK CKOBOK 6 HEAcCOUUammuUeHom npoussedenuu m — 1 anemenmos),
NOPOAHCOEHHBLT MHOZOUACHAMU

n—1 n—1

Ay N;

Fij=) ksiasj—c;', Gij= ) ksibsj—e;",
s=1 s=1

om 2(n — 1) nepementoix cmenenu 2.

Toz0a 00HopodHDIT dneMeENM U ABAAETNCA NOWMU NpuMmumueHum 6 F(X), ecau u
moavko ecau pedyyuposarmuil 6asuc I'pebrepa-IIupwosa udeana I codeporcum edunuuy.
3ameuanue 2.1 B Teopeme 2.3 anzebpaureckasn 3amrnymocmo noas K neobroduma
moavko 6 caywae, kozda 1 ¢ RedGr(I) = {f1,..., fa} 0an cywecmeosarus pewernus
cucmemvl an2ebpauMecKuT ypasHeHul

d i=1,..., ji=1,...,£ =1,...,8
{fi = 0}{—1 om nepemerrvx {ks,i};:L...,pr {as,j}izl,”.:nflv {b&j}i:l,...,nfl'

B obwem cayuae, ecau 1 € RedGr(I), mo odnopodnwiti snemernm u cmenewu d(u) =
m > 3 asasemcesa nowmu npumumuehoim 6 F(X).

Vcnonb3ysi KaHOHUYECKOE IIPE/ICTABIIEHIE SJIEMEHTa B 6a31Ce PEryJIsipHBIX OJHOUJIE-
HoB., Teopemy 2.3 MOXXHO MOIUDUIMPOBATDH Ha CIydail CBOGOAHON (aHTH)KOMMYTATHBHON
anrebpbl u cBOOOAHON ayre6prl JIu. B nocsiemuem ciaydae, Tak »Ke Kak B CIydae MaJjioro
pamnra (cum. [30]) HeoGxoaumo GyeT pacCMaTPUBATH IPOEKIUY Ha, JIMHEHHOE IIPOCTPAHCTBO,
TOPOKIEHHOE BCEMH PEryJIsIPHBIMU OJ[HOWJIEHAMHU cTenenu d(u).
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3. 3akirodyeHue

B pabore 6b111 pacCMOTPEHBI OJIHOPO/IHBIE TIOYTH IPUMUTHUBHBIE 9JIEMEHTHI CBOOOIHBIX
asrebp OCHOBHBIX IIPAepOBBIX MHOT0OOOpPa3Uil, IOCTPOEHBI IIPUMEPHI HEOIHOPOIHBIX
[OYTHU NMPUMHUTUBHBIX 9JIEMEHTOB C HE MOYTH MPUMUTHBHON CTapIiell 9acTbio, KPUTEPUU
OYTH IPUMUTUBHOCTU OJHOPOIHBIX IJIEMEHTOB U aJI'OPUTM IIPOBEPKHU C IIOMOIIBIO
nocrpoenus 6asuca ['pebuepa-Illupmosa. 3agaya pacno3sHaBaHus HEOTHOPOIHBIX IOYTH
NPUMUTUBHBIX 3JIEMEHTOB OCTAETCH OTKPBITOM.
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A.]'II‘OpI/ITM Pa3J102KeHnd CKaJIAPHOTO IIpou3BeJeHud B
ImepeCTaHOBOYHOM IIPOCTPAaHCTBE KOHEYHOM T'PpYIIIIbI Ha
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O63eduHEHHDIT UHCMUMYM A0EPHBLEL UCCAEA08aHU,
ya. HKoauvo-Kropu 6, Jybra, Mockosckas obaacms, Poccus, 141980
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IIpeanoxenuslii B [1] mogxos K KOHCTPYKTUBHOI (POPMYIMPOBKE KBAHTOBOIO (hOpMaIn3Ma
OCHOBaH HA 3aMeHEe YHHUTAapPHOIl IPYMIIbI, JefCTBYIOMEl B r'MyIibOEPTOBOM IMPOCTPAHCTBE HAJL
KOMIIJIEKCHBIM IIOJIEM C7 yHI/ITaprIM Hpe;LCTaBJ'IeHI/Iel\A KOHe‘{HOﬁ I'PYIIIBI B I‘I/[J'[b6epTOBOM HpO—
CTPAHCTBE HaJ NUKJIOTOMHYeCKUM 11oJsieM. [TockonbKy Jsr060e npejicraBieHne KOHETHOM I'PY b
MO2KHO IIOJIYYUTHh KaK IIOAIIPe/CTaBJIEHNEe HEKOTOPOI'O II€epeCTaHOBOYHOTI'O IIpeJACTaB/IeHUud, I10-
JIE3HO yMeTb paSJ’IO){(I/ITb HpOI/I3BOJ'IbH0€ HEpeCTaHOBO‘IHOe Hpe,ELCTaBJ'IeHI/Ie Ha HerI/IBO,ELI/IMbIe
KOMIIOHEHTBI. MbI paccMaTpUuBaeM 3€Ch aJTOPUTM PAa3JIO?KEHUHA MNEepeCcTaHOBOYHOI'O IIpel-
CcTaBJIEHUA Ha HEIIPUBOJAHUMbIE KOMIIOHEHTBI, OCHOBaHHBINA Ha JIEFKO BBIYHCJISIEMOM OGasuce
WHBApPUAHTHBIX OMJIMHEUHBIX (DOPM C HUCIIOJIHL30BAHUEM TOrO (haKTa, YTO (POPMBI B MHBAPUAHT-
HBIX IMOAPOCTpaHCTBaX, €CJIN UX HOPMaJIN30BaThb IMOAXOIOAIITAM 06pa30M, IIpeacTaBJIAI0T coboit
OHepaTOpr HpOeKTI/IpOBaHI/IH B 9TH HO‘I[HPOCTPB,HCTB&. Ba)KHbIM JIEMEHTOM a,JIl"OpI/ITMa ABJIA-
ercsi BeruncyeHne 6asuca ['pébaepa HysibMepHOro uieasa. Pabora ajiropurMa WLIIOCTPUPYETCS
KOHKPETHBIM IIPUMEPOM.

KiroyeBbie ciioBa: KOHEUYHAsl IPYIIIA, IIE€PECTAHOBOYHOE IPEJICTABJICHIE, HEIIPUBOAUMOE
peJicTaB/IeHNe, NHBApUAHTHAsI OMIMHEeHHas1 (popMa, BBIYUCIUTEIbHAS TEOPHs I'PYIIIL.

1. Bsenenue

B obmiem ciydae, npobiiema paciienyieHnst MOyl HaJl aCCOIMAaTHBHOM aarebpoil Ha
HEIIPUBOAUMBIE IIOAMO/IYJIN BeCbMa HeTpuBHaIbHa. Q630D AJIrOPUTMHUYECKUAX ACIEKTOB
9TOi poGiieMbl MOXKHO HaiiTu B [2|. MBI paccMaTpuBaeM 3/1eCh 4aCTHBIN, HO BarKHBIA €
HaIllell TOYKU 3PEHUs, CIydail mpobJIeMBbL.

IIycre G — rpymnmna nepecranoBok Ha mHOXkectBe §2 22 {1,...,N}. Mbr Gynem o6o-
3uagaTh geficteue g € G Ha ¢ € () cumBosoMm 9. Bo m3berkaHue HECYIIECTBEHHBIX
TEXHUYECKUX YCJIOXKHEHUI OyzeM mnpeznosarars, 94ro G neiicrByer Ha () TpaH3UTHUB-
no. Op6uTta rpynnsr G Ha mekapToBOoM KBagpate 2 X () HazbiBaeTcsa opbumanom (Aau
rozepenmmnoli Kongueypayuet Iypa) [3]. Yucao opburasos, Ha3bIBAEMOE PaH2OM TPYI-
bl IEPECTAHOBOK, Oymem obo3Hauarh cuMBosioM R. Mbr GymeM mpenmosararb, ©ITO
rpymnna G nopoxkaaercs eé nogMuoxkectsoM u3 K anemenTtos: S = {s1,..., Sk }. [Ipex-
crasyierne rpynnsl G B N-MmepHOM ruis6epTOBOM IPOCTPAHCTBE FHy MATPUIIAMU BHIA

P(g) = ((Si’ig), rue 61-7]- — nenbra KpoHekepa, Ha3bIBAETCS NEPECMaAHO80UHbBIM NPED-

cmasaeruem. OBO3HAYNM MaATPUIBI IEPECTAHOBOYHOIO NPECTABIEHUS IOPOXK IAIOIIX
as1eMeHTOB cuMBosiamu Py, = P (si). YcinoBue mHBapuaHTHOCTH GHIMHENRHO# hopMBbI

A= (al j) OTHOCHUTEJIbBHO I'DYIIIIbI G MOXKHO 3aIlucaTb B BHUJE CHCTEMbI ypa,BHEHI/Iﬁ
)

—1 .

A= P, AP ", 1<k < K. Jlerko npoBepuTh, 4TO B KOMIIOHEHTaX yDAaBHEHUs STOMH

CHCTEMBbI MMEIOT BUJ a; ajsk | jok- Takum obpazom, 6a3uc BCEX UHBAPHAHTHBIX
b

>J
6unHetHBIX (POPM HAXOJUTCHA BO B3AUMHO OJHO3HAYHOM COOTBETCTBUU C MHOYKECTBOM
opbuTasios: KaxkaoMmy opbutany A, € {Aq,..., AR} CTaBUTCA B COOTBETCTBUE MATPHIA

A pasmepa N X N no npasuny (Ar), ; = 1, ecmm (i,7) € Ar,

0, ecmu (i,7) ¢ Ar.
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Cpeau opbuTaIOB TPAH3UTHBHOM I'PYIIbI 00513aTEIPHO IPUCYTCTBYET AUArOHAJb, 3a KO-
TOPO#i MBI 3aKPENNM IePBBIil HOMEP B CIUCKe 0pGuTasioB bukcupysi TeM cambim A1 = 1.
JI106y10 HHBapHAHTHYIO OUIHNHEHHYIO (POPMY MOKHO IIPEICTABUTH B BUIE

A211A1+-~-+IRAR. (l)

CkaJjisipHOe IPOU3BEJEHNE B IIPOCTPAHCTBE Hp, [IPEICTABIISIEMOE €IUHUYIHON MaTpHU-
ueit A; = 1y, HazbBaercsa cmandapmmvim. OUEBUIHO, UTO CTAHIAPTHOE CKAJIPHOE
IIPOU3BEICHUE ABJIACTCA WHBAPUAHTHBIM JIJI5 J'IIO6OI>’I T'PYIIIbI G n uMeeT O,I[I/IHaKOBBII‘/JI
BU/JI B JIIO0OI cucTeMe KoopauHaT. B cucreme KoopauHaT, B KOTOPOiil npejcrasienue P
pa3jioxkeHo Ha M HeNpUBOJUMBIX KOMIIOHEHT C Pa3MEPHOCTAMHU d1, . . . , d)s, CTAHIAPTHOE
CKAJISIPHOE IIPOU3BE/ICHUE MOXKHO PA3JIOXKHUTh B CyMMY HEIPUBOIUMBIX MHBAPUAHTHBIX
KOMIIOHEHT, ABJIAIONIUMUCA CTAHAAPTHBIMU CKaJIAPDHBIMHA IIPOU3BEACHUAMAU B CBOUX IIO-
npoctpancTBax: Iy = g, @@ 1g,,. B ucxonnoit cucreme KoopmuHAT 3TO pa3IOXKeHUE
umeer Bux Ly = By @ - -+ @ Byy. Hama 3amada — BBIYUCIUTL KOMIOHEHTHI By, 11st
1 < m < M. IlpenyaraeMblii HaM# HOZXOJ[ OCHOBAH Ha TOM, 4TO B3,,, 6yLydu oneparopa-
MM [IPOEKTUPOBAHUS, SABJIAIOTCH PEIIEHUSAME YPABHEHUsI UAEMIIOTEHTHOCTH JIJIsl MATPHIIBI
(1)

AZ—A=o. 2)
B xommonenTax ypasuenue (2) npejcrasiser coboit nabop u3 N2 KBaapaTHBIX ypaBHeHuit
IJIsl IEPEMEHHBIX X1, . .., TR. OJHAKO b R n3 sTuxX ypaBHeHUIl pasndHbl. MOXHO

oKa3aThb, 9TO (A2 — A) (A2 — A)i’ o+ €cim (i,4) u (i',j’) npunagyekar ogHOMY

i

u TOMy Ke opbuTtasy. Takum o6pa3oM, HAM JOCTATOYHO BHIOPATH MO OJHOMY IIPECTa-
BUTEJIIO B KaXK/IOM OpOUTAJe U BLIYMC/IUTL COOTBETCTBYIOIEe KBapaTHOe ypaBHEeHUe.
3ameTuM, 9TO /Il TPAH3UTUBHBIX DY KasKJblii OPOUTAJ UMEET 3JIEeMEHTBI B KarKJI0H
CTpOKE M KasKJoM cTosibie Kagpara {2 X 2. [TosToMy J0CTaTOYHO MPOCKaAHUPOBATD,
HAIpUMeEDP, MEPBYIO CTPOKY, BBIOMpasi IO OAHOMY 3jeMeHTy Buia (1,7) s Kaxkaoro
opbuTa/ia U BLIYMC/IAS COOTBETCTBYIOIIEE ypaBHeHue. B pe3ysibraTe TOLyYUM CHCTEMY
KBaJIpATHBIX ypaBHenuit F (r1,...,TR):

E1=Q1(x1,...,7r) —x1 =0,
: (3)

Er = Qg (z1,...,7r) —xr =0,

rae Qr (z1,...,TR) — OJHOPOJHBIE MOJUHOMBI BTOpOil crenenn. Cucrema (3) umeer
KOHEYHOE YHCJIO PEIIEHUH, T.e. eé IOJMHOMBI OIPEIEIsIoT HyJIbMepHbIH nieas. Bee
pemenust cucteMsl (3) npuHALIEKAT abesieBy pacimpeHuio o Q. DTo pacmmpenne
SIBJISIETCS TIOAIIOJIEM k-I'O IIUKJIOTOMUYECKOTO IOJIs, I/ie k — HEKOTOPBIN EIUTeb IKC-
MOHEHTHI (T.e. HAUMEHBIIEro OOMIET0 KPATHOrO IOPSIKOB 3jeMeHTOB) rpynnel G. B
MOAXOASANIEM JIEKCHKOIPAMUIECKOM YIOPJOYEHUN MOXKHO IIOCTpouTh 6as3uc I'pébuepa
GE (z1,...,zRr) cucremsl (3), comepKamuii HOTMHOM OHOMN nepemennoit D (1), KoTo-
pblif MBI Gy/1eM Ha3BIBATH NOAUHOMOM padmeprocmedi, TIOCKOJIbKY CPEIH ero KOpHen
UMEOTCs BenauHbl dm, /N, Tae dy, npoberaer MHOMKECTBO BCEX PAa3MEPHOCTEH HENPHUBO-
JIMMBIX TIOJIIPE/ICTaBIeHHi peacTasiaenus P. Moxuo cpa3y or6pocurs Kopau 1 = 0 u
21 = 1, COOTBETCTBYIOIME TPUBHAIBHBIM perennuaM ypasuenust (2). [Hommuom D (z1)
Tak»Ke Bcerja nmeeT KopeHb £1 = 1/N, IOCKOJIBKY J11060€ IIepeCcTaHOBOYHOE IIPEJICTABIIE-
HUE COZEPKUT OJHOMEPHOE TPUBHAJILHOE HOANIPECTaBIeHre. Bee ocTaBimecss KOpHA
nmetor Bun d/N, roe d € [2,...,N — 1]. IToMrMO HENPUBOAUMBIX PA3MEPHOCTEH dyy,, Be-
JmauHa d MOXKET IPUHUMATh HEHY KHble HaM 3HAYCHUs, pABHbIE CyMMaM HEIPUBOJUMBIX
pasmepHocreil. [TosToMy ecrecTBeHHON IpoLEe/ypoOil IIpeJCTaBIsAeTCs UK epebopa
B nopsjke Bo3pacTanus uuces d B maTepsBase [1,...,N — 1] (uucmo 1 Br/oueHo B
IUKJI, HOCKOJIBKY OJIHOMEPHOE IIO/IIPE/ICTABICHAE MOXKET ObITh HeeIUHCTBEHHBIM). Ecn
x} = d/N — kopens nosmaoMa D (1), HAXOAUM BCe PEILEHUs] BHJA (x’l‘, T, ..., :BR)
cucrembl GE (z1,...,TR), IPOBEPsEM HX JIMHEHHYIO HE3aBHCUMOCTD OT YK€ IIOCTPOEH-
HOro Habopa perreHuil u aub0 orépacsiBaeM OO0 K0OaBsIsIEeM K IOCTPOSHHOMY HabODY,
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MPOIEyPa OKAHINBAETCS KOT/Ia CyMMa Pa3sMEPHOCTEN IMOCTPOEHHBIX MOJIPEICTaBIeHIH
nmocTturaer BeudnHb N.

2. Ausaropurm

Vicxoquble JaHHbBIE JJIs1 aJITOPATMa — MHOYKECTBO [I€PECTaHOBOK S = {s1,..., Sk } cre-
nmeru N, mopoxkparomux rpymnmy G. AJropuT™M npeacTaBisieT coO0H MOCIEeI0BATEILHOCTD
CJIETIONIUX [Iar0OB:

ITTar 1. Paz6buenune muOxKecTBa §2 X {2 Ha opOUTAJIBI U MIOCTPOEHHE Oa3uca MHBAPU-
aBTHBIX GumuneitHbx dopM { A1, ..., AR }. DTOT WIAr JOocTaTOYHO TpUBHAeH! U
peasiu3yercs TpeMsl [OCJIeI0BATE/ILHO BIIOYKEHHBIMY [UKJIAaMU: (&) 110 HEUCIIOIB30-
BaHHBIM j1eMeHTaM (%,7) € Q X ), nmuaa mukaa pasHa panry rpynnsl R; (b) mo
HOBBIM 3JIEMEHTAM OpOuTasa, [JIMHA [UKJIa PaBHA pa3Mepy TEKyIero opourasia
|Ar; (¢) mo mopoxkmaromuM 3IeMeHTaM, JIMHA UK/ paBHa K.

IMlar 2. Ilocrpoenne cucrembl R KBapaTHBIX YPaBHEHUH JJIs1 IIEPEMEHHBIX L1, ..., TR,
BBIPAKAIOIINAX CBOMCTBO UAEMIIOTEHTHOCTH (2). DTO IMKJI AIMHBL R: B KaxKJI0M
opbuTasne BBIOMpaeTCa OnuH JIeMeHT (i,j) € A, W BBIYUCISAETCS BbIPayKEHUE
Er(x1,...,ZR) = D} QikGkj — Gij, TAE Gmn — KOMIOHEHTHI MaTpuipl (1).

IMlar 3. K muOXecTBYy mmosiuHoMOB E1, . .., ER Aj1 yCTpaHEHHsI TPUBUAILHBIX PEIICHUN
nobasisiercs “onmaoM Pabunosuua” 1 (21 — 1) y — 1 U BbIMnCIIETCS JIEKCUKOTpa-
duuecknit 6azuc I'pééuepa GE (r1,...,TR), KOTOPBIA COMEPKUT IIOJMHOM pPa3-
mepHocreit D (z1). Yepes GR (z1, . ..,2xR) OyleM 0603Ha4aTh PE3y/IbTAT YAAJCHUS
u3 6asuca I'pébuepa nonuuoma D (1) 1 MOJMHOMA, COAEPKAIIETO “IIEPEMEHHYIO
Pabunosnua” y.

ITTar 4. IlceBmOKO/ OCHOBHOM YaCTU aJIrOPUTMA:

Require: N, R, D(z1), GR(z1,...,2ZR)

Ensure: IrrForms = {X(l), ey X<M)} {BexTops! ko3 dunuenTos dopm By, }
XM .= % (11,...,1R) {obs3aTenbHOE TPUBHANBHOE TOAIPEICTABIICHNE }
2: IrrForms := {X(l)}

3: M := 1 {rekymee uucyo HenpuBoguMbIx GopMm }
4: sdim := 1 {rekymas cymma pasmMepHOCTei }

5: d := 0 {rekyInas noTeHIMAIbHAS PA3MEPHOCTB }
6: while sdim < N do

7: d:=d+1

8 a7 :=d/N

9: if D(ac’l‘) =0 then

10: gr(z2,...,ZR) SZGR(CCT,IQ,...,IR)

11: solutions := Solve(gr (z2, ...,zR)) {KoHEUHOE MHOXKECTBO pemieHwuii }

12: for all (z2,...,zR) € solutions do

13: X&) = (z’{,xg,...,rR)

14: if rank (IrrForms U {X(*> }) > M then

15: M:=M+1

16: XM) .= x ()

17: IrrForms := IrrForms U {X(M)}

18: sdim := sdim + d

1 BnpoueM, 1ceBIOKO/ alropuTMa MOYKHO HaiiTH, HAIpuUMep, Ha cTp. 58 KHuru [4].
) ) ’
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Puc. 1. Ukocasap

19: return IrrForms

3. MWanroctpanusi paboThl ajaropurMa
Paccmorpum neiictBue 3HakonepeMeHHOM rpyiibl Ay Ha 12 BeplimHax MKOCasapa.

st m30o6park€uHO Ha puc. 1 HyMepamuy BEPIINH, 3TO JeHCTBHE MOXKHO IIOPOIUTH,
HaIlpUMep, JByMs IlepecTaHOBKaMU

S ={s1,s2} ={(1,7)(2,8)(3,12)(4,11)(5,10)(6,9), (1,2,11,12,4)(5,6,10,7,8)} .

ITTar 1. Brorunciaenne opburajoB nokasbiBaeT, 9T0 R = 4 s maHHOTO IeificTBus
rpyumsl As, a 6a3uc HHBApUAHTHBIX (DOPM HMMeeT BHJ

A1=112,A2=<06 16>,A3=<X Y>,A4=<Y X):
I Og Y X X Y

011111 000000
101001 000110
e X=|1 101 00| y_f0o000 11
101010 01000 1
10010 1 01 1000
110010 001100

IMlar 2. Cucrema ypaBHEHHUN HAEMIOTEHTHOCTH:
Ey = x%+5x§+m§+5xifx1 =0,
FEo = 2x122 + 1023204 — 22 = 0,
FE3 = 2x123 + 29:% + 4dxsxry + 20014 + 2:(3421 —x3 =0,

E4 = 2x124 + 220372 + 42324 + 21§ + 21421 — x4 =0.
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IMTar 3. IlosuHom pa3mMepHOCTENR:

D (x1) = — 2310 4 6707921 — 758049z7 + 458488627 — 16725744z
+ 3865276827 — 5704473628 4 52130304z] — 2687385615 + 59719685 .

Ocrarok 6asuca I'pébuepa GR (21, T2, X3, T4), OUPEICJSIONMI 3HAYCHUS T2, L3, T4:

GR1 = — 13370 + 362423z — 3674387x% + 1922104823 — 58272732z
+ 106468992z5 — 11561356828 + 68677632z — 1716940825
+ 560x1x2 — 28022 ,
GRy = 1015 — 255212 + 23262927 — 1088136x5 + 2975364z — 5007744
+ 51528962 — 2985984z + 74649625 + 14023 ,
GR3 = — 90 + 192921 — 1590327 + 6685825 — 1569602 + 20793647 — 14515225
+ 4147227 + 24023 — 2360x1 23 + 81202323 — 115202523 4 57602 3
GRy = — 69930 + 18771571 — 1889151327 + 9836215223 — 297354708z %
+ 54236044827 — 588373632z% + 34936012821 — 87340032z
+ 1400x3 — 2800x1x3 + 2800x22x3 ,
GRs = 13160 — 361583z + 3673547z — 19221048x5 + 58272732z
— 106468992z3 + 11561356825 — 686776322 + 17169408z
+ 37803 — 277201 23 + 60480273 — 403202523 + 140023
GRg = — 9450 + 231867z — 203080522 + 879291023 — 209563207
+ 27978048zF — 1959552028 + 5598720z + 280z3 + 280z4 .

IITar 4. Ilonmuom D (z1) nmeer 9 KopHeil Buja r1 = %, rie
de {1,3,4,5,6,7,8,9,11}.
MBpr 3/1eCh TOIMEPKHYJIN PA3MEPHOCTH HEITPUBOANMBIX MTOJIIPEICTABICHAN.
PaccmorpuM paboTy OCHOBHOIO IMKJIa IIara 4 ajropurMa:
—-1. L
d=1: 13
naér exuucrTBenHOe pemrenue X () = é (1,1,1,1), xoropoe oTGpachIBaAETCs IPO-

BEPKOI1 paHra: 9TO pellleHre U3HAYaJIbHO BKJIIOUYEHO B MHOXKeCTBO IrrForms.
d=2: D (12—2) # 0 — mepexoauM K CJIeYIONEeN TOTeHIINAJIBLHON PA3MEPHOCTH.

— kopenb nosmaoMa D (z1). IToxcranoska storo kopust B GR (x1, x2, %3, T4)

d=3: D (13—2) = 0. IToncranoska x1 = i B GR (21, 2,23, T4) TOC/IE TPUBHAJIBHBIX
PeIyKIuil MPUBOAUT K CUCTEMe ypaBHEeHMIt

49 +1=0, 8023 —1 =0, x3 +x4 =0,

U3 KOTOPOH cjleflyeT JBa PeLIeHUs
(%) _ 1 1 1 (*) _ 1 11
X =1 (b)) n XY =1 (-1 -J50 %5)-
O6a pemenus: gobasnsaiorcs K IrrForms. Cymma pasmeprocreit sdim = 7.
d=4: D(%) =0 = nBa pemeHns % (47—2,1:|:i5,1:|: %),
BBIBAIOTCS IIPOBEPKOI paHra, fBJISSCh CyMMaMu pemrennit s d = 1 u d = 3.

KOTOpBIE 0TOpaKo-
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5

d=5: D (%) =0 = pemenne X&) = % (5,5,—1,—1) moGasasierca k IrrForms.
CymMMa pa3MepHOCTEl JIOCTUTaeT IPeJIeIbHO JOIyCTUMOro 3Hadenus sdim = 12 u
aJITOPUTM 3aKaHIuBaeT paboTy.

Takwum 06pa3soM, Mbl yCTAHOBHJIM, YTO IIEPECTAHOBOYHOE IIPEJCTABJIEHNE JIEHCTBUS
rpynmnsl As Ha BepIIMHAX HKOCAdAPa MMEET CICHYIONIee PA3JIOXKEHNE Ha HEIIPUBOAUMBIE
KoMIIOHEHTBI: 1 ® 3 ® 3’ ® 5 (B dbusuke NpUHATO 06O3HAYATH HENPHBOJAMMEBIE MPEJI-
CTaBJIEHUsI IPYII UX Pa3MEPHOCTSMH B >KUPHOM wmpudTe). MBI Tak»Ke BBIYUCIHIN
WHBapUAHTHBIE (DOPMBI B COOTBETCTBYIOIMIUX IOAIPOCTPAHCTBAX:

1
B1 :*2(./41 +-A2+-A3+-A4)7

1
1 1 1
Bs=—(A1 —A — A3 — —Ay ),
3 4< 1 2+\/5 3 NG 4)
B —1<A — A —LA'-i-LA)
3 —4 1 2 \/5 3 \/5 4 |,
1
Bs =1 (5 A1 +5A2 — A3 — Ay)

4. 3akJro4deHue

IIpunsaro cuurarh, 9TO MO-HACTOAEMY 3MDDEKTUBHBIE METOABI PEIIEHUs IPOHIEM
Pa3JIOXKEHUsI Ha HEIPUBOJUMBIE KOMIIOHEHTHI JOJIXKHBI ObITH BEPOSTHOCTHBIMU, KaK,
nanpumep, MeatAxe — naubosiee 3DEKTUBHBINA AJITOPUTM [JII COOTBETCTBYIOIINX
BBIYHCIICHUIT HaJl KOHEIHBIME TOJIsIMU [2|. OnncaHHbIH 3/1eCh aJrOpUTM OCHOBAH HA UC-
[IOJIb30BAHUY METOIOB IIOJIMHOMHAILHON aIredbpbl, KOTOPBIE CIUTAIOTCS AITOPUTMUYIECKN
TpynubiMu. OgHAKO, IIpe/IaracMblii HAMU ITOIXO/] IIPEICTABIISIETCS IPUBJIEKATEIHHBIM
[0 TOU IPUYMHE, YTO IIPU €r0 HUCIOJIbL30BAHUY BO3HUKAET HEOOJIBIIIOE HUHCJIO IIOJIMHO-
MOB HEBBICOKOU CTEIIEHU C 3apaHee M3BECTHLIM THIIOM KOpHeiH. BrnpoueM, onenka ero
acddekTuBHOCTH Ha GOJIBIINX 3aJa4axX W CPaABHEHHE C JPYTHUMU MeTomamu Tpebyer
JOIIOJTHUTEILHON pabOThI.

Buaarogapuoctu

A 6naropapen FO.A. BummnkoBy um B.II. T'epary 3a 1ieHHBIE COBETBHI, KOTOPBIE I
HCIOJIB30BaJI B pabore.
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Algorithm for splitting inner product in permutation space of
finite group into irreducible components

V. V. Kornyak

Laboratory of Information Technologies
Joint Institute for Nuclear Research
Joliot-Curie 6, Dubna, Moscow region, 141980, Russia

Email: vkornyak@gmail.com

The approach to constructive formulation of quantum formalism proposed in [1] is based
on the replacement of a unitary group acting in a Hilbert space over the complex field C by a
unitary representation of a finite group in a Hilbert space over a cyclotomic field. Since any
representation of a finite group can be obtained as a subrepresentation of some permutational
representation, it is useful to be able to decompose an arbitrary permutation representation
into irreducible components. We describe here an algorithm for splitting a permutation
representation into irreducible components based on an easily computed basis of invariant
bilinear forms, and using the fact that forms in invariant spaces, if properly normalized, are
operators of projection into these subspaces. An important element of the algorithm is the
calculation of the Grobner basis of a zero-dimensional ideal. The algorithm is illustrated by a
concrete example.

Key words and phrases: finite group, permutation representation, irreducible represen-
tation, invariant bilinear form, computational group theory.
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HeobxomuMbie ycioBUsl CyIIECTBOBAHUS ajredpamviecKkoro
WHTerpajia y o0bIKHOBEHHOTO quddepeHInaIbHOTO ypaBHEHUS

4. 0. Kysus, M. [I. Mamasix, JI. A. CeBacTbsiHOB

Kagedpa npurasadnoti urndopmamuru u meopuu eepoammuocmedti,
Poccutickuti yrusepcumem 0pyschbv, Hapodos,
yn. Muxayxo-Maxaan, 0.6, Mockea, Poccus, 117198

Email: yaroslav.kuziw@yandex.ru,malykam@mtu-net.ru,sevast@sci.pfu.edu.ru

Uccneposanuss M. H. Jlaryrunckoro mno Teopuu uHHTEerpupoBaHusi AuddepeHIHaATIbHbIX
ypaBHeHH# ObLIM IpepBaHbl €ro TparudeckKoi cMmeprbio B 1915 r. B mamem noksazge Ha
Mockosckoii koudepennnn «Komnsorepuast Anre6pa» B 2016 sra Teopust 6bl1a paccCMOTpeHa
C TOYKHU 3PEHHsi COBPEMEHHON KOMIILIOTEPHOM ajire6pbl U ObLI mpejcraBiieH naker Lagutinski
for CAS Sagemath. B sTroM nokiane Mbl UCHOJAb3yeM MeTOZ JIaryTUHCKOrO JJIsl IIOMCKA
HEOOGXOAUMBIX YCJIOBUIl CyIECTBOBAHUS alrebpandecKux MHTErpasIoB.

Hnsa xoabna R ¢ nuddepennuposannem D u 6asucom B = {¢1, ¢2, ...} BBemeHa mocsueno-
BaTEJbHOCTH J1eTEPMUHAHTOB, KOTOPbIE HAa3bIBAIOTCH JaJlee JeTepMUuHaHTaMu Jlary THHCKOro.
Ecan onun u3 merepmuHanTOB JlaryTMHCKOrO paBeH HYJIIO, PAIMOHAIBHBIN MHTErpaJ Cyle-
CTByeT, KPOMe TOr'0, MBI MOYKEM BCErZa BBIYHCIUTH 3TOT HHTerpas. O6paTHoe TOKa3aHO [JIst
TIOJIMHOMHAJIbHBIX KOJIEIT. STOT CbaKT MOZKeT HCIIOJIB30BAaThCs HE TOJIBKO JIJIsi HAXOXXKJI€HUA UH-
TErpaJjioB, HO TaKKe U JUIs JI0KA3aTeJILCTBA yCJIOBUI CyIIeCTBOBAHUS UJIU HECYIECTBOBAHUS
arebpandecKux MHTErPAJIOB.

Huddepennuposanue D 6yneM Ha3bIBaTh CXKUMAIOUIUM, €CJIH CyLIeCTBYyeT Ga3uc, B KOTOPOM

D¢; = cigi +0(¢i), ci € c(R).

Hust rakoro nuddepeHInpoBaHus BO3MOYKHO BBIIHCATHL [IPOCTOM HEOOXOOUMBIA KPUTEPUt
CyIIleCTBOBAHUSI UHTEIPAJIOB: CPEIH C; MHIEKCOB JOJI’KHBI ObITH paBHBbIe. MBI HCIIOIB3yeM 3TO
YTBEPXKJEHUE JIsI UCCIEJOBAHNUS NHTETPUPYEMOCTH AuddepeHIHaJbHOr0 ypaBHeHnsT Bpro u
Byke.

KuroueBble cJjioBa: IOJMHOMHAJbHASI KOMIbIOTEPHasl ajrebpa, nHTerpuposanue audde-
PEHIMAJIBHBIX YPABHEHHII B KOHEYHOM BH/E, CUMBOJIbHOe nHTerpuposanne, DEtools, Lsolver,
Sagemath.

1. Bsenenune

Sanaya 06 uHTErpupoBaHUHM AUQP@EPEHINATLHBIX YPABHEHUN B aJireOpamvIecKux
dyuknuax Bosuukia eme B 1630-x rogax, xorga Jdebon (Florimond de Beaune) npesio-
kui [lekapTy HECKOJIBKO «0OPaTHBIX 3a7ad Ha KacaTesabHble» 1], c. 192. Chopmymnpyem
9Ty YUCTO AJIredpamvecKyro 3aa4dy CJIeIyIOMIM 00pa30M.

3apaya deboua. BeisicHuTb, gomnyckaer Jin 3afaHHoe quddepeHnuaibHoe ypaBHe-
HEE

p(z,y)dz + q(z,y)dy = 0,p, q € k[z,y], (1)

uaTerpad r B nose k(x,y), u B cilydae yTBEPAUTEILHOTO OTBETA BBIIUCATD STOT MHTErPAJL.
3mech k — mosie KOHCTAHT, B KagecTBe KoToporo o6braHo eeicrynaior Q, C mm Qla, b, . . .|,
rue a,b, ... —napamerpsl, Bxozsinue B quddepenimaibaoe ypasuenne. Her HuKakoro
CMBbICJIa pacCMaTPpUBaATh 3TU CJIydar IIO-OTAEJIbHOCTHU, IIO3TOMY MBI IIOKa IIpeariojaraeM,
410 k — GECKOHEYHOE I10JIe XapaKTEPUCTUKH HyJIb, cogepxkariee Q.

Nurepec k 3amaqde [lebona TO yracas, To Bo3HHKaJI BHOBb. Ha pybGexke XIX-XX Bexon
OH OBLTT OOYCJIOBJIEH yCIIEXaMH B JOKa3aTeIbCTBE HECYIIECTBOBAHUSA aJIreOPanmIecKHX
HMHTErpaJIOB JUHAMUYECKUX CUCTEM; CPEeId PAOOT STOrO IIEPUO/A CIeLyeT 0COO0 OTMETHTH
memyap Ilyankape [2], crp. 35-95, u nuka crareit M.H. Jlarytuackoro [3,4]. B nocrenuee
BpeMsl KJIaCCUYIeCcKas 33/1a4a 00 OTBHICKAHUH ajIre0pamvyecKoro HHTerpaJsa CTaJa OIAThb
aKTyaJIbHOH B CBA3U C Pa3pabOTKOIl aJrOPUTMOB aHAJIUTUIECKOrO perieHus: guddepeH-
HUAJIbHBIX YPABHEHHI JJIsl CHCTEM KOMIIBIOTepHOi airebpsl [5-8|. Ceiiuac scHo, 4TO
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9Ta 3ajada — IpocTeiiias U3 3a/a4d O CHMBOJIbBHOM MHTerpupoBaHun Juddepernmaib-
HBIX ypaBHEHUIl B paMKaX KOMIBIOTEPHOH aJireOphl; Ipotune 3aJa<dd HJIN CBOLATCI K
9TOM, WM NPHUBOAT K TEM K€ 3aTPYLHEHUSIM, ITO BCTPEIAIOTCS IIPU PELICHUN 3aJaN
Hebomna. B 21-om Beke BHuManue K 3a0bIThIM paboram Jlaryrunckoro npusiek 28.-M.
CrpenbnpiH [9,10].

2. Merog JlaryTunckoro

Meton onpenenureneit JlaryTUHCKOro Kak OOIIMil IPUEM OTBICKAHUS OOIIMX U 4acT-
HBIX MHTErPAJIOB IPOU3BOJILHBIX JuddepeHIraIbHbIX KOJIEl U ero peajn3anus B Sage-
math 6em npescrasienst B [8]. HarmoMunM OCHOBHBIE OIpeiesIeHus].

IIycts R — koublio ¢ guddepeniupoBanrem D u nojieM KoHCTaHT k. ByzeMm cunraTs,
9TO k — IPOM3BOJILHOE IOJIe XapakTepucTuku Hyiab u Q € k. O6muM mHTErpassom
sroro nuddepeHnupoBanus O6yaeM Ha3bIBaTh IIapy JIUHEHHO HE3ABUCUMBIX HaJl IojieM k
JIEMEHTOB 11, 12 ITOrO KOJbIA, YIOBIETBOPAOILYIO PABEHCTBY

Y1 Dp2 = P2 Dp1.

Ecau kosbiio R — nestoctHoe, 1o nuddepeHimpoBaHre eCTeCTBEHHBIM 06pa3oM PO/~
JKAeTCsl Ha ero IoJie YaCTHBIX, a APoOb 1 /1)2 YIOBIETBOPSIET YPABHEHUIO

D(31/42) = 0.

Mpg1 OyzeM paboTaTh C KOJbIIAMH, B KOTOPBIX MOXKHO BBECTH 0a3UC B CJIeJ]. CMBICIIE.
CueTHOe yTIOpsA/IOMEHHOE MHOYKECTBO B 3jleMeHTOB m; Kojblla R GyaeM Ha3bIBaTh
6a3uCoOM KOJIBI[A, €CJIN

1. sr060it s1eMeHT KOsbIfa R MOYKHO IIPEJICTABUTH KaK JTHHEHHYIO KOMOMHAIINIO KOH-
YEHOTO UHCJIa JIEMEHTOB MHOXKECTBa B ¢ mocrosHHbIMEA KO3(DDUINECHTAMH,

2. npom3BejeHUE JIOObIX JABYX JIEMEHTOB MHOXKecTBa B npunamiexur B, u ciexyer
CTPOro mocjie 060MX COMHOXKHUTEJIEH, T.e. MM = My U N CTPOTO GOJIBIIE YHCET
uj

Ha 6a3uce BBeseM oTHOIIEHHE MOPAJIKA: HEPABEHCTBO M; < M; O3HAYAET, YTO § < j U
[IPUMEM, YTO 3aIUCH
u = o(my)

O3HAYAET, YTO B IPEICTABIECHIN SJIEMEHTa U KOJIbIla R B BHIe JTMHEHHON KOMOUHAIINI
Ga3UCHBIX IJIEMEHTOB NPHUCYTCTBYIOT OA3HCHBIE JIEMEHTBI, HOMEPa KOTOPBIX CTPOrO
6ouibire ¢. Eciu

u=am; +o(m;), a#0,

TO cyraraeMoe am; OyZeM Ha3bIBaTh MJIAIIINM WIEHOM B u. HakoHel, mopsiikoM s/1eMeHTa
u 6yZileM Ha3bIBATb HOMED HAMOOJIBIIErOo GA3UCHOIO YJIeHA, BXOISIIEIO B PA3JIOYKEHHE
9TOro 3JIEMEHTa 1O HA3UCY.
CocraBuM 6ECKOHETHYIO MATPHILY, IIEPBOIl CTPOKOM KOTOPO CIIy?KUT
mi,m2,...,
BTOPOI CTPOKOI — IIPOU3BOAHAS II€PBOIt

Dmiy,Dma, ...,

TpeTbell — BTOpas IIPOU3BOHAS I€PBOM

2 2
D“mi,D“ma,...,
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u TakK 10 OECKOHEYHOCTH. Y TVIOBOM MHWHOD N-T'0 IIOPAIKa 3TON MaTpHIbI, TO €CTh

mi mo Moy,
Dmq Dmso Dmy,
det
D" lm; D" lmy Cey D" 1m,

Oyzem 0603HAYATH KaK A, U Ha3BIBATDH ONPEIEIUTENeM JlaryTHHCKOro n-ro mopsiaKa.
IIpumenurenbuo K 3ama4de lebona meros JlaryTHHCKOroO 1aeT 1oc/ie[0BaTeIbHOCTh
onpeeanTeaein
Aq,Ag,. ..,

9Ta [EIoYKa OOPBIBAETCS B TOM U TOJIBKO B TOM CJIydae, KOTJa CYIIEeCTBYET MHTErpajl B
k(z,y). OnHaKo 3TO yC/IOBHE HEJb3s1 IPOBEPUTH KOHCTPYKTHBHO, 60JIee TOr0, BLIYUCICHUE
onpenesureseit mopsinka 20 < 30 y2xe sBiseTCa BecbMa 3aTpaTHbIM. [losToMmy BazkHO
Ipeobpa30BaTh 9TO YTBEPXKICHUE B HEOOXOAUMOE YCIOBUE CYIIECTBOBAHUS UHTEIDAJIA
XOTs1 6BI JJIsI HEKOTOPBIX KJIacCOB TudDEPEHIMPOBAHNN.

3. Cokumaromue auddepeHIpPOBaHNAST

Huddepennuposanue D Kosblla A HA30BEM CKUMAIOIIUM, €CJIU CyIeCTBYeT TaKoit
6asuc B = {m1,ma,...}, B KOTOpOM

Dm; = ¢im; + o(my). (2)

Beskuii 6asuc, B koTopoMm zefictsue quddepeHInpoBanus yI0BIeTBOPAET ycaoBusaM (2),
Oy/ieM Ha3bIBaTh CXKUMaeMbIM auddepennmpoBanneM D, a 9uciia ¢; — MoKa3aTeasaMu
cxKatus B 6asuce B.

Boobiiie ropopsi, cxkumarmmx 6a3ucoB MOXKET OBITh HECKOJIBKO, U IIOKA3ATEIN CXKATHUS
MOrYT OBITh B HUX PA3JIMIHBIMU. BO3MOXKHOCTH TPUMEHEHUsI IIPUJIATAEMBIX HUKE KPHU-
TEPUEB CYIIECTBOBAHNS UHTErPaJia CyIIECTBEHHBIM 06pa30M 3aBUCUT OT BO3MOYKHOCTHU
nogobparh 6a3uc, KOTOPBIA C:KUMaeT 3aJaHHoe auddepeHIupoBaHue.

Teopema 1 (HeoGXOAMMBINH KPUTEPHH CyIeCTBOBaHUA 00mmMxX uHTErpasios). Cxuma-
orree auddepeHIupoBaHne MOJIMHOMUAJIBHOTO KoJiblla R momyckaer obmuit mHTErpast
TOJIBKO B TOM CJIy4ae, KOrJa CPeM MOoKa3aTeseil cxKaThs UMEIOTCS PaBHBIE.

Wnest nokazaTenbcTBa 6a3upyeTcs Ha CJIeAyIOeM Hab/oaeHnn: ecyn auddepeHm-
poBanue D — cxkuMarolee, TO B MOAXOIAIIEM Gasuce

n n
An:W(cl,CQ,...,cn)Hmi+o l_Im2 ,
=1 i=1
rae W — onpegenuress Bangepmona.
4. HeobxoguMble yCJIOBUsI CyIIIECTBOBAHUS PAllMOHAJIBLHOIO MHTErpaJa

ypaBHeHusi Bpuo u Byke

YKa3aHHYIO TeOpEMY yAOOHO NPUMEHNTH K BOIPOCY 00 OTBICKAHUU aJIrebpan<decKoro
uHTerpasa Jud@epeHInalIbHOrO yPABHEHH

(ay+cx+...)de+ (br+...)dy =0, (3)

KOTOpOE Beyex 3a . Aijincom Gynem HasbiBaTh ypasHenueM Bpuo u Byke [11], n. 12.6.
VuTerpas ypasHeHus (3) siBIseTCs TakKe MHTerpajoM nuddepeHnnpoBanus

7] 7]
D:(ay+cm+...)8—y7(bx+..,)£,
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KOTOpOe cxkumaeT glex-6azuc

B = {17y7w1y2733y,1‘2,..,}_

Orciofia cpasy mojydaeM CJeyIomuii HeoOX0 UMbl KpUTEPHUil CyIeCTBOBAHUS UHTErPa-
sa y ypasHenusi Bpuo u Byke (3).

Teopema 2. Tuddepennuanbuoe ypasaenue Bpuo u Byke (3) mMoxker numers panuo-
HaJIBHBI uHTErpast B k(T,y) TOJHKO B TOM Cillydae, KOTJa a U b JIMHEHHO 3aBUCHMBI HaJT
nostem Q.

IIpumep 1. Obuiee perieHue JIMHEHHOTO ypaBHEHUS

(ay + cx)dx + bxdy = 0.

a/b Y ):(J

rae C — KOHCTaHTa WHTEIPDUPOBAHUS. SIBJIsSieTCs JiM BBHIIUCAHHBIN MHTErpaJl ajarebpande-
CKHM, 3aBHCUT OT TOI'O, SIBJISIETCs JI OTHOIIEHHE /b palioHAIBHBIM YUCJIOM WM HET,
YTO BIIOJIHE COIJIaCyeTCs C JOKA3aHHOM JIeMMOM.

ITpumep 2. Ilo nokazaHHOIl TeopeMe ypaBHEHHE

HEeTPYAHO BBIIINCATH

(ay + cz)dz + (bx + xy)dy = 0.

HEe IMeeT aredpanm<decKoro HHTerpaJa Mpy IPOU3BOJIBHBLIX @ U b; IPOBEPUTH 3TO KaKUM
JinbO HE3ABUCUMBIM CIIOCOOOM HE IIPEJCTABJIAETCS BO3MOXKHBIM, UCIIOJIb3Ysi U3BECTHbBIE
cucTeMbl KoMmnboTepHoit anre6pst (CAS), Hanpumep, Ha narsbL MoMerT CAS Maple [12]
HE MOXKET €ro IPOMHTErPUPOBATh.

5. Heobxogumple ycJIOBUsI CYyIII€CTBOBAHUS PAIMIOHAJIBHOI'O MHTErpaJja
Ipou3BOJILHOrO AudPepeHaATILHOIO ypPaBHEHUS

O6paruMcs Tenepb K ypasaenunio (1). Teopema Komu npumennma Ko BCeM TOUYKaM
IUIOCKOCTH ZY, KPOME T€X, B KOTOPHIX OLHOBPEMEHHO OOPAIIAIOTCS B HYJIb MHOIOUJIEHBI
p u q u3 Clz, y|, nXx Ha3BIBAIOT HENOABUKHBIMU OCOOBIMU TOYKaMU JuddepeHIaIbHOro
ypasHaenus [13]. [ToMecTHB HAYAIO KOOPAMHAT B HEIOIBUXKHYIO OCOOYIO TOUKY, IMEEM

pdz + qdy = (a112 + a12y + ... )dx + (a212 + a0y + ... )dy,

re TOYKaMu O0O3HAYEHBI “JIEHBI IOpsigKa Boire mepBoro. Kosddumuenr age Memraer
IIPUMEHEHUIO TEOPEMBI 2, OJIHAKO OT HEro JIErKO n30aBUTHCS JIMHEHHON 3aMeHOM repe-
MEHHBIX. PyTUHHBbIE BBIYUC/IEHUS] Deajn30BaHbl B Buje OyHKIMKU lagutinski_ab B B
aBTropckom nakere Lagutinski for CAS Sagemath [8], sta dbynxknusa no saganabiv p u
¢ BO3BpAIllaeT true, €Cjd B E€PBOI HEIOJABUKHOU TOYKE ITOKA3ATEJIN CKATUA JIMHEHHO
3aBUCHUMBIL.

IIpumep 3. CAS Maple [12] e BELHAeT 06 ypaBHeHHN

(2—2% —y?)dz + (z — y)dy = 0

HUKAaKOil ornpejeneHHoil nadopmanyu. [IpuMeHeHre HaIllero KpUTepusl JaeT:

sage: x,y=var(’x,y’)
sage: lagutinski_ab(2-x"2-y~2,x-y)
False

Iloaromy 3TO ypaBHEHHE He JOIyCKaeT panyoHaJbHOro narerpasia B nosie C(z,y).
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UDC 517.9

Necessary conditions for the existence of algebraic integrals of
ordinary differential equations

Ya. Yu. Kuziv, M. D. Malykh, L. A. Savastianov

Department of Applied Probability and Informatics,
Peoples’ Friendship University of Russia (RUDN University)
Miklukho-Maklaya str. 6, Moscow, 117198, Russia

Email: yaroslav.kuziw@yandex.ru,malykam@mtu-net.ru,sevast@sci.pfu.edu.ru

Investigations of M. N. Lagutinski on the theory of integration of the differential equations
were interrupted his tragic death in 1915. In our talk on the Moscow conference «Computer
Algebra» in 2016 the ideas of Lagutinski are considered from viewpoint of modern computer
algebra and the package Lagutinski for CAS Sagemath was presented. In this talk we use
Lagutinski method for the searching of necessary conditions for the existence of algebraic
integrals.

For a ring R with differentiation D and basis B = {¢1, ¢2, ... } the sequence of determinants
is entered, they are called further as Lagutinski determinants. If one of Lagutinski determinants
is equal to zero, the rational integral exists, moreover, we can always calculate this integral.
The converse is proved for the polynomial rings. This fact can be used not only for finding the
integrals but also for proving the conditions of the existence or the nonexistence of algebraic
integrals.

The differentiation D will be called as contracting differentiation if there is a basis in which

D¢; = cipi +0(¢i), ci € c(R).

For the differentiation it is possible to write out simple necessary criterion of existence of
integrals: among indexes c¢; there are equal. We use this statement for the investigation of
integrability of Brio and Bouquet differential equation.

Key words and phrases: polynomial computer algebra, integration of ordinary differ-
ential equation in finite terms, symbolic integration, DEtools, Lsolver, Sagemath.
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An algorithm for computing residue integrals for a class of
systems of algebraic equations
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We present an algorithm for computing residue integrals for a special class of systems of
nonlinear algebraic equations. Under certain conditions such integrals coincide with power
sums of the inverses to the roots of a system of equations. This makes it possible to develop
elimination methods for this class of systems. We present an example of computing power
sums for a particular system of equations.

Key words and phrases: systems of algebraic equations, residue integrals, power sums.

1. Introduction

The problem of elimination of unknowns from systems of nonlinear algebraic equations
is a classical algebraic problem. Its solution based on the notion of resultant was developed
in works of Silvester and Bézout. This method was described in detail in the classical
Van der Waerden’s monograph [10]. In the middle of the 20th century, B. Buchberger
suggested a new elimination method based on the notion of a Grébner basis. Nowadays it
is one of the main elimination methods in polynomial computer algebra (see, e.g., [1,4]).

In the 1970s in [2] L. A. Aizenberg proposed a new elimination method based on the
multidimensional residue theory, namely on the formulas of multidimensional logarithmic
residue and Grothendieck residue. The basic idea of the method was to find certain
residue integrals connected to the power sums of roots of a given system of equations
without finding the roots themselves. (The formulas for computing power sums may
vary depending on the given system of equations.) Then, using the classical recurrent
Newton formulas, one can construct a polynomial whose roots coincide with the first
coordinates of the roots of the given system with the same multiplicity (i.e., resultant).
This method does not increase multiplicity of the roots in comparison with the classical
method (see, e.g., [10]). Its further developments were implemented in [3], [9], and [5].

The aim of the current work is to present an algorithm that computes residue integrals
for a specific kind of systems of n algebraic equations according to the results obtained
in [6]. We also give an example that illustrates the connection between residue integrals
and power sums of the inverses to the roots (Waring’s formulas).

2. Residue integrals

For z = (21,...,2n) € C™ and i = 1,...,n consider a system of functions
fi(2) = ai(2) + Qi(2), 1)
where Q;(z) are polynomials, and

qi(21,-.y2n) = (1 —as121)™ -0 (1 — ainzn)™in (2)
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for i =1,...,n. Here m;; are positive integers and a;; are complex numbers, such that
a;j # ay; for i # k.
Let J = (j1,-..,Jn) be a multi-index where (ji ... Jn) is a permutation of (1...n).

Then by a; we denote the vector (aij;,...,anj, ). For each i we define a function
g (2), if a;; # 0 for each j;
hi(z) = 1 1
ql(z)za, if ajj; = ... = a4, =0.
The system
hi(z) =0, i=1,...,n (3)

has n! isolated roots in C", where C* =C X ... x C. Since C is a compactification of

the complex plane C, then C" is one of the known compactifications of C™. The roots
of (3) are

Gy = (1/a1j1,...,1/anjn), if agj, #0 foreach k=1,...,n,
(1/a111,~~-700[i1]7~-~:OO[ik],~~-71/anjn)a ifaz‘ljil = T Qiggyy =0,

where k,j =1,...,n, and J = (j1,...,jn). Note that we write co (as a point in C) in
Gy whenever agj, = 0.
By I', we denote the cycle

Ip={z€C": |hi(z)|]=rs, s >0, i=1,...,n}. (4)
Now we define the cycle T'y, 5, by

1] =71,

where Iy =1—agj, 2¢, ifag; #0,

Iy =1/zg, if agj, = 0.
‘lnl =Tn,
In [6] it was proved that for sufficiently small r; a global cycle I'j, defined by (4) has
connected components (local cycles) in the neighborhoods of the roots ay. Moreover,
T'p, is homologous to the sum of the local cycles T'y, 5 ;.
For
Fi(z,t) =qi(z) +t-Qi(z), i=1,...,n, (5)

where ¢; are defined by (2), consider the system of equations F;(z,t) = 0 which depends
on a real parameter ¢ > 0.

Let 71 > 0,...,7n > 0 be fixed real numbers. Compactness of the cycles I'j, defined
by (4) yields the fact that for sufficiently small ¢ > 0, the inequalities

|qi(z)| > }t~Qi(z)|, i=1,...,n

hold on I'y,.
By J,(t) we denote the integral

S = — / 1 dF 1 / 1 Ry dFy
@y ) ot F T @ey—Dn ) ot et BT Ry
Tn Tn
where v = (y1,...,7n) is a multi-index and I = (1,...,1). This integral we call the
residue integral in accordance with [7].
We now follow the results from [6].
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Denote by A = A(t) the Jacobian of the system Fi(z,t),..., Fn(z,t) with respect to

21y, 2n. Let (—1)5(J> be the sign of the permutation J, and o = (a1,...,an) be a
multi-index of length n. By ¢+ (J) we denote qla1+1[j1] S PR where qs[js)
is a product of all (1 —a;121)™it -...- (1 — ajnzn)™™ except (1 — agj, 2zs)™9s. By

B(a, J) we denote the vector B(a,J) = (mij (aj;, +1) = 1,...,mp;, (o, +1) — 1),
and, correspondingly, 8(a, J)! =[], (mpj, (o, + 1) — 1)L,

+1 im0 +1
Finally, a§+1 denotes aljl“ (a“ b a:j]-:f"(a“ﬁ_ ), and
BIEICIEI] g1 (egy 1) =1t A mng, (o, +1)—1

9P d) gy (@i D=1 g ma, (o 1) =17
1 n

Theorem 1 (Formulas for residue integrals, [6]) Under the assumptions made
for the functions F; defined by (5), the following formulas for J(t) as a convergent
(for sufficiently small t) series are valid:

() = Z’Z(,t)uamuﬁ(a,nunﬁx
LA B+I
J

J « B(Oé, J)' ta
allBa(n)ll A(t) Q«
X . s
OzB (e, J) Ziv1+1 L Z%n+1 qa+I(J) e,

where Zf, means that the summation is performed over such all multi-indices J such
that ay have no zero components.

3. Residue integrals and Waring’s formulas

Suppose Q;(z) are the polynomials:

Qi(z)=2z1-... 2zn ZCZ;ZO‘ i=1,...,n, (6)
|a]| >0
where « is a multi-index, z% = zf‘l c..ooze™, and degz Qi <myj;, 4,5 =1,...,n for all
non-zero a;;. If a;; = 0 then no restriction on degZ] QZ is needed.
1
Assuming that all w; # 0, we substitute z; = —, j = 1,...,n in the functions
wj

Fi(z,t) = (6i(2) +t- Qi(2)), i=1,....n
and arrive at
1 1 1\ ™t 1\ ~
F (—,...,—,t) - (—) (—) (@) +t- Guw)) .
w1 Wn, w1 Wn
where g; are the functions
g = (w1 —a;)™ - (wn = agn) ™,

and Qz are the polynomials

~ ) ) 1 1
Qi:w;n“~...~wnm”L~Q,- <77,”77)_
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Denote . ~
F; = Fi(w,t) = q(w)+t-Qi(w), i=1,...,n. (7)
When 0 < ¢ < 1, the system (7) has finite number of zeros in C" which depend on t.
Moreover, (7) does not have infinite roots in C" (see [8] and [5, Theorems 8.5, 8.6]). As it
was shown in [8] (see also [5, Theorem 8.5]) the number of zeros (counting multiplicities)
is equal to the permanent of the matrix (m;)1<i,j<n-
Consider the cycle

fh:{wEC”: h

for small enough ¢.

Lemma 2 (Formulas for computing residue integrals, [6]) Let A= ﬁ(wﬂf) be
the Jacobian of (T) with respect to w1, ..., wn. Then

(J)

L0 = ( t>"K"+"Z

KeR
XM g.uﬂﬁ-l,n_.w’hﬂrl,i (8)
owd (K, J) ! ST ()]
=ay
where K = (k1,...,kn) is multi-indez, QK = ~If1 e Qb

B(K, J) = (m1j1(kj1 +1) - ]‘7"'7mnjn(kjn +1) - 1)7

B(K,J)! = H(mpjp (kjp +1) — 1)!, and
p

R ={K = (k1,...,kn): there exists v; such that |[K|| <~vi+2, i=1,...,n}.

The rest of the notations in the statement are as in Theorem 1.

Denote
P 1
I = LA D
j=1%1 " Fn
where 20 = (zj1,...,zjn) = (zj1(1), .., zjn(1)), 5 = 1,...,p.

Theorem 3 (Waring’s formulas, [6]) For the system f; = 0, j = 1,...,n with
functions f; defined by (1) and Q; defined by (6) the following formulas are valid:

s(J)
v = 3 OIS L
= B(K J)!
BB (K ) ! o Wn gE+I(T)

w=ay
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4. The algorithm

In this section we present an algorithm that computes residue integrals J,(¢) at t = 1
according to the formula (8).
First, we compute all the components of (1) in new variables w; and the Jaco-

bian A = A(w,1). The list of permutations J and the set K := {(k1,....kn) €
Z7 : there exists ¢ such that k1 +... +kn <v; +2, i=1,... ,n} are implemented by
the individual procedures. Finally, we add up all the summands in the formula for J,(1).

Algorithm 1: Algorithm for computing residue integrals Jg

Input: The matrices M = (mi;)1<i,j<n, A = (a45)1<i,j<n from (2), the
functions Q;(z) given by the list C of lists for ¢ = 1,...,n of the
coefficients C%, from (6), the vector ~.

Output: Value of the residue integral J,.

if linear size of M = linear size of A = lengths of C = length of v then

| n := length of ~y

else

L return
q:= {(1 —a1121)™1 . (I=—aipzn)™n, ., (L—ani2z1)™nt ... (l—annzn)m""}
g={(w1 —a11)™1 .. (wp — a1n)™n, ..., (W1 — an1)™ L (W — Gnn) ™0}

= {Z1Zn ZIQHZO Clzo ... 21...2n Z\QHZO ngo‘}

1 1 1 1

m YUST MM
{wlu_“wnanl(i’“_’i ey w] mal | penn ((— L —
wq Wn, w1 Wn

_ |o(a+Q)
oW
J = (1,...,n),...,(n,...,1)} — list of all permutations of (1,...,n)
MT :={(m11,...,mn1),..., (Min,...,Mnn)}
AT .= {(a11,-.-,an1),---,(@1n,-- -, ann)}
G(J) := list of all vectors (q1[j1],--.,Gn[jn]) where (j1,...,Jn) is a permutation

from J and gp[jp] is a product of all (1 —ap121)™?t ... (1 — apnzn)™Pn except
(1- apjpsz)mpj”
K = {(kl,...,kn) € Z7 : there exists i such that k1 +... +kn <7 +2, i =

1,..., n}
Jy =0
for i =1,..., number of elements in K do
sign(K) := (—1)k1ttkatn for j = 1,..., number of elements in J do
B = (m 1y (ki +1) = 1, mag, (K, +1) — 1)
Bt=1I, (mmp (kjp, +1) = 1)'
sign(J) := parity of the permutation J
sign(K) sign(J) ollAll Aw71+1 . .w7"+1@’f1 . Qkn

Iy = Jy+ A " Dwh ~4€1+1

[l @t ind)

w=ay
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5. Example

Consider the system in two complex variables

f1(z1,22) = (1 — a222)? + agz122 = 0, ©)
fQ(Z17 Z2) = (1 — b121)2(1 — bQZQ) =+ bngm =0
with real coefficients a; and b;. For this system, Q1 and Q2 are of the form (6). It is
not hard to verify that the system (9) has 5 roots (z;1,252), j = 1,2,3,4,5. If az # ba,

then all the roots do not lie in the coordinate hyperplanes.
After the substitution z1 = 1/w1, z2 = 1/wa, (9) takes the form

J§ =wi (w2 —a2)? + a3z =0, (10)
f2 = (w1 — b1)%(w2 — b2) + b3 = 0.

The Jacobian A of (10) is equal to

A (w2 — a2)2 2w1 (w2 — a2)

T 20w — bi)(wa —ba) (w1 — b1)?

= (w1 — b1)2(w2 — ag)2 — 4w (w1 — b1) (w2 — a2) (w2 — ba).

Now, using Theorem 3, we compute the power sums

1 1 ) _IKI
oy = At = 20 X ﬁx

j=1~j1 32 J Ke®

wzﬁ'l ~w32+1 . algl . b§2 A - dwi A dws
x 1
wy (

B wo — a2)2(k1+1) . (wl _ b1)2(k2+1)(w2 _ bg)k2+1 .
Thiay

Here ® = {K = (ki1,k2): there exists ¢ such that v; + 2 > ki + k2 for ¢ = 1,2},
and T'p, o, are the cycles either {|wi| = 711, |w2 — b2| = ra2} oriented positively or
{Jw2 — a2| = r12,|w1 — b1| = r21} oriented negatively.

In particular, by computing J(g oy and performing necessary algebra, we obtain that

asbs
70 =l G
without finding the roots.
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Irreducible differential systems and satellite unknowns
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We consider satellite unknowns in irreducible differential systems with selected unknowns.
We prove that in such systems any unselected unknown is always satellite for any set of
selected unknowns. We also present a system factorization algorithm. This algorithm has
polynomial complexity, but also it has some strict precondition, so it cannot be applied to
every differential system.

Key words and phrases: computer algebra, irreducible differential systems, satellite
unknowns, system factorization.

1. Introduction

‘We consider the following normal differential system S:
y = Ay, (1)

where y = (y1,...,Ym)" is a vector of unknowns, A is a system matrix — square matrix
with entries from some differential field K of characteristic 0 with derivation § =".
Suppose some components of the unknown vector y are selected. Denote this set of
selected unknowns by s: @ # s C {y1,...,Ym}-

Earlier the concept of satellite unknowns was introduced (see [1-3]): an unselected
unknown y; is called satellite unknown for a set of selected unknowns s in system S if
the j-th component of any solution to S belongs to the same differential extension as
all selected components of any solution to S. For the case K = Q(z) (Q denotes the
algebraic closure of Q) the algorithm for satellite unknown testing was presented. The
complexity of this algorithm is rather high because on one of its steps it is required to test
embedding of the Picard—Vessiot extensions (see [4]) for two constructed systems. One
of the algorithm that allows this test is described in [5, Sect. 5.3.3 (H)|. This algorithm
uses Hrushovski’s algorithm [6] to compute differential Galois groups in the form of
defining polynomials, and degrees of these polynomials for some cases are estimated
to be from four-fold to six-fold exponential of the size of system matrix (e.g., see [7]).
That is why the satellite testing algorithm is too difficult to use in practice. But in some
particular cases partial algorithms for satellite testing can be used (see [3]).

Also the concept of linearly satellite unknowns was proposed (see [8]): an unselected
unknown y; is called linearly satellite for a set of selected unknowns s in system S if for
any solution to S its j-th component can be linearly expressed with coefficients from K
via selected components of this solution and their derivatives. In contrast to the satellite
testing algorithm, the linearly satellite testing algorithm does not require Picard—Vessiot
extensions embedding test. So its complexity is rather low, it can be implemented in
computer algebra systems and used in practice.

From the definitions (see Subsection 2.1) it follows that in system S with selected
unknowns s any linearly satellite unknown for s is also satellite unknown. So in some
cases it is possible to use the linearly satellite testing algorithm for satellite testing.
There exist differential systems, where any satellite unknown is also linearly satellite.
Irreducible systems posses this property. Our main result is to prove this fact.

)T
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2. Preliminaries

We consider system S of the form (1) with a set of selected unknowns s. The size ||
of system S is equal to m — the size of system matrix: |S| = m.

2.1. Satellite unknowns

Recall shortly the definitions of satellite and linearly satellite unknowns and also corre-
sponding testing algorithms (more details in [2]).

Definition 1. An unselected unknown y; (y; ¢ s) is called satellite unknown for a set
of selected unknowns s in system S, if for any solution to S its j-th component belongs
to the differential extension of K, that is generated by all selected components of all
solutions to S.

Definition 2. An unselected unknown y; (y; ¢ s) is called linearly satellite unknown
for a set of selected unknowns s in system S, if for any solution to S its j-th component
can be linearly expressed with coefficients from K via selected components of this
solution and their derivatives.

Directly from the definitions it follows that for fixed set of selected unknowns the
linearly satellite unknown is satellite. The converse does not hold. The following example
illustrate this situation.

)T

Example 1. Let K = Q(z), y = (y1,y2)7. Consider system S of the following form:

r_ | 1)z 0
y—{ 0 1/1}?/' (2)

It is clear, that both components of any solution to (2) belong to K. This means that
yo is satellite for s = {y1}. At the same time (0,x)7 is the solution to (2), so y2 is not
linearly satellite for {y}.

2.2. AB-algorithm

The basis of the satellite testing algorithms is the AB-algorithm, that was proposed by
S.A. Abramov and M. Bronstein in [9]. This algorithm for a given differential system S
of the form (1) and a set of selected unknowns s produces a new differential system

2 = Bz, (3)

where B is a square matrix over K and the components of the unknown vector z are
the selected components from s and, possibly, some their derivatives. Denote system (3)
by S;f“B. Namely S?B is the result of application the AB-algorithm to the system S
with respect to the set of selected unknowns s. Note that the AB-algorithm computes
matrix B in O(m?*) operations in K (since the most complicated part of the algorithm
is to solve no more then m systems of linear algebraic systems with m unknowns).

2.3. Testing algorithms

Here we confine ourself to present only formal description of the satellite testing algo-
rithms with some remarks. Details can be found in [2,8].
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2.3.1. Satellite testing algorithm

Input: Differential system S with selected unknowns s and an unselected unknown ;.
Output: YES, if y; is satellite unknown for s in .S, NO otherwise.

. Construct the system S2B.

. If |SAB| = |S|, then return YES.

. Construct the system S2B, where 5 = s U {y;}.

. If |S£B| = |SAB|, then return YES.

. If the Picard—Vessiot extension for system S2B is equal to the Picard—Vessiot

extension for system SgAB, then return YES.
6. Return NO.

By the properties of the AB-algorithm, instead of equality testing on step 5 it is
sufficient to test if the Picard—Vessiot extension for system S?B is embedded in the

Picard—Vessiot extension for system S2B. So the algorithm [5, Sect. 5.3.3] can be used
for this purpose.

U W N =

2.3.2. Linearly satellite testing algorithm

This algorithm differs from the previous one by the absence of the most costly (from the
computational point of view) step 5.

Input: Differential system S with selected unknowns s and an unselected unknown y;.
Output: YES, if y; is linearly satellite unknown for s in S, NO otherwise.

Construct the system SAB.

If |SAB| = | S|, then return YES.

Construct the system S?B, where 5 = sU {y;}.
If |S2B| = |SAB|, then return YES.

Return NO.

Gl W

So, the problem of linearly satellite unknown testing is solved in no more than two
applications of the AB-algorithm.

Remark. The concept of satellite and linearly satellite unknowns can be extended to
the case of homogeneous linear differential systems of high order (see [2, Sect.4]). The
Extract algorithm [10,11] can be used to generalize the testing algorithms.

3. System factorization based on the AB-algorithm

Definition 3. Two systems ¢y’ = Ay and 2’ = Bz (A, B € K™*™) are said to be
equivalent (over K ) if there exists T in GLy, (K) such that T/ = AT — T'B. In this case
z="Ty.

Definition 4. A system y’ = Ay is said to be reducible if it is equivalent to a system
z' = Bz with B of the block-triangular form

p=| D 0 (4)
B>1 Bap

where By,1 and Ba 2 are square matrices. If ¥’ = Ay is not reducible, then it is said to
be irreducible.
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Let us define now what we mean by a system factorization. Factoring the system
y' = Ay over K will mean either finding an equivalent system z’ = Bz where the matrix
B has block-triangular form (4) or showing that such an equivalent system does not
exist.

Let for some i (1 < i < m) the following condition holds:

1Sty =n < m. (5)

It can be proved that condition (5) is sufficient for system to be reducible. In this section
we present an algorithm, that for the case, when (5) holds, allows one to construct an
equivalent system with block-triangular matrix.

Without loss of generality, we can assume that ¢ = 1 in (5).

Algorithm: System factorization.
Input: Differential system S such that \S{Ay?}\ =n<m.

Output: Matrix B of an equivalent system with block-triangular form (4) and matrix T’
such that T/ = AT — T'B.

1. s:={y1};
2. for y; in {y2,...,ym} do

(a) if |S£uB{y,»}‘ > |SAB| then s := s U {y;};

(b) if |SAB| = m then break;
3. B := the matrix of system SSAB;
4. Unknowns of system 2’ = Bz are unknowns from s (a part of the initial system
unknowns), and some their derivatives, s.t.

— first components z1, ...,z correspond to yi, y’l, ey y§n71>;

— if z; = ygm, k>0, then z;_1 = y£k71>, assuming ygo) = y;.
Matrix T is constructed row by row. Denote the i-th row of T by Tj.
for i from 1 to m do
(a) if z; =y; then T; := (0,...,0,1,0,...,0), where «1» is in the j-th position;
(b) if z; = y;p> then T; :=T] ; +T;_14;
5. return B, T.

The condition of step 2(a) guarantees that the first n unknowns of the equivalent

system constructed by the algorithm will be yq,..., y%"il). This means that matrix

B at the output of the algorithm will take the form (4), where By ; is the matrix of
system S?y]?}.

Presented system factorization algorithm solves the problem partially, only for systems
for which condition (5) is satisfied. Note that the verification of this condition is simple
enough (can be done in polynomial time), because it needs no more than m applications
of the AB-algorithm (not only y1 but every system unknown should be checked).

The factorization problem is often considered with respect to scalar differential
operators (see [12-18]). It should be noted that the computational complexity of the
algorithms described in these works is tremendously high (not polynomial). It is clear
that the factorization problem for scalar differential operator

L=0"4am_10™ 1+ - +a10 + agd®
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can be reduced to the factorization problem for equivalent system S: y’ = Ay, where
y= (1, ym)" and

0 1 0 0
0 0 1 0
Ap = )
0 0 0 1
—ap —ai —a2 ... —Gm-1

But the algorithm described in this section is not applicable to S, because \Sfﬁﬂ =m

(it is not necessary so if other unknown will be used instead of y1).

Note that known algorithms for system factorization also have high complexity. For
example, in [19] one of such algorithms is presented with a complexity analysis. The
complexity of the algorithm from [19] is estimated by a threefold exponential of the
system size.

4. Satellite unknowns in irreducible systems

As it was mentioned in Introduction, there exist differential systems, where for a
fixed set of selected unknowns any satellite unknown is also linearly satellite. So, the
notions of satellite and linearly satellite unknowns are equal in such systems. This
means, that instead of the satellite testing algorithm with high complexity the linearly
satellite testing algorithm can be used. An example of such systems are irreducible
systems.

SAB

Proposition 1. Let S be an irreducible differential system. Then | u,

)| = 15| for any
i=1,...,m.

Indeed, if |S?UB_}| =n < m = |S| for some ¢ from 1 to m then it means system S to
be reducible (see algorithm from Section 3).

From Proposition 1 it follows that the condition on step 2 of the linearly satellite
testing algorithm (Subsection 2.3.2) holds for irreducible systems. This gives the following
corollary.

Corollary 1. Let S be an irreducible differential system. Then for any set s of selected
unknowns, any unselected unknown is linearly satellite.

Any linearly satellite unknown is a satellite unknown for a fixed set of selected
unknowns. Moreover, the first two steps of the testing algorithms from Section 2.3 are
identical. This implies the following statement.

Corollary 2. For irreducible systems, the concepts of satellite and linearly satellite
unknowns are equivalent.

Irreducible systems do not exhaust the set of differential systems for which the
concepts of satellite and linearly satellite unknowns are equivalent. There are reducible
systems in which each satellite unknown for an arbitrary fixed set of selected unknowns
is also linearly satellite. An example of such a system is the following.

y'[(l] (1)]% (6)

y = (y1,92)T. Tt is easy to check that y is linearly satellite for {y2}, and ys is linearly
satellite for {y1}. System (6) is reducible: using the change of variables

.= 1 1 y
1 -1
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, 1o
z = Z.
0 -1

Thus, satellite testing algorithms cannot be the basis for irreducibility testing procedures.

system (6) takes the form

5. Conclusions

For irreducible systems it is shown that for any non-empty set of selected unknowns
all the remaining unselected unknowns turn to be linearly satellite. This means that
choosing any component of the solution to an irreducible system (1) all other component
of this solution can be linearly expressed via chosen one and its derivatives of order not
higher that m — 1 with coefficients from K.

The algorithm from Section 3 can be used for system factorization. In contrast to the
known factorization algorithms, whose complexity is exponential, the algorithm from
Section 3 has polynomial complexity. Although this algorithm is not always applicable,
the recognition of cases where it can be used is possible algorithmically with a little
complexity.
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IIpencrasiisieTcst aJropuT™M MOCTPOEHHSI TUIIEPIEOMETPUYECKUX PEIIeHU ISl CUCTEM JINHEeMH-
HBIX OJHOPO/IHBIX ¢-PA3HOCTHBIX yPAaBHEHUI C MOJIMHOMHAJIBHBIMU KOMMUIIMEeHTAMM, OCHO-
BaHHBII Ha KUCIOJbL30BAHUU Pa3pelIalonuX MIOC/JIe40BaTeIbHOCTeH.

KiroueBbIe ciioBa: KOMIIBIOTEpHAs ajaredbpa, CUCTEMbI (-Pa3HOCTHBIX JIUHEHHBIX ypaBHe-
HUIi, rUIIepreoMeTpUYeCcKHe pelleHus, Pa3peliaoliye I10C/Ie/J0BATE/IbHOCTH yPaBHEHUI.

1. Bsenenue

AJIropuTM NOUCKA THNEPreOMEeTPUYECKUX PENIEHU CKAJISIPHOTO ¢-PAa3HOCTHOIO ypaB-
HEHHsI C IOJIMHOMHAJIBHBIME K03 dumentamu 6611 npeqmozxe B [1]. B [2] 6pu10 BBEgEHO
[OHSITUE Pa3pellaronieil 0CIe10BaTeIbHOCTH yPaBHEHNN [1JIsi HOPMAJIbHBIX PA3HOCT-
HBIX CUCTEM IIE€PBOTO MOPSJIKA, KO3 UIUEHTHI KOTOPBIX SABJISIIOTCA PAIMOHAJIBHBIMU
GbYHKIUAMYI, U TPeJIOXKEH UCIOJIb3Y 0NN Pa3pelaroliye MOC/IeI0BATEIbHOCTH ajro-
PUTM IIOCTPOEHHS TUIEPreOMETPUIECKUX PELIeHni i Takux cucreM. B [3] mousitue
paspelanieil ocseI0BaTe/IbHOCTH ObLIIO 060011IeHO Ha ciaydan auddepeHImaabHbIX
u (¢-)Pa3sHOCTHBIX CUCTEM JIMHEHHBIX yPABHEHUH [IPOU3BOJIBHOTO MOPAIKA, IIPEIJIOKEH
aJICOPUTM M €0 Peau3alus MOCTPOEHUs! TUIIEPTeOMETPUYECKUX PEIIEHU T st CUCTEM
Pa3HOCTHBIX yPaBHEHMH IIPOM3BOJIBHOTO MOPSJIKA C IIOJIMHOMUAJIbHBIME KO3 duimeHTa-
MH.

Tlouck perieHmii CUCTEMBI g-PA3HOCTHBIX YPABHEHUH MOXKET ObITh OCYIIECTBJIEH TaK
Ke, KAK U B CJIy9ae CUCTeM Pa3HOCTHBIX yPAaBHEHWIi, C UCIIOJIb30BAHUEM AJIFOPUTMOE,
IIpEe/ICTaBIIeHHBIX B [1,3] 1 asropuTMa OCTPOEHUs! I CUCTEM g-Pa3HOCTHBIX yPaBHEHHIT
pelieHnii B BUJE palMoOHAIbHBIX (DYHKIMH, IpecTaBieHtoro B [4,5].

2. Tunepreomerpuveckmue TepMbI

IIpuBenem HeobGXOmMMEIE [JIsI JAJILHEMIIIEIO U3JIOXKEHUST ONPEE/ICHUST U Y TBEPK ICHUS
u3 [1]. Ilycre k — nosie xapaxrepuctuku 0, ¢ — TpaHcueHaeHTHO Ha k. O6Go3HaunM
K = k(q); * = ¢", nae n — nepeMeHHasl, IPUHUMAIONIAs 3HadeHust u3 Nxg.

Omnpenenenune. 1 Hasosem h(x) runepreomerpuaeckuM trepmom rad K(z), ecau co-
omnowenue h(qx)/h(z) = r(x) asasemea payuonasvrol gyrrkyued om x: r(z) € K(x);
npu amom r(x) nazweaemes ceprudukaroMm s h(z).

T'unepreomerpuueckuii Tepm h(z) sBiseTCsa peleHHEM JIMHEHHOIO OJHOPOIHOIO g-pas3-
HOCTHOI'O yPaBHEHUsI [IEPBOTO MOPSIAKA C HOJMHOMUAIBHBIMU KOI(MDMUIMEHTAMU:

a1(2)y(gz) + ao(2)y(z) = 0, rne ai(z),ao(z) € K[z].

T'unepreomerpudeckuii TepM ¢ ceprudukaroM r(x) = 7(¢") MOXKHO 3alHCATH B BHJIE

n—1
h(g") =C1 [ v,
k=ng
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rae C1 € K u ¢* ne siBisiercst nosrocom 7(z) anst k € Ny, . Ipencrasum panuonaibhyio
dyuknuo r(z) B HopmanbrOi dopme (cum. [1, Theorem 1]):

oy ) elaw) @) _
=20 et dlgy 77

rae z € K; a(x), b(x), c(z), d(z) € K[z] — npuseaennsie nomunomsr; ged(a(x), b(¢"z)) =1
aa n € Z; god(a(a), o(@)d(gz) = 1; ged(b(), clgz)d(z)) = 1; (0) £ 0w d(0) % 0;
U(z) = a(z)/b(x); V(x) = ¢(z)/d(z). Takoe npencrasieHne njs paluoHAJIBHON QyHK-
MM €AUHCTBEHHO. TOrma COOTBETCTBYIONMI TEPM MOXKHO 3aINCaTh B BHZE

V(gz)
V(z)’

(1)

n—1
h(g") = C22"V (") [] U(d"), (2)

k=ng

rae Co € K. B cayuae U(z) = 1 u 2z = ¢, rae k € Z, tepm h(x) = h(q") smasercs
panmoHaabHOM dyHKIMeR or © = ¢" ¢ kKo3dhdunmentamu u3 K.

Omnpegnenenne. 2 Jsa sunepzeomempuneckur mepma hi(z), ha(x) naswearomes no-
JOCHBIMH, €CAU UL OMHOWEHUE ABAKCMCA PAYUOHAALHOT PynKyueld om x:
hi(z)/h2(x) € K(z).

Ilycte  mns hi(z), ho(x) wux ceprudwukarsl HMEIOT HOPMaJbHbE (DOPMBI
r1(z) = z1 U1 (z)Vi(qz)/Vi(x) u ro(z) = 22 Ua(z)Va(qz)/Va(z), coorsercrBenno. Torna
hi(x), ha(x) ABIAIOTCA MOXOOHBIMHE, €CIH M TOJBKO €CJIN

21
Ui(z) =Us(z) u = =q*, tne k € Z. (3)

22
MmuozkecTBo Beex ruiepreoMerpuiecknx TepMos Hag K(z) obosnarmm Hi (i) DTO MHOKe-
CTBO HE SIBJIETC JIMHEHHBIM IpocTpancTBoM. O6o3HaYNM E(?—LK(Z)) MIPOCTPAHCTBO BCEX

KOHEYHBIX CyMM 3JIEMEHTOB U3 H (y). [J1s g-pasHOCTHOrO ypaBHEHUs IPOUSBOJILHOTIO
opsiIKa

ary(q"z) + -+ a1y(qz) + aoy(z) = 0, rae ar(z), ..., a0(z) € Klz],

B [1] npenyoxen anropurm gHyper mocTpoenusi 6asuca IPOCTPAHCTBa DELIEHU U3
ﬁ(’HM(m)), roe M — nose, HexoTopoe pacmupenue K. gHyper crpout mHO>XKecTBO cepru-
dukaros r1(z),...,7s(z) € M(z), coorsercrryomme KotopbiM h1(z), ..., hs(x) € Hay(a)
ABJIAIOTCA 6a3I/ICOM IIPOCTPaHCTBa I'MIIEPreOMEeTPUICCKUX pe]l[eHI/Iﬁ JaHHOT'O YpaBHEHUA.

3. ¢-PasHocTHas cucreMma ¢ HEBBIPOXKAEHHBIMH BEAYIIEH U TPEHJIMHIOBOM
MaTPHUIIAMM U €€ pelIeHUus

IlycTh 3a1aHa cucTeMa JIMHEHHBIX ¢-PA3HOCTHBIX YPABHEHUI C MOJIMHOMUAIBLHBIMU
KO3 dunmenTaMu:

Ary(q"z) + - + Ary(gz) + Aoy(z) = 0, 4)

rae Ap € Maty, (K[z]), k= 0,1,...,7; m € Nxo; y(x) = (y1(2),...,ym(2))T — Bexrop-
crosiben, Hem3BeCTHBIX. [IyCTh Bemylnas U TpeHIuHroBas MaTpulbl cucreMbl (A, u Ag,
COOTBETCTBEHHO) — HEBBIPOKIEHBI.

IIpensiaraeM ajJropuTM IOMCKa IUIIEPreOMETPHYECKHUX pelieHui cucremsl (4), T.e.
pemmennit u3 L(Hy(y))™. DTOT aqropuT™, aHAJIOTHYHO aaropuTMy u3 [3] mocrpoenus
TUnepreoMeTpuvIeCKuX perieHnuu j1sd CUCTEM Pa3HOCTHBIX yPaBHEHHNU, NCIIOJIB3yeT IIOHA-
THe pa3pelnaolleil Moc/e0BaTeIbHOCTU. [IpuBeseM onpejieieHne 3TOro MOHATUS It
CJIydasi g-pasHOCTHBIX CHCTeM, uepe3 () obosHauen oneparop g-casura: Qy(z) = y(qz).
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Omnpeznenenune. 3 [lyemo daa cucmemst (4) U1, ..., lp — nonapro pasauvrvle nososcu-
MeAbHBLE  “UCAQ, HE NPEBOCTOOAUUE M, U NYCMb CKAAADPHDBIE ONEPAMOPBL
Li,..., Ly € K[Q, x] maxosv, wmo ecau y;, (x) = -+ = i, (z) =0 (npu j < p) dan

Hexomopozo pewenus y(x) cucmemwvr (4), mo
— 6 CAYMAE J = P 6CE KOMNOHEHMbL IMO20 PEUWEHUSA PAGHBL HYMO:

y1(z) = y2(x) = --- = ym(x) =0,

— 6 cayuae j < p 0AA KOMNOHEHTIDL Yljr (z) amoeo pewenusa 6vinoANEHO

Lj+1(ylj+1 (.”13)) =0.
Toz0a KoHeuwHas Nocaedo8amesbHOCMG YPasHEHUL
Lyiz(z) =0,..., Lpz(z) =0 (5)

HA3BI6AEMCA PASPEIIAIOIIEH OCIeI0BATEIBHOCTBIO YPABHEHUN 0aHHOT CUCTEMDL.
Cdopmymupyem g-anasor g |3, Proposition 4]:
IIpennoxkenne. 1 IIycmo h(z)R(x) — nenyaesoe pewenue cucmemuvt (4), 2de h(x) —
2unepzeomempuneckuti mepm nad nosem M(z), R(x) — sexmop-cmoabey m payuoraso-
o pynryud us M(z). IHyems maxorce (5) — paspewarowasn nocaedosamesvrocms (4).
Tozda 6 (5) matidemca maxoe ypasnenue Lrpz(z) = 0, 1 <k < p, wmo ono umeem
nodobroe h(z) pewenue: z(z) = h(z)f(z), 2de f(z) € M(x).
IIycTh mocTpoeHa paspenanas I0C/IeI0BaTeIbHOCT ¢ IIOMOIIBIO ajJroputma us [3).
1 mycrs ¢ momompio anropurMma u3 [1| mosyueno runepreomerpuyeckoe perrenne hi ()
mis Lyz(z) = 0. Ecan hq(x) — pannonanbHast GyHKIMS OT , C IOMOIIBIO aJrOPUTMAa
u3 [4] Haxonum Ga3uc NPOCTPAHCTBA PAIMOHAJBHBIX PEIIeHNH UCXOAHOM cucTeMbl (4):

Ri1(x),..., R1,s, (x) € M(z)™. Nnaue BBIIOJHAM IOACTAHOBKY
hi(z)R(x)
)= ——— 2~ 6
) = DT ©

B ucxonuyto cucremy (4), rne R(z) — BeKTOp-cTOIGEI] HOBBIX HEM3BECTHBIX, h1(T) nMeeT
ceprudukar ¢ HopMaabHOU dopwmoit z, U(z), Vi(z). Ilocne nenenns Bcex ypaBHEHHI Ha
hi(z)/Vi(z), momyanm cucremy ¢ kosddunmenramu n3 M(x):

BrR(¢"z)+ - -+ B1R(qx) + BoR(z) =0, (7)

rie
By, = ku(qkflw) - U(qe)U(x)Ag, k=0,1,...,m

C nomompo anropurma u3 [4,5] HaxoauM Bce panmoHAJBHBIE pemleHust CHCTeMbl (7).

IIycts Ry,1(x), ..., Ri,s, () € M(z)™ — 6a3uc npocTpaHCTBa PAIMOHAIbHBIX PEIIECHUIT,

rorga hi(xz)R1,1(x)/Vi(x),. .., hi(x)R1,s, (x)/Vi(x) — auHeiiHO HE3aBUCHMEIE IUIIEPTEO-

MeTpUYeCcKHe pelleHus! UCXOAHOH cucremsl (4).

Hanee, ecmu L1z(z) = 0 (wmm Loz(xz) = 0) mMeer Apyroe rHIepreoMeTPHIECKOE
pettenue ha(z) Takoe, uro ha(z) n hi(z) HeOZOOHBI, TO AHAJIOIMYHO HAXOAMM JIJIsI CHCTe-
Ml (4) runepreomerpudeckue pemenust ho(z)Ra 1(x)/Va(x),. .., ha(z)R2 s, (z)/Va(x).
Hcnonb30BaB Bce runepreoMeTpudeckue (MIOMapHO HENOJOOHbBIE) PENeHus] ypABHEHU U3
paspemaroIeil Hoc/Ie0BATEIbHOCTH, TIOCTPOUM CHCTEMY JIMHEHHO HE3aBUCHMbIX DENICHHI
HCXOJIHON CHCTEMBI

hi(z)R,1(x) hi(z)Ri,s, (z) ha(z)R21(x) ha(z)Ra,s, ()
Vi(z) T Vi(z) ’ Va(z) B Vi(z) e

KOTOpast COIVIACHO NPEJIOKEHUIO 1 sIBiIsieTcs: 6a3uCcoM IIPOCTPAHCTBA BCEX IMIIEPreoMeT-
pHUYeCKHuX pemeHnii cucremst (4).
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4. ¢-Pa3HocTHas cucTeMa IIOJIHOTO PaHra M €€ pelleHUus

Ilycrs Tenepnb 3ajaHa cuCTeMa JIMHEHHBIX ¢-Pa3HOCTHBIX yPaBHEHUI C IIOJIMHOMHUAIIb-
HBIMH KO3 DUITEHTAMI

Dyy(¢"x) + -+ + D1y(gz) + Doy(z) =0 (8)

Takas, 4To ee Bexymas D, (umm Tpedsmarosas Dp) marpuna — BbIpoxzaeHa. Ho
npu 3roM (8) — cucTEMa MOJIHOTO PaHra, T.€. BCE CTPOKU COOTBETCTBYIONIETO CHCTEME
MaTPUIHOTO OIlepaTopa

DTQT 4+ 4 DIQ —+ DO S Matm(K[Qym])

smHeitHo HesasucuMbl Hal K(x)[Q)

C nomomipio El-uckmodennii (eM. [6]) mst (8) cTpouM OXBATBIBAIOILYIO CUCTEMY, T.€.
CUCTEMY BHJA (4), TOTO K€ MOPSIKaA T, C HEBBIPOXK/JIEHHON BeayIIeil M TPeNJIMHIOBOMI
MaTpPHLEH, IPOCTPAHCTBO PELIEHHH KOTOPOi BKIIIOYAET B ce0si IPOCTPAHCTBO PELIEHM
ncxopHoit cucreMsl (8). JIjist OXBATHIBAIOIIEN CHCTEMBI CTPOUM PAa3PEIIAIONLyTO ITOCIIEI0-
BaTEJIbHOCTD, HAXOMM I'HIIEPreOMETPUYECKHE DENIeHHsI BCEX ee ypaBHeHHi. [lasee, 1uist
Kaxk0ro hi(z) U3 HalJeHHBIX IIONAPHO HEIOZOOHBIX TUIIEPreOMETPUIECKAX PEIICHUIT
BBIIIOJIHSIEM IIOJICTAHOBKY (6) B oxBaThIBafouryto cucreMy (4), xk nomydennoit cucreme (7)
[IpUMEHsIEM aJI'OPUTM IIOCTPOEHHUs YHUBEPCAJIBHOrO 3HaMeHaTens ui (x) us [4,5]. Tenepn
B HCXOLHOM cucreMe (8) BBIIOJHSAEM OICTAHOBKY

hi(z) P(z)

)

9)

rne P(x) — BekTOp cTonben HOBBIX HEM3BECTHBIX. 11OC/IE [eJIeHHsI BCEX ypaBHEHUIL
Ha hi(z)/(u1(x)Vi(x)) nomydum cucremy, JJjisi KOTOPOH € MOMOIIBIO ajropurMa us [7]
maxomuM Pp 1(x),...,P1 s, () — 6a3uc OpoCTpaHCTBa BCEX MOJMHOMUAJIBHBIX DPeLle-
Huii. ITockonbKy noncraHoeka (9) BBIIOIHSETCA B NCXOAHOM cucreme (8), a HE B OxBa-
THIBAIOIIEH, TO JMIMHUX pemenuii Mbl He nosydaem: hi(z)Pi1(z)/(ui(z)Vi(z)),...,
hi(z)P1,s, (z)/(u1(z)Vi(xz)) — nuHeiiHO HE3aBUCHMBIE MMIIEPIEOMETPUYIECKHE PEIICHHS
ncxopnoit cucremst (8). Vcrnosb3oBas BCce ruiiepreoMerpudeckue (IomapHO Henomo6-
HBIE) pelreHus ypasHeHuil u3 (5), IOCTPOMM 6a3uC IPOCTPAHCTBA TUIIEPTeOMETPHIECKUX
pemtennii cucremsr (8):

hi(z)Pi1,1(x) hi(x)P1,s; () ha(x)P21(x) ha(x)Pa,s, ()
ui(@)Vi(z) 7 w(@)Va(e) T ue(@)Va(z) T ua(z)Va(e) T
5. IIpumep

Paccmorpum cucremy

2
T qx 2
y(g“z)+
2q:1:+a:2 q2x2+q:1:3
—P22+ ¢ —qz —®a? + g% — g a2

y(gz)+
—ta? — B+ B — Pr —qrad — Bt + B — gP

—q*z + ¢32? —¢322 + ¢?a3

y(z) = 0. (10)
—Pr+ Bad — 222 —qha? + g2zt
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Beaymaﬂ n TpeﬂﬂHHFOBaH MaTPHUIIbI CUCTE€MbI HEBBIPDO2KICHBI. Pa3pema10maﬂ I1ocjaeno-
BaTeJbHOCTb ypaBHeHHI’I AJIA 9TOU CUCTEMBI:

2(q%z) + (z — q) 2(q@) — gz 2(z) =0,

2 2,2 2 2
z2(q7x) + (—q"2" + g —x) 2(q) + (g2” — ¢"z) 2(x) = 0.
O6a ypaBHEHUST IMEIOT THIIEPreOMeTPHYeCKUe perrenns. MHOXKeCTBO UX cepTU(PUKATOB —
{g, q=}.
Ist ceprudurara r(x) = g HopmanbHasa dopma (1): z=g¢, U(z) =1, V(z) = 1.
DToMmy ceprudukary coorsercrByeT hi(q") = ¢" — panuonaiabHas pyHKIus or ¢".
Basuc panponanbubix pemrennii cucreMbl (10) cOCTOUT U3 OIHOIO SJIEMEHTA:

Ria(z) = <“”q>

Js1 Broporo ceprudukara r(x) = g nomydaeMm z = ¢, U(x) =z, V(z) = 1. Dtomy
cepTuduKaTy COOTBETCTBYET

n—1

n(nt1)
ha(q™) =q"qq* - q"t=q 2z .

IIposepsiem ycnosme (3), nomygaem, ato h1(q™) u ha(q™) menonobuer. Cucrema (7) B
JaHHOM IIpUMepe mMeeT BHU/L:

2 2,.3
(5 02 s

2q222+q13 q3a:3+q2x4

—?22+q—= —@?23 + gz — a2 Rlga)+
3.2 _ 2.3 2 _ _ 3.3 _ 2.4 2. _ .3
q°x gz +q qT q°T q°z* +q°x —x

2 2

—q* +qzx —qr -+
3 2 2 3 y() ’

—q°>+qx’—x —q¢’z+x

6a3uC MPOCTPAHCTBA €€ PAIMOHAJILHBIX PEIICHUN TaK»Ke COCTOUT U3 OLHOIO SJIEMEHTA:

o= (1)

Basuc npocrpancTBa rHNIEpreOMeTPUUECKUX PENIeHU 11 ucxoqHoi cucrems (10):

(%) ()}

6. Peanuzanus

AnropurM nocrpoenusi 6a3uca IPOCTPAHCTBA IMIIEPIEOMETPUUECKUX PEIICHUH CH-
CTeMBbI ¢-Pa3HOCTHBIX JIUHEUHBIX yPaBHEHUI C IOJIHMHOMHAJILHBIME KOdMdUIIHEeHTAMI
peanu30BaH B CHCTEMe KOMIbIOTepHOH anre6psr Maple 2017 (cm. [8]) B mponemype
HypergeometrisSolution nakera LqRS (Linear g-Recurrence Systems). ITaker u npume-
PBI UCIIOJIb30BAHUS €r0 IPOLEAypP AOCTYIHBI IO axpecy http://www.ccas.ru/ca/lgrs.

AprymenTs! npouenypsl HypergeometrisSolution:
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1. cucrema Buga (8), 3aIMCHIBAETCA KaK OZHOPOHOE JHMHEHHOE ¢-pAa3HOCTHOE ypaBHE-
HHUe ¢ MATPUYHBIMU Kodddunuentamu, snements Marpur, — u3 Q(g, z);
2. WMsl Hem3BeCTHOI, Harpumep y(z);
3. UMs IEpEMEHHOU N, HEOOXOAMMOe ISt IOCTPOEHUSI TUIIEPTeOMETPUYECKUX TEPMOB
B BHge (2).
B kauecTBe pe3ysibTara mIpole/lypa BO3BPAIIAET CIIHCOK BEKTOPOB, 3JIEMEHTHI KOTOPBIX
SIBJISIIOTCSl THIIEPIE€OMETPUIECKIMH TePMaMu.
st mocTpoenns: cepTuduKaToB 6a3nca MPOCTPAHCTBA MUIIEPIEOMETPUYECKUX Pellle-
HUH CKaJIsIDHOT'O ¢-Pa3HOCTHOTO YpaBHEHUS HCIIOJIB3Yy€EeTCs nporeaypa
QHypergeometricSolution crangapraoro Maple-nakera QDifferenceEquations, peasn-
syromas aroput™m qHyper u3 [1]. s mocrpoenns HOpMaIbHONH (hOPMBI PAIMOHAIBLHOMN
byHKIMIH HCIIOJIb3YyeTCs npoleaypa QRationalCanonicalForm[1] nakKeTa
QDifferenceEquations. Jlyisi mocTpoeHusi yHUBEPCAJIBHOIO 3HAMEHATE S JJIsI CUCTEMBI
¢-pa3HOCTHBIX ypaBHEHUIl UcHojb3yeTcsd npoueaypa UniversalDenominator u3 makera
LgRS, peasmsyromas ajgroput™ us [4]. ns nocrpoeHns: 6a3uca IpOCTPaHCTBA IIOJIH-
HOMMAJIBHBIX PEIIeHUil CUCTEeMbI g-Pa3HOCTHBIX YPaBHEHUH HCIIOJIbB3yeTCs IPOoIleLypa
PolynomialSolution crangapraoro Maple-nakera LinearFunctionalSystems. /st mo-
CTPOEHHs pa3pelaloleil IocjieJoBaTeIbHOCTH yPaBHEeHUH, OXBaThIBAIOIIEeH CHUCTEeMbl
HCIOJb3YIOTCA nponeaypbl ResolvingSequence u EG, coorBeTcTBeHHO, N3 Imakera LgRS.
Banummem cucremy (10) B ceccun Maple:

>S 1= <<x, @*x"2>|<2xq@*x+x"2, q 2*x"2+q*x~3>>.y(q 2%x)+
<<-q"3*x"2+q"2-q*x | -q"3*x"3+q"2%x-q*x"2>,
<-q~4%x72-q"3*x"3+q"3-q"2%x | -q"4*x"3-q"3*x"4+q " 3*x-q*x"3>>.y(q*x) +
<<-q 4*x+q~3*x"2|-q"3%x"2+q"2*x"3>,
<-q~b*x+q~3*x"3-q"2%x"2| -q4*x"2+q"2*x"4>>.y(x) = 0:
ITonrpy>xkaem maker LgRS:
>read "lgrs.mpl":
ITosmywuaem 6a3uCc IPOCTPAHCTBA TUIEPIEOMETPHIECKUX PEIICHUN:
>LgRS: -HypergeometrisSolution(S, y(x), n);

1) v ]
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ITouck TOo4YeK Ha TJIAAKON KyOMYeCcKOi rMIeprnoBepPXHOCTH

A. B. CenuBepcToB
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Poccutickoti axademuu Hayx,
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Email: slvstv@iitp.ru

XOopoII0 U3BECTHO, YTO IVIaJKas POEKTHUBHAs KyOHUYeCKasl MUIIEPIIOBEPXHOCTb Pa3MEPHOCTH
JiBa WJIM BBIIIE C OTMEYEHHOM TOYKOI HaJl HEKOTOPBIM IOJIEM XapaKTEPUCTUKU HYJIb YHUPAIlU-
OHaJIbHA HaJ 3TUM 1oJieM. Cie10BaTebHO, MHOYKECTBO TOYEK I'MIIEPIIOBEPXHOCTHU HAal 9TUM
HOJIEM BCIOJY IIJIOTHOE B TOIIOJIOTHMU 3apucckKoro. PaccMoTpeHna BbIYMCIUTEIbHAS CJIOYKHOCTDH
HOMCKa 3TUX ToYeK. [lokazaHo, 4TO JOMUHAHTHOE PAIMOHAJIBHOE OTOOparKeHHue U3 IIPOEKTHUB-
HOI'O IPOCTPAHCTBA B I'MIIEPIIOBEPXHOCTH MOXKHO BBLIYHUCJIUTH BEPOSTHOCTHBIM aJI'OPUTMOM,
paboraromum 6e3 omuboK, KOTOPBIA C BBLICOKOM BEPOATHOCTBIO 3aBepliaeT pabory, mesas
JIMIIB [TOJIMHOMHAJIBHO OIPaHHYEHHOEe YUCJIO apudMeTUYeCKUX onepanuil Haa noJseM. B o6-
meM ciaydae obpas 3TOro paluoOHAJIbHOI'O OTOOParKeHUsI CONEPXKUT He BCe TOYKHU HaJ| STUM
0JIEM, HO JIMIIB GOJIBIION HAabOp TaKUX TO4YeK. B 4acTHOCTH, BBIYHCJIEHHE TAKUX TOYEK Ha
KOHEYHBIM PacCIINPEHNEM II0JIs1 PAIlMOHAJIBbHBIX YHCEJI ITO3BOJISIET OTKA3aThCs OT AIIIPOKCH-
MalliH BEIeCTBEHHBIX HJIM KOMIIJIEKCHBIX YHCEJ, HO UCIOJIb30BaTh OOJIbIIEe BO3MOXKHOCTEN
CUMBOJIBHBIX BBIYUCJIEHUMN. STEL 3aa49a TeCHO CBA3aHa C IIOATBEPXKJAEeHUEM IVIaJAKOCTHU I'UIlep-
IIOBEPXHOCTU U MOI'yT 6bITb HCIIOJIB30BaHBbI JJIfl PEeIIeHNsA HEKOTOPBIX KOM6I/IH&TOprIX 3a1a4.
Panee U.B. Jlarkua u aBTOp noKasaJu, 4TO 3a/a4a 0 pa3bueHnr MHOXKECTBa CBOJUTCH K 3a/1a-
e IOUCKa OCOOBIX TOUYEK Ha KyOMYeCKOH I'MIIepIIOBEPXHOCTH. PalyoHaibHasl apaMeTpU3aIiust
IIOBEPXHOCTEN HCIIOJIB3YEeTCsI B KOMIIBIOTEPHOM rpaduxke.

KuroueBblie ciioBa: Ky61/1({ecxa5{ TUIIEPIIOBEPXHOCTH, palllOHaJIbHOE 0To6pa)KeHue, BbI-
YUCJIUTEJIbHadA CJIO?>KHOCTb.

1. Bseaeunune

Mmuoroobpasue X yHHpaMOHAIBHO HaJ HosieM K, eciin ero moje paruoHAJIbLHBIX
dysxumit K (X) BKIaApIBA€TCSI B 9UCTO TPAHCHEHAeHTHOe pacmmpenue nous K. Cy-
IIECTBOBAHUE TAKOT'O BJIOXKEHUsI IIOJIEH SKBUBAJIEHTHO CYIIECTBOBAHUIO JOMUHAHTHOIO
panuoHaJibHOro orobpaxkenus P --+» X, onpenesnénnoro Haj nogem K, rae m = dim X.
Panmonanbaoe orobparkeHue 0603HAYEHO CUMBOJIOM --+, IIOCKOJIBKY OHO OIIPEJIEJIEHO
JIMIIb Ha OTKPBITOM BCIOJY IJIOTHOM MHOYKECTBE.

Tnagkasi Kybudyeckasi TUIIEPIIOBEPXHOCTh PA3MEPHOCTH HE MEHbIIEe JBYX, OIpeje-
JIEHHAs HaJ HEKOTOPbIM moJsieM K, yHupanmoHajbHa HaJg K Torga m TOJIBLKO TOrZA,
KOT/Ia el IpuHaIeXKUT HeKoTopas K-touka [1]. Ijis ria Kux moBEPXHOCTEN HaJl MoJIeM
panmoHaJIbHBIX |ncest 31o jgokasai Cerpe [2|. B ciayuae 6eckoneunoro nons K, ecsin
cymecTByer K-ToduKa, TO MHOXKECTBO K -TOUYEK BCIOJY IJIOTHOE B TOIOJIOIMH 3aPHCCKOrO.
B obmiem ciiydae yHUpPaIMOHAJIBHOCTE HaJL ojieM K 1mo3BosisieT HaiiTu He Bce K-Todkwy,
HO JIUIIb 60JIbIION HAabop K-ToYek.

MHuoroo6pasue panuoHaJ bHO Ha mosieM K| eciu moJie panuoHaIbHbIX QyHKIMA U30-
MOPQHO YKUCTO TPAHCIEHIeHTHOMY paciiupennto nojsi K. [mankas Kkyoudeckasi KpuBast
Ha IJIOCKOCTH H IVIaJKas TPEXMepHas TuIleproBepxHocTh B P? upparmonanbusie [3].
Ky6uuaeckas mosepxHocTs B P3 pamponanbua Hal I0OIeM KOMILIEKCHBIX dnces. OIHAKO
HaJI TIOJIEM BEIIECTBEHHBIX YHCEJ IVIaJKas IPOEKTUBHAs [IOBEPXHOCTH, UMEIOIIAs JIBe
BEIeCTBEHHBIE KOMIIOHEHTBI CBSI3HOCTH, UPPAIMOHAJIbHASI. PalnoHabHasl TapaMeTpu3a-
[Usl MOBEPXHOCTEH MCIIOJIb3yeTCs B KOMIBIOTEpHOI rpaduke [4,5]. s mosepxHocTu
BBIYHUCJIEHHE [TapaMeTPU3AIMK CBOAUTCS K BhIUMCJIEHUIO Oa3uca ['pébHepa MOJMHOMUAb-
HOTO HieaJia, HaIIPIMED, C IOMOIIBIO IIPOrPAMM JJIsS CHMBOJIBHBIX BBIUUCJIEHUHN, BKIIIOYAs
obnaanbiii ceppuc MathPartner [6]. Oxnako ¢ yBenudeHneM pasMepHOCTH CJIOKHOCTD
TAKOrO BBIYHUCJIEHUS MOKET OBICTPO pacTh [7]. DTO 0OBbsICHSAET HHTEPEC K M3y IEHUIO BBI-
YHUCJIUTEIBHON CJIOXKHOCTU MOUCKA TOYEK HA THIIEPIIOBEPXHOCTU OOJIBIION PAa3MEPHOCTH.
B gacTHOCTH, OH CBSI3aH C PACIO3HABAHMEM IIaKOCTH THUIIEPIIOBEPXHOCTH [8| 1 MoxkeT
[IPUMEHATHCS JJIs PellleHns] KOMOMHATOPHBIX 3a1a4 [9)].
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2. O6Go3HaYyeHUs U NpeaBAPUTEJbHbIE CBEOEHUS

ODukcupyeMm cu€THOe 1ojie K XapaKTEPUCTUKH HYJIb C HyMepaluei, Ipu KOTOPOit
apudmeTnaeckne oneparun +, —, X u (-) 7! BBIYHCIEMBI 32 MOJHHOMUAIBHOE BPEMSI.
ITpumepoM TAKOro Mmosist CIy?KUT KOHEYHOE PACIINPEHUE IIOJIsI PAIlMOHAIBHBIX HHCEI,
3JIEMEHTBHI KOTOPOT'O MPEACTaBUMbBI MHOIOYIEHAMU OMPAHUYIEHHON CTEIEHN C PAIlMOHATIb-
HBIME KO3 DUIMEHTAMY, a IS 3alUCU YUCIUTE/IsI U 3HAMEHATE Isi JPOOHU MCIOJIb3YEeTC s
JBOMYHAS 3aIICh. DJIEMEHTHl KOHEYHOI'O PACIINPEHHS II0JIsl PAIMOHAIBHBIX YHCeJT Ipej-
CTAaBUMBbI MHOT'OYJIEHAMU OTPAHUYEHHOMN CTEIIEHU C PAIMOHAJIBLHBIMEU KOdduimeHramu;
apudmMeTryecKre onepaluy HaJl TAKUM II0JIEM I[10Jpa3yMeBalOT BbIYHMCIEHHE OCTATKOB
OT JejieHusI MHOro4IeHOB. B cepsuce MathPartner aTo BbImoSIHIMO ITOCPEACTBOM KOMaH-
nul reduceByGB. B obmewm cityaae, ectu gBa mosist, B KaXX0OM U3 KOTOPBIX OLl€PaIlny
BBIYUCJIUMBI 33 IIOJIMTHOMUAJILHOE BPEMsi, H30MODPMHBI JPYyT APYTY, HE CYIIECTBYET U30MOP-
dusma, BErAKCIIMOrO 3a nonuHOMHuANLHOE BpeMs [10]. IToaTomy, roBopst 0 pacmmpeHnn
nosis L/K, Mbl IOLpa3yMeBaeM, 4TO Olepaluy B 1oje L TakrKe BBIYUCIMMBI 33 IIOJIUHO-
MHaJbHOE BpeMsI, 60jiee TOro, CyIeCTBYET MOJUMHOMUAILHO BBIUUCIUMBINR H30MOPdU3M
Mexkay nosieM K u no/osieM nosist L. BRINOJIHEMOCTE 9TOr0 yCJIOBHSI 3aBUCUT OT BBIOOpaA
HyMepaluu MoJjen.

OTOXK/1eCTBUM IPOEKTUBHOE IPOCTPAHCTBO P ¢ MHOYKECTBOM OJHOMEPHBIX JIMHEHHBIX
moanpocrpancts B K™, O6osnataem wepes (xq : - - : Tpn) OIHOPOJHBIE KOODAHHATEI
B P". ®ukcupyem Taxyio mymepaiuio Bektopos u3 K11 mnpu xoropoit cioxenue u
YMHOKEHIE Ha 9JIEMEHTHI H0JIsI K BBINOJIHAIOTCS 3a MOJHHOMHUAJIBHOE BpeMsi. ['oBopst
O BBIYUCJIEHUSAX C TOYKaMu u3 P™, MbI mofgpa3yMeBaeM BbIYHCIIEHHsS] C HEKOTOPBIMH
BexTopamu w3 K"t1 coorercrytomumu sTum Toukam. Jljst KpaTKOCTH MbI Gymem
OIIEHUBATDH CJIOXKHOCTH BBIYNCJIEHUN KOJIMIECTBOM apudMETUIECKUX OIIEPAIMIl HA/L [10JIEM
K. Dra oIeHKa OTIMYAETCS OT UMCJIA MIArOB HEKOTOPOH MarruHbl TblopuHra JInmb
MHO>KUTEJIEM, OTPAHUYIEHHBIM HEKOTOPBIM MHOTOWIEHOM OT JIJIMHBI BXOZA.

JuCKpUMUHAHT MHOI'OYJIEHA CTEIeHU d OT OJHON IEePEMEHHON HaJI ITOJIEM KOMILJIEKC-
HBIX YHCEJ PaBEH HYJIIO, €CJIH HEKOTOPBIH KOPEHb KpaTHBIA. JIMCKpUMUHAHT caM sIB-
JISI€TCsI OTHOPOJIHBIM MHOTOYJIEHOM C IEJIbIMU KO3dPUIUEeHTaMu OT BcexX Kodddurm-
€HTOB MCXOJAHOTO MHOTOYJIEHA. JIMCKPUMUHAHT MHOIOYJIEHA atd 4+ bt? + pt + q paBeH
b2p2? —dap® —4b3q—27a2¢% +18abpq. JTuckpuMuHAHT HOPMBI g(s,t) OT ABYX HEpeMeHHBIX
creneHu d paBeH JUCKPUMUHAHTY JIIOOOrO U3 ABYX MHOTOYJIEHOB OT OJHOM II€PEMEHHOMN
g(1,t) u g(s, 1), Beraucasiemomy o dopmyse auis crenenn d. Eciu crenens HEOHOPOAHO-
o MHOIOWJIEHA MEHbIIE d, TO OH (POPMAILHO PACCMATPUBAECTCS KaK MHOTOWIEH CTEICHU
d, a crapume KoabbUIMEeHTI IPUHUMAIOTC paBHbIMU Hyitio. [Tockonbky dhopma g(s, t)
ompezenseT d TOYEK Ha MPOEKTUBHOM npaMoil Pl eé muckpuMUHAHT 06paIIAeTCs B HyIb,
€CJIM CPEJ TUX TOYEK €CTh COBIIAIAOIIIHE.

O6o3nauum uepe3 K anrebpamveckoe 3ambikanue nossa K. Sajgannas ypaBHEHUEM

9
f = 0 rumeprnoBepxXHOCTD IVIaJKasl, €CJIN YaCTHBIE IIPOU3BOIHBIE # He obpaIaoTCcs
i

OJJHOBPEMEHHO B HYJIb Ha/l II0JIEM K, KOorta HEeKOoTopas IepeMeHHad OTJINYIHa OT HYJIA.

Jlemma 1 Jana e2aadkas eunepnosepxrocms X C P™ cmenenu ne nuotce 6mopot, 2de

n > 4. Pasmeprocmnv aunetinozo noonpocmparncmea Y C X cmpozo menvuwie %

Zloxaszameavcmeo. Ob6oznauum yepe3 f dopmy, onpenensonyo X. [Tockonbky X
of

HennpuBoguMad U OTJIMYHa OT T'HIIEPIIJIOCKOCTH, KaxKJaad JaCTHad IIPOU3BOIHAA e HE
i

paBHA TOXJIECTBEHHO KOHCTaHTe. be3 orpaHmdeHusi oOIIHOCTA MOXKHO CUUTATH, UTO
HOJIIPOCTPAHCTBO Y 33J]JaHO YPABHEHUSMH Tjt] = T2 = -+ = Ty = 0, rie k =dim Y.

. s
Torma npu Bcex 3HaYeHUsIX MHJEKCA ¢ < k dacTHBIE NIPOU3BOJHbBIE an obpamanTcs
had 2

B Hyib Ha Y. Ecim guciio n — k ocraBIIMXCsl 4aCTHBIX POU3BOJHBIX HE IIPEBBIIIAET
pa3MepHOCTH k IOAIPOCTPAHCTBA Y, TO OHM MMEIOT HETPUBHAJIBHBIN OOl Hyab Ha Y,
KOTODBII COOTBETCTBYET 0coboit K-touke runeprnoBepxuoctu X . CiaenoBarensHo, 2k < n.

O
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O6o3naunM 4yepe3 T TPOEKTUBHYIO KaCaTeJbHYIO I'MIEPIIOCKOCTh K I'MIIEPIIOBEPXHO-
ctu X B Touke p. O6o3nauuM depes C) cedeHre TUIEPIOBEPKXHOCTH X T'UIIEPIIJIOCKOCTHIO
T;

p-

JIlemma 2 Jlana 2aadkas kybuveckas sunepnoseprrocms X C P") 2de n > 4. /laa
0601 mowku p € X eunepnaockoe cevenue Cp nenpusodumoe.

Jloxasamenvcmeo. I'unepriockoe cedeHHE I'HMIEPIIOBEPXHOCTH OIPEIEIISIETCS OSHOMN
Kyb6myeckoit hopmoit. Eciin aTta dopma npuBogumMasi, TO OJUH U3 €€ JeIuTeneil — JIuHel-
Has ¢opma. B aToM cirydae Ha rHIIEPIIOBEPXHOCTH JIEXKUT JIMHEHHOE TIOIIIPOCTPAHCTBO
pa3mepuoctu n — 2. IIpu n > 4 sTo nporuBopevur Jjiemme 1.

ITstockoe cevenme ryIajKoil KyOMYeCKOU ITOBEPXHOCTH MOXKET OBITH IPUBOIUMBIM,
IIOCKOJIBKY HaJ| ajire0pandecKyd 3aMKHYTBIM IIOJIEM Ha TAKOU IMOBEPXHOCTH Jiexkar 27
npsiMbIx. [TosToMy MBI OrpaHuynMcs cirydaeM n > 4, 9To6bl n36€2KaTh IPOBEPKU YCJIOBUM,
UCTUHHBIX B BBICOKUX PA3MEPHOCTSIX B CUJIY JIEMMBI 2.

JIemma 3 Jana 2aadkas xkybuveckas 2unepnoseprrocms X C P 2de n > 4. Obwan
mouka p € X cayotcum deotinoti moukoti eunepnaockozo cevernus Cp.

Zoxazameavcmeo. Touka p MOXKeT ObITH ABOIHON MJIM TPOWHOMN 0COOOI TOUKOI cedeHnst
Cp. Eciu p Tpoitnast, To Cp — 9TO KOHYC C BEPIIHHOH p. DTO BEPHO U JJIsI CEUCHUS
ob1eit mrockocTbio. Ho ceyenne KOHycCa IJIOCKOCTBIO, IPOXOJISAIIEH Yepe3 ero BEPIINHY
¥ He JIeXKallleil IeJIMKOM Ha KOHYCe, COCTOUT U3 OObenuHeHHs NpsAMbIX. [lo Teopeme
Beprunu, ceuenne runeprnopepxHocTu X 0OIIel IMJIOCKOCTBIO — 9TO IVIaJKas KyOudecKas
kpusas. CiesoBaTeIbHO, 1Jis obmiei Touku p cedenue C)p He SBJISETCS KOHYCOM. O

CBOICTBO, UCTUHHOE B OOIIEH TOYKE, HICTUHHO C OOJIBIION BEPOSITHOCTHIO B CJIyYallHO
BBIOpaHHOU TOYKe. JIjIsi OIlEHKU 9TOI BEPOSITHOCTH MbI OyJ/IeM HCIIOJIB30BATH JIEMMY
IIBaprna—3unmess [11].

Jlemma IMIeapua—3unmnenst Janoe muozownen f € Klxzo,...,Tn] noanot cmene-
nu d u xonewrnoe mmootcecmeo S C K mowmnocmu |S|. Ecau cayuatinve seaurmuros
T0,- - - ,T'n HE3A6UCUMDL U PAGHOMEDPHO Pacnpedesehv, Ha MHodcecmee S, Mo 6eposm-
nocmov Pr(f(ro,...,rn) =0] < %.

Paboras ¢ moisMu xapaKTepUCTUKU HYyJIb, YAOOHO B KadecTBe S HCIOIL30BATH IIOJIO-
JKUTEJIbHBIE IIeJIble PAlMOHAJIbHbIE YNCJIa U3 HEKOTOPOrO MHTepBaJa. Eciu ciydaiiabie
qmciIa COOUPAIOTCH U3 HE3aBUCUMBIX GEPHYJIJIMEBCKUX CIIydYafHbIX BEJIMUUH (CJIydailHbIX
GUTOB), TO MOILTHOCTH MHOXKECTBA S JOJ?KHA ObITH CTEIEHBIO IBOMKHU. YBEJIMYEHNEe MOII-
HOCTHU HE YXY/IIAaeT OLIeHKY BeposTHOCTH B jJemMe [IIBapua—3urmesist u mojiydaemMbIXx Ha
e€ ocHoBe pe3yabraToB. [losTomy muOX)ecTBO S = {1,..., N} MOXKHO 3aMEHUTH HA MHO-

xecTBO {1,..., 2[logy N1 }, yBesin4ymBas MOIIHOCTH MeHee 4eM B JBa pasa. Jlasee Ttakas
BO3MOXKHOCTD $IBHO HE OTOBapHUBAETCsl, HO MOYKET UCIIOJIb30BATHCHA [JIsI peajin3aliu ajl-
roputMoB. ITIHpOKO IPUMEHSIIOTCSI PA3JIMIHbIE IICEBIOCIYYaiiHbIe [TOC/IEI0BATEILHOCTH,
OJIHAKO TPYJIHO CTPOTrO 0BOCHOBATH JIOCTUKUMOCTDH OXKHUIAEMOTro pedyibrara. O6cyxKie-
HH€e T€HEPATOPOB IICEBIOCIYYailHbIX YNCEsI BBIXOAUT 38 PAMKH 3To# paborsl. [lomyckas
HEKOTOPYIO BOJIBHOCTH, MBI He Oy/IeM II0CIeL0BATEILHO PA3JINTIATE CIYIaiHyIO BeJIUIUHY
¥ peasiu3allyio 9TOH CiydaiiHoi BeuanHbL. 110 CyTH, BEpOSITHOCTHBIN aJITOPUTM [OJIy AET
Ha BXOJl KOHKPETHYIO PEATU3AIHIIO CIIyYailHON BEJTUIHHBI.

PaccmoTpeHHBIE aJIrOPUTMBI UCIIOJIB3YIOT PELIEHUEe CUCTEM JIMHEWHBIX yPaBHEHHI.
31ech TOYHAS OLIEHKA CJIOXKHOCTH CaMa MOXKET CJIY?KUTH TeMOM s GOJbIIoi paboThI.
OfHaKo aJIrOpUTMBL, aCHMITOTHYIECKH Oostee apdeKTuBHbIE, YeM MeTox [aycca, oObraHO
He UCHoJIb3yIoTca Ha npaktuke. C apyroii croponsl, B MathPartner pemenne cucrembr
JIMHENRHBIX yPABHEHUI BBIIIOJHUMO OJHOM KOMaHJI0i solve.
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3. OcHoBHas# 4YacTb

JIemma 4 Jlawwr eaadkas kybuueckas sunepnoseprrocmov X C P", onpedenénnan
popmoti f(xo,...,xn), npuwém f(0,...,0,1) = 0, u norocorcumenvroe wucao €. Ecau
CAYHATIHBLE BEAUNUHDL T ,. . . ,Tp—1 HE3ABUCUMDL U PABHOMEDHO PACTPEDENEHDL HA MHO-
JHCcECTNBE UEABLT PAUUOHANOHBIT Yuces om 1 do N = |—6"5—+9-‘ , mo npamas £, nporodswan
wepes mowkyu (0:---:0:1) w(l:ry:---:rp_1:0), nepecexaem sunepnoseprHocmv
X posto 6 deyxr pasrvir K-mowkaxr p u q, Komopwvie He NPUHAOAEHCAM 2UNEPTLOBEPTHO-
cmu xg = 0 u cayorcam deotinvmu mowkamu cevenuti Cp u Cq, coomsememeenho, ¢
8EPOATMHOCTIDIO HE MeHbwe 1 — €.

JHoxasameavcmeo. ITlokazkem, 9To ¢ GOJIBIIONH BEPOSITHOCTHIO IpsiMast £ TPAHCBEPCATIBLHO
nepecexkaer X B ABYX K-TouKax p u ¢, oTiwanbx oT Toukn (0 : -+ : 0 : 1). Orpannyenne f
HA 3Ty IPAMYIO — 9T0 Kybudeckas dopma f(xo, 120, ..., 'n—120, Tn). Ecau ToUKU p 1 q
COBIAJIAIOT MEXK/Ly CO0OM, mm oiHa u3 Hux conagaer ¢ (0: «--: 0: 1), ToO IMCKPUMHUHAHT
9T0#1 POPMBI OT JBYX HEPEMEHHBIX T U Ty PABEH HYJIO. DTOT JUCKPUMHUHAHT — (dopMa
A(r1,...,7n—1) mectoii crenenn. ITockonbky X riajkas, u3 TeopeMbl Beprunu ciemyer,
a1o A(T1,...,Tn—1) He OOPAIIAETCS TOXKAECTBEHHO B HyIb. 110 siemme IIBapria—3unmnes,
BEPOSAATHOCTH €€ OOpallleHnsI B HyJIb HE IPEBBIIIAET %.

IIpeaiiosnokumM, 4TO 9TO yCJIOBHE BBINOJIHEHO. TOYKH p U ¢ — 3TO OCOOBIE TOYKU
ceuenuii Cp u Cy, coorsercrsenno. OcTaércs OIEHUTHL BEPOATHOCTEL Toro, 4To Hu Cp,
uu Cy He SIBJISIETCSI KOHYCOM.

Kacarenpras runepmiockocts 1) onpeseseHa juHelHoi dopmoit hoxo + - - - + hpnap,

of

rae h; = 27 lpr ITockoubky ¢ nepecekaer X TpaHcBepcasbHO, hy, 7# 0. ITosromy C)p

onpejensaerca BHyTpu 1), Kybuueckoii dpopmoii

g(xo,...,2n—1) = f(hnwo,...,hnTn—1,—hoxo — - — hpn_1Tn_1).

Cp — 9TO KOHYC TOTJia M TOJBKO TOT/a, KOI/a YaCTHBIE IPON3BOIHBIE % JIMHEWHO
i

3aBucuMbl [12]. DTu npoussogubie — GopMbl, Ybn KOIDOUINEHTH PaBHBI hopMaM
LIIECTON CTEIIEHU OT OJHOPOJHBIX KOOPIUHAT PQ, T'1,. .., 'n—1 U Pn TOYKHU p. [TosTOMY MX
JInHeHAs He3aBHCHMOCTD SKBHUBAJIEHTHA [IOJIHOMY PAHTY MaTPHIIBI, COAEPIKAIell 17 CTPOK
¥ COCTABJIEHHOM 13 KOdMPUIHEHTOB 3TuX PopM. B cBOIO 0Uepenp, 9T0 SKBUBAIECHTHO
HeoOpAaIIeHUIO B HyJIb HEKOTOPOro MuHOpa nopsijka n. ITo jemme 3, HeKoTOpBIH U3 THX
MHHOPOB He O0pAaIaeTcsl TOXK/IECTBEHHO B HYJIb Ha I'uieprnoBepxHocTr. OGO3HAYNM €ro
uepes M(zo,71,...,"n—1,Pn). llpu ycaosuu A # 0, Hu onHo u3 aByx cedenuit Cp u Cy
HE SIBJISIETCS KOHYCOM, €CJIM JIOYKHO yCJIOBUE

Fzn)f(1,r1, . yTn—1,2n) =0AM(1,7r1,...,"n—1,Zn) = 0.

Ota dopMyia SKBUBAJIEHTHA OODAICHUIO B HyJIb pedyibraHTa Resg, (f, M). Takum
06pa30M, HaM Hy>KHO OLIEHUTH BEPOATHOCTH HEOOPAIIEHHs B HYJIb [IPOU3BECHUS J(BYX
muorowieHoB A u Resg,, (f, M), KaxKIplii U3 KOTOPBIX 3aBUCHUT OT CILy9YalHBIX YHCEN

T1, .., Tn. [lo memme IlIBapria—3umnmesns, 9Ta BEpOATHOCTL HE MeHbIe 1 — % d

Teopema 1 Ilpu scex n > 2 ocobas HeNPUuBOOUMAS KYOUMECKAA 2UNEPNOEBEPTHOCTND
X C P"™ ¢ dsotinoti K-moukot p nad noaem K xapaxmepucmuku HYsdb PAUUOHANOHAA
nad K. Cywecmeyem 6upayuonansroe omobpasicenue @ : PP~1 -5 X | zadannoe dop-
Mmamu ¢ Koappuyuenmamu ud noas K. Boaee moezo, cyuecmeyem arzopumm, Komopwiil
noaywaem wa 6xod gopmy f, onpedessrowyro eunepnoseprrocms X, u K0OPOUHAIBL
ds0tinoti moury p, a evidaém dopmol, onpedessrousue omobpasicerue @, deaas O(n3)
onepayutl nad nosem K.
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Joxasameavcmeo. Bes orpannyuenusi OGIIHOCTH MOXKHO CYUTATh, 9TO TOYKA P UMEET
oxHOpoaHbIe KoopauHaTel (1 :p1 : -+ : py). B mporuBHOM Ccityvae mocraTodHO CrenaTh
JINHEHHYIO 3aMeHY IePEMEHHBIX, BEIUUCIUMYIO 38 IOJNHOMUAIBHOE BpeMsi. OTOXK JeCTBUM
IpOEeKTHBHOE TpocTpaHcTBo PP~1 ¢ MHOXKecTBOM HpsiMBIX B P™, IIPOXOASAIIAX Yepes
TouKy p. B addunnOoM npocrpancrse, rae g = 1, 9T npsiMble 3aJaHbI TAPAMETPUIECKA
(p1 + a1t : -+ : pn + ant). Touka p coorBercrByer 3nadenuo t = 0. Orobpazkenue ¢
CONOCTABJISET NPSIMOMN, IPOXOIAIIEH Yepe3 TOYKY p, APYTYIO TOYKY HEPECeueHHsT STON
npsivoit ¢ X . ITockosbKy TOUKa p IBOMHAs, 9TO OTOOparKeHUE OIPEIESICHO [TOUTH BE3JIe.
Orpanunyenue (popmbl f Ha HNpAMy0 — 3T0 PopMa OT JIBYX II€PEMEHHbIX, KOddum-
€HTaMU KOTOPO#i CiIy>KaT POPMBI OT KOOPIAUHAT P1,. . ., Pp, TOYKUA P U KOIDDUIUEHTOB
ai,..., an. ITOCKOIBKY TOUYKa p aBOHHAs, 3Has KOIM@UIMEHTHEI STOIO OrPpaHUYEHMUS,
JIerKO HaiTu oOpa3 oTobparkeHusi . VICKI/IIOUeHNEe COCTABJISAET CJIydail, KOTga IpsiMast
JIEZKAT Ha TUIIEPIIOBEPXHOCTH X .

ITocrpoenune 6GupanOHAIBHOIO OTOOPAXKEHUS U3 TEOPEMBI 1 CYIIECTBEHHO HCIIOJIb3YeT
[IPEAIIOIOXKEHNE, ITO TOUKA P — ITO ABOIHAsI, a He TpoiiHas Toduka. Ecau Touka p
Tpoiinas, To X — 9TO KOHYC, & TOYKa P IPHHAJIE’KUT BEPIIUHE STOrO KOHYCA.

Teopema 2 Cywecmeyem 8EPOAMHOCTNHBIT AA2OPUMM, KOMOPHIT NOAYHGEM HA 8L00
xybuueckyro gopmy f(xo,...,Tn), onpedeaarowyro 2aadkyio KYGUMECKYIO 2UNEPNOGEPT-
nocmo X C P™, 20e n > 4, xoopduramuv, K-mouku na X, noaootcumensvroe “ucao
e un—1 He3aBUCUMYIO CAYHATHYIO BEAUNUNHY, KAHCOAA U3 KOMOPHLIT PAGHOMEPHO
pacnpedenena Ha MHOACECNBE UEABT PAUUOHAALHHT wucea om 1 do N = [6”7:9] (&
8ePOAMHOCTIBIO He Hudice 1 — € anzopumm 68v0aém JoMUuHAHMHOE PAUUOHAABHOE 0MO6-
paoicenue P24 -5 X nad nosrem K, mo ecmo cnucox payuonasvrox gynkuud. Hnave
C BEPOAMHOCTNDIO MEHLULE € AAZOPUMM 8bLOAEM coobuLeHUe 06 0MKA3E OM BVIMUCACHUA.
ITpu smom anzopumm deaaem O(n*) apudmemuneckur onepayuti nad nosem K.

Joxaszameavcmeo. Be3 orpaHnyeHns: OOIIHOCTH MOYXKHO CYUTATh, YTO TOYKA C OJHOPO/I-
meivu koopauHaTamu (0 : - -+ : 0 : 1) npuragnexur X . Ecin Ha X cymecTByer HeKOTOpast
K-To4Ka, TO 3TOro MOXKHO JOOUTHCS JIMHEITHOM 3aMeHO# Koop/auHaT HaJ nojeMm K. Pac-
cMoTpHEM npsaMyo ¢, npoxozsAamyo depe3 Touku (0:---:0:1)m (1:rp: - :rp_q :0)
i caydaitabix aucen 7; € {1,..., N}. CoruacHo jemme 4, ¢ BEPOSITHOCTBIO HE MEHbIIE
1 — ¢ npsmas £ nepecekaer X POBHO B TPEX PA3JIUIHBIX TOUYKAX, XOTS ObI JBE U3 KOTOPBIX
p ¥ q cay»ar aBoitHbIMu Toukamu cedenuil Cp u Cy, COOTBETCTBEHHO.

J1J1s1 TOZJaHHOTO Ha BXOJ, HAOOpa CJIyYaiHBIX YHCeN aJITOPUTM IIPOBEPSIET 9TO YCJIOBHE.
Eciu oHO He BBINOJIHEHO, TO BBIIAETCS OTKA3 OT BbIYUC/IEHHS. [Ipenrnosokum, 9410 310
YCJIOBUE BBIIIOJITHEHO.

C TOYHOCTBIO JIO MYJIBTHILIMKATUBHON KOHCTAHTHI orpanunyerne hpopMbl f HA IPAMYIO
£ umeer Bug zo(x2 — 2bzox, + cz%), rae dbynkmyun b(r1, ..., rn—1) ¥ ¢(T1,...,"n—1)
omnpesesieHsl Ha mosieM K. Touku p u ¢ COOTBETCTBYIOT 3HAYEHUAM KOOPDAWHAT To = 1,
x; =r; 1y = b+ Vb2 —c, rne Vb2 — ¢ # 0. s BEIGPAHHBIX 3HAYEHHUN YHUCET T
oboznaunm uepes L/K pacmupenne nosis K npucoenunenunem xopusi Vb2 — c. Ilose L
MozKeT coBnagaTh ¢ nojgeM K. PaccMorpuMm ciopbekTrBHOe K-IMHEHHOE 0TOOparKeHue
7: K x K — L, 3agannoe dopmynoit 7(y,z) = y + 2vb? —c. lna Beex y,z € K
npoussezenue 7(y, z)7(y,—2) € K u cymma 7(y,2) + 7(y,—2) € K. Eciin K # L, 10
0TOOpaXKeHue T CIYKHUT u3oMopdu3MoM K-JTUHEHHBIX IPOCTPAHCTB.

Omnpenenum paruonasibHoe oTobparkenue v : X X X --» X, KOTOpO€e COITOCTaBJIISIET
JBYM TOYKaM v, w € X TPEThIO TOYKY II€PECeYeHHs IPAMOii, IIPOXOJSIIEN Yepe3 TOYKU
v u w, ¢c X. 9T0 oTOOparkKeHne He OIPeesIeHO, ecau npsimas jexutr B X. Vuaue
BBIYUCJIEHUE TOYKHU Y(V, W) CBOAMTCA K PEIIEHUIO CHCTEMbI JIMHEHHBIX yPABHEHWH U
BBIIIOJIHUMO IIOCPEJICTBOM ITOJIJMHOMHMAJIBHOTO YHUCJIa apUPMETHIECKUX OIlepaInil Ha
mosiem K. s nByx K-tovek v u w o6pa3 v(v, w) cuosa Gyger K-TOIKOIA.

Kacarenpnnle runepnnockoctu Ty u T, paznuunel. Je#ictsurensno, ecnu Ty = Ty,
TO HpsiMasi, IPOXOISNIas Yepe3 TOYKHU P U ¢, LeukoM JjekuT Ha X . [lo memme 2, oba
ceuenusi Cp u Cy nHenpusonumsle. Ilo Teopeme 1, oba cevenns Cp u Cy paruoHaIbHbI
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L Tn—2
HaJ nosteM L. CooTBercTByIomue 6UpalioHaIbHbIe OTOOpaXKeHus @p : L -+ Cpn
Pq - Ln72 - Cq BbIMHUCJIMMBI ITIOCPEJACTBOM ITOJIMHOMHAJIBHOI'O YHUCJI& OHepaLU/Iﬁ Ha

nostem K. OnpejesmM JOMHHAHTHOE pallOHAJIbHOE oToGpaykenme v : L2"~4 -5 X
KOTOpOE PaBHO KOMIIO3UIII

_ _ _o PpX¥q Y
L4 = [n=2 % "2 "I Oy x O -2 X

Komnosunmsa ¢ (7(y1,21), .-, T(Yn—2, 2n—2), 7(y1, —21)s . - . , T(Yn—2, —2n—2)) JAET HmC-
KOMOE JOMHHAHTHOE paIlHOHAILHOE oTobpaxkenme K2"~% -5 X ompenenéunoe mar
nosjem K.

XoTsl JOKa3aTeIbCTBO yHHUPAIMOHAJIBHOCTH UCIIOJIb3YeT pa3bop CJIydaeB, B 3aBUCHU-
MOCTH OT HPHUHAJJIEXKHOCTH KBAJIPATHOI'O KOPHS IOJII0 K, aJrOPUTM HE IIPOBEPSIET ITO
yciioBre, a paboTraeT OAMHAKOBO BO BCEX CIIy4asiX. DTO WILIIOCTPUPYET PA3IHdue MEXKILy
COOGCTBEHHO AJIOPUTMOM U METOIOM €ro 0OOCHOBAHUSI, OIUPAIOIIEMCsI Ha pa3bop CiiydIaes
¥ IHCTBIE TEOPEMBI CYII[ECTBOBAHUSI.

Auroput™M U3 TeopeMbl 2 MOXKeT ObITh IIpeobpas3oBaH ciegyromuM crocobom. Cye-
CTBYeT BEPOSTHOCTHBIA aJITOPUTM, KOTOPBIM HUKOIZA HE OTKA3bIBACTCH OT BBIMHCJICHUN
¥ JaéT NPaBUJILHBIN OTBET 33 KOHEYHOE BPEMsI, IIPUIEM C BHICOKOW BEPOSATHOCTBIO Bpe-
Ms1 €ro paboThl OyleT MaJIeHbKUM, HO ajlOPUTM MOXKET paboTaTb JJINTEJIbHOE BPEMs
[IpU HEKOTOPOI peasIl3aliii UCIOJIb3YEMBIX CIIyJIalHBIX WHcesl. [y 9Toro qocraroaHo
[IOBTOPSITH BBIYUCJIEHHE Ha HOBBIX PEAJIM3AIMSX CJIYYaWHBIX YHUCEJ 0 TeX 0P, ITOKa
Tpebyemoe oToOparkeHue He OYIeT TOCTPOEHO.

Ecsn noste panponanbabix dysakuui K (X)) MOIMHOMHAIBHO BEIYUCIUMOE U U3BECTHO
JOMUHAHTHOE PallMOHAJIbHOE oTobpakenue P --» X | TO JIErKO IMOCTPOUTDH BBIYHC/IMMOE
3a MOJIMHOMHUAJILHOE BPEMS YHCTO TPAHCIEHAEHTHOE paciinpenne nosst K u BEIYHCInMOe
3a MOJIMHOMUAJILHOE BPEMsl BJIOYKEHHUE IIOJIsA panuoHaabHbix dynkiumit K(X) B ato
paciIupeHue.

4. 3akJirodyeHue

IIpennaraempliii MeTOJ TIO3BOJISIET OBICTPO HAWTHU BCIOAY IJIOTHOE B TOIIOJIOTHM 3apPUC-
CKOro MHOXKeCTBO K-TO4YeK Ha KyOMYecKO#l I'MIIepPIIOBEPXHOCTHU C U3BECTHON K-TOYKOIA.
B cBoro ouepesp, 370 1a€T BOZMOXKHOCTB ITPOBOJIMTD BBIUYKMCJIEHUS] HA TUIIEPIIOBEPXHOCTH,
paboras HaJl UCXOIHBIM TOJEM, 3(PDEKTUBHO HUCIOIb3YsT BO3MOXKHOCTU CAMBOJIBHBIX
BBIYHCJICHUH, BMECTO [IPUMEHEHUST TPUOIMKEHHBIX BBIYHCJIEHHI, KOTOPBIE MOT'YT OBITH
CBSI3aHBI C OOJIBIIMMY IIOTPEITHOCTSIMU B BBICOKUX PA3MEPHOCTSAX. AHAJOTMYIHBIA METOJ
NIPUMEHUM U JJId TIOUCKA TOYEK Ha KyOUIECKOH MOBEPXHOCTU, HO B STOM CJIIydae TpeOy-
eTCsl JIOTOJIHUTEIbHASL IPOBEPKA HEIPUBOIUMOCTH CEYEHUsI TOBEPXHOCTU KACATEIbHBIMHI
miockocTsaMu. COOTBETCTBEHHO, B 9TOM CJIy4ae MU3MEHUTCsI OIEHKA BEPOSITHOCTH yCIeXa.

BaaromapHocTu

ABTOp 6JIaI‘O,ZIapI/IT AHOHUMHOI'O pEIleH3eHTa 3a IIOJIE3HbIE 3aMeYaHUud.
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UDC 510.52
Looking for points on a smooth cubic hypersurface

A. V. Seliverstov

Institute for Information Transmission Problems of the Russian Academy of Sciences
(Kharkevich Institute)
Bolshoy Karetny per. 19, build.1, Moscow, 127051, Russia

Email: slvstv@iitp.ru

It is well known that a smooth projective cubic hypersurface of dimension two or higher with
a marked point over a field of characteristic zero is unirational over the field. Consequently,
the set of points of the hypersurface over the field is dense in the Zariski topology. There
is considered the computational complexity of the search for such points. It is shown that
a dominant rational map from a projective space to the hypersurface can be calculated by
a probabilistic algorithm that works without errors and completes the work with a high
probability, making a polynomially bounded number of arithmetic operations over the field.
In the general case, the image of the rational map does not contain all points over the field,
but only a large set of such points. In particular, the calculation of such points over a finite
extension of the field of rational numbers allows us to abandon the approximation of real or
complex numbers, but use more possibilities of symbolic computations. The problem is closely
related to the proof of the smoothness of the hypersurface and can be used to solve some
combinatorial problems. Earlier, I.V. Latkin and the author have shown the set partition
problem can be reduced to the problem of finding singular points of a cubic hypersurface.
Rational parametrization of surfaces is used in computer graphics.

Key words and phrases: cubic hypersurface, rational map, computational complexity.
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CuMBOJIbHBIE BBIUKUCJICHUS B MoOOeJIdAX N3unra
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f Kadgedpa ungopmamuru u npukiadrott mMamemamuku,
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B pabore npuBeseHbl IpUMepPbl ABTOMATU3AUN PACIETOB Mozesieil V3unra, B TOM 4ucie
B CJIydae HaJIM4YUsi MarHUTHOIO II0JIsl, C MCIIOJIb30BAHUEM CUCTEM KOMIILIOTEPHOU aJireGphbl.
PaccmoTpenb! pasinydHble aJrOPUTMbI HAXOXKIAEHHUS CTATUCTUYECKNX CYMM JIBYMEPHBIX U TPeX-
MepHBIX Mogesieii Vsunra (¢ kBaJpaTHON 1 KyOudueckoi pemterkamn). IIpoussejieHo cpaBHeHME
3HAYEHUM, IIOJIy4YEHHBIX B PE3YJIbTATE PACYETOB II0 TOYHBIM U IIPUOIHKEHHBIM HOPMYJIaM.
B cucremax KoMIbIOTEpHOH aarebpol 6blia peanuzoBana dpopmyna OHcarepa IJjisi CTATUCTH-
YeCKOU CyMMbI AByMepHO#l Mozmenu. ONBITHBIM IIyTEM HpoBepeHo, uro ¢gpopmyna Oncarepa
pacxoauTcCsda C TOYHBIMU BBIYHCJIEHUAMU IIPDU MaJlbIX pa3MepaxX pelleTKHu (B TOM YHCJIE I10
dopmynam Kaydman). CuMBoIbHBIE aHAJATHYECKHE CHCTEMBI UMEIOT KpailHe OrpaHuYeHHOE
HpHMEHEHNE IIPU UCCJIEJOBAHUU PEIIETOYHbIX CIIMHOBBIX MOJeJI€H B BBIYUCIUTEIHLHOM aCIeK-
T€, BBUJY dKCIOHEHIMAJIBHOI'O POCTa CJIOXKHOCTH IIPU yBEJIUYEHUN Pa3MepPOB CHUCTEMBI. 3]1eCh
3¢(beKTMBHbI HNMUTAIUOHHbIE METOAbI MOHTB—KapJIO (B TOM 4YHCJIe C UCIIOJIb3OBaHUEM BUJIEO-
kapr). OJHAKO,KaK IIOKa3aJM PAaCCMOTPEHHBIE IIPUMEDBI B JaHHON paboTre, aHAJIUTHIECKNE
MEeTO/BbI He3aMEHUMBI IIPU TONBITKAX MOJIyYeHUs] HOBBIX TOYHBIX PEIIeHUl, PN aHAJIU3€e CyIlle-
CTBYIOIIUX aHAJUTUYIECKUX DEIIEHU, a TaK»Ke IIPU MMOUCKEe HOBBIX 3ddekToB. Hanpumep, B
JaHHOM pabore 0OHAPYKEHO HAJUYMe CHHTYJISIPHOCTEN Ha rpadukax jorapudMoB CTaTUCTHYE-
CKHX CyMM TPEXMEPHBIX Mojeseil MI3uHra ¢ MarHuTHBIM I10JIeM. BblsicHeHHE BOIIpOCa, siBJISIETCsI
JIX TO BBIYUCIUTEIbHBIM apTedaKTOM UM F'OBOPUT O BO3MOXKHOCTU (Pa30BbIX IIEPEXO0B,
Tpebyer HaJIbHEIINX UCCIeJOBaHUIL.

KuroueBblie cjioBa: AByMepHasi MOJeJIb I/I3I/IHFa,, TpexMepHad MOIeJ/b I/I3I/IH1"a., CcTaTUCTu-
YyeckKad CyMMa, YMCJ/JIEHHO-aHaJIUTUIEeCKHEe I1aKeThbl.

1. Bsenenune

Mogens V3unra siBiisieTcst OAHON U3 KIIIOYUEBBIX MATEMATHIECKUX MOJEJIEH, NCIOIb3ye-
MBIX B CTATHUCTU4YeCKOl dhusuke. Vlcropudecku 310 OblIa [1€pBasi aHAJIMTHYECKasT MOJEb,
B KOTOPO# yZIaJ1och O6HAPY?KUTH (Ha30BbIi Hepexo, (1 J0 CUX 0P OCTAeTCs OJHON u3
HEMHOTUX Takux Mozedieii). Tounoe BbIpakeHue JIsi CTATUCTUIECKOH CyMMBI U 3a/1a4a
o dazoBoM nepexojie 6b11a Briepsble pemreHa JI. Oncarepom B 1944 r. DtoT pesynbrar
9aCcTO HA3bIBAIOT OJHUM M3 CaMbIX BBIJAIOIINXCH JTOCTUXKEHUN TEOPETUIECKON (PU3NKK B
20 Beke [1-6]. HecmoTpst Ha KazKyILyrocsl IPOCTOTY MOJEJNH, AJisl ABYMEPHBIX MOJEJIei
V3uHra npu HaJIMYUM MATHUTHOIO IIOJIS MJIM B CJIydae TPEXMEPHbIX Mojesiel (Hanbosee
aKTyaJIbHBIX, H0O IIO3BOJISIOT NEPEAATh CTPYKTYPY BEIIECTBA), TOUHBIE PEIIEHUs 10 CUX
nop He Hafinensl [7].

Ilenbro maHHOI PabOTHI ABJISIETCS aBTOMATU3AIMUs PACcIYéTOB Mojeselt sunra, B ToM
4quCjIe B CIydYae HaJU4Yhs MATHUTHOTO IIOJIsl, C UCIIOJIb30BAHMEM CHCTEM KOMIIBIOTEPHOM
anrebpnl, Takux, Kak Maple, Mathematica, Mathcad, Axiom u npyrux. B nameii pa-
Gote [9] 6BLIO IPHBENEHO ONMMCAHUE IIPOTPAMMBI JJIl PACUETa CTATHCTHIECKUX CYyMM
IBYyMepHO# Mojiesin VI3mHra ¢ IoMOIIbIO TOYHBIX BbIparxkeHuit u dopmyn Kaydman u
Omncarepa. OnbITHBIM IIyTEM IPOBEPEHO, uTo dopmyna OHcarepa pacxoguTCsl C TOYHBIMUI
BBIYHCJIEHUSIMHU 1D MaJIbIX pa3Mepax pelneTku. B KadecTBe 3a/a4, BbIIBUTAEMBIX B
JaHHOU paboTe, MOXKHO BBIIEIUTH CJIEAYIOIIHE: PACCMOTPETh PAa3INIHbIE AJITOPUTMBL
HaXO0XKJIEHHUsI CTATCyMM JIBYMEPHBIX MojeJiell VI3uHra, B TOM 4ucCiie ¢ MAarHUTHBIM IIOJIEM;
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HA OCHOBE PAaCCMOTPEHHBIX AJIOPUTMOB PACCUYUTATH JIBYMEPHbIE MOJIEJIM, COCTABUTH
IJIs1 HUX IpadUKN; CPABHUTH 3HAUEHUS, IIOJIyIC€HHBIE B PE3yJIbTATE PACIETOB IO TOU-
HBIM U IPUOJIMXKEHHBIM (OPMYJIaM; Pean30BaTh PACYETHI CTATUCTUIECKUX CYMM ISt
TpexMepHBIX Moaesel 3umnra pasmepHocTeit 2 u 3; IPOBEPUTDH HAJIUYINE CHHIYJISIPHO-
cTeil B TPeXMEPHBIX MOJessax V3nuHra; cocraBUTh IporpaMMy JIisl YUCJIEHHOI'O pacdeTra
CTATUCTUYECKUX CYMM TpexMepHoU Mozenu V3uHra.

Cremyer OTMETUTD, YTO 3HAYEHUE TAKOTO POJIA PACYETOB COCTOUT IIPEXK e BCErO B TOM,
9TO IPU BBIBOZE B OyIyIeM TOYHBIX DOPMYJI [JIsi CTATUCTUYECKUX CYMM C MArHUTHBIM
[IOJIEM U TPEXMEPHBIX MOJeJIe, 3T0 Oy/1eT HEBO3MOXKHO 6€3 IapaJlyIeJIbHBIX OIEHOK U
CpaBHEHUI C UCIIOJIb30BAHMEM KOMITBIOTEPHOMN aJireOphl U APYTUX MAIIMHHBIX PACYETOB, B
TOM 4ncJie IMATAIMOHHBIX [8]. KpoMme Toro, u 6e3 yKasaHHBIX TOIHBIX (HOPMYJI, OLO0OHbIE
IIPOrpaMMbl IIO3BOJISIT IIPOJIBUHYTHCS B N3YyYE€HUH CIIMHOBBIX PENIETOYHBIX Mojestei. U,
HaKOHEI[, BO3MOYKHA U 00paTHasl CBA3b: MOJOOHBIE IPOIPAMMBI X PACYETHI MOI'YT JaTh
P51/l HOBBIX TEeXHUYECKUX IIPUEMOB HCHIOJIb30BAHUS AHAJUTHYECKUX CUMBOJIMYECKUX
BBIYHC/ICHA, KOTOPBIE BIOCIEICTBHH MOLYT OBITH HCIIOIB30BAHLI B APYTUX 3aJaIaX.

2. OcHoBHasi 4yacTb

PaccmarpuBaemasi MOJIe/Ib IIPEJICTABIISIET CODOM IJIOCKYIO KBaJIPATHYIO PEIIETKY,
cocrosimyto n3 N ysnos (N = L?, rne L — cropona KBaJpaTa), B Ka’KJAOM U3 KOTOPBIX
HaXoguTCA «CIIMH», C OCBIO, HepHeH,ZLI/IKyIIHpHOI';I K IIJIOCKOCTHU PEIIIeTKU. CHI/IH MOXKeT
UMETh [AB€ IIPOTUBOIIOJIO?KHBIEC OPpUEHTAIUU, TaK ITO 06Luee YUCJIO BCEBO3MOXKHBIX KOH-
durypanuii ciuros B pemerke pasuo 2. OcHoBHas 3a7a1ua COCTOUT B BBIMHCICHUH
CTaTUCTUIECKON CYMMBI

L

L
S=2 exp[K Y (0i,j0ij11+0ijoit15) +h Y 0ij] 1)
(o) ij=1 ij=1

(06BIMHO IpeAmOIAararoT NUK/INYIECKHe IPaHUYHbIE ycaoBus). 3necs K = J/kgT, J -
SHEPrusi B3aMMOJENCTBUsI CIMHOB, kp - mocrosiHHast Bosibipmana, 1T’ - Temmeparypa,
h = H/kpT, H - HanpsKeHHOCTb MAarHUTHOTO IOJIsA. [[pOM3BOAUTCS CyMMHUPOBAHHE IO
BceM 0;; = +1. HecmoTps Ha KaXKyIIylocs MPOCTOTY, B CIy4Yae Pa3MEePHOCTU GOJIbIe
€JIMHUIIB, 33148 [0y YeHHs aHAJINTUIECKOro (B Bue QYHKIUH M XOTs Obl B Gosee
niu Meree "cBepHyTOM"BHjIe) BhIparkeHusi 1yis (1) OTHOCHTCS K 9HCILy CJAOXKHEHINX 1
[IOKa3bIBAET, YTO CJIOXKHASI JJIsI BBIYUCIIEHUI CUCTEMa MOXKET BOSHUKHYTH B OTHOCUTEIHEHO
[IPOCTOM NCXOIHOM cuTyalwn. To KacaeTcst HEOCPEICTBEHHOTO BBIYUCJIEHHSI 110 (DOpMyJIIe
(1) mna dpukcupoBanHbIX L, TO 3716Ch OCHOBHOMN NPOGJIEMOl SIBJISIETCSI CTEIIEHHONH POCT
4quciia KOMOUHaIWi, TPeOYOMX MOACYETa, & 3HAYUT, U BPEMEHHU IEHCTBUS IIPOrPaMMBbI.

Paccmorpum cHagasta Mozges 6€3 MarHUTHOrO 1oJist. 3HaMeHnToe perrerne OHcarepa
SIBJISIETCSI HE BIIOJIHE TOYHBIM, a ACHMIITOTUYECKUM BbIPDA’KEHUEM, CIIPABEJINBBIM B
npezene Gosnbmux N (T.e. qyst Geckoneunoii pemerkn). Ono umeer Buz [10]

L . .
27 277 41
S =2N1 -2t N H [(1+22)2 —22(1 — x2)(cosf + COST])]E, (2)
4,j=0
rae « = th(K). Pemenne Kaydman sBisiercst TOUHBIM BbIpaXKeHHeM JJIst cyMMbL (1) npu
snroboMm L u nipejicraBiisier coboil CyMMy YeThIpeX CJIaraeMbix S = Sj‘d 0T Soaat Sdven +

Seven, T

L—1
S (. 6—2K)% H (6%32j+1 + 67%52#1);
Jj=0

even

L—1
Shen = (@K —e 293 T (€35 e 30), 3)
=0
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Puc. 1. CpaBuuTenbHblil rpaduk 3uadeHuil jorapudma crarcymMmbl Aist L = 3, MOIy9YeHHBIX C
nomompio pemenust OHcarepa (¢ CHHIYJISIDHOCTBIO) U C IIOMOIIBIO TOYHBIX BBIYUCJIEHUN

rae Bo = e2Eth(K); B; = arccosh[cth(2K)ch(2K) — 2cos( )] npm j > 0.

B pabore npoBenena peasuzanys ONUCAHHBIX (DOPMYJI B CUCTEMAaX KOMITBIOTEPHOMN
anrebpsr. Crieayer ormeruts, uto e’ = exp(K) B mporpaMmax GBLIO 3aMEHEHO HA OIH-
HOYHBIN CUMBOJI €k [1JIs TOBBINIEHNS IPOU3BOAUTEIHLHOCTH IPOrpaMMBbl. J1j1s1 HECKOIBbKUX
HebosbImnX 3HaYeHnit L Gpuia nokasaHa sKBuBajeHTHOCTH dopmyi (1) u (3). Hanpuwmep,
s L = 4 momydaeTcsl cieayioliee BhIparkKeHue:

S 1= 20524 + 424 x ek16 413568  ek™ 4 6688 + ek® + 1728 x ek + 32/ek?* + 64 /ek?0+
1728/ek? +13568/ek? +32% ek?* +64xek?0 4+ 24 k32 42/ek3? + 6688 /ek® +424/ek'C.

ITpu yBemmuenun napamerpa L, Beraucienus mo dopmyse Kaydman sanumaior Bce
OousibIlie M GOJIBIIIE allIapaTHBIX PecypcoB. Pacyérbl 1o To4YHOM (opmysie 3aHUMAaJII
ropasnio Menbine BpeMenu. Vurepecuo, uro dpopmyna Kaydman cunraercsa "pemennem"n
B IPUHIMIE JO/KHA Obl1a Obl IPUBOJUTEL K YCKOPEHUIO, T. K. B Hell, B oimaun ot (1),
HeT "koMmOunaropuku". Be3ycioBHO, /Ui YUCIIEHHBIX PACYETOB CTATCYMM 9TO TaK U
€CTh, HO IIPH CUMBOJIbHBIX BBIYHMCJIEHUSX, T. €. HOJIyYECHUN aHAJIUTHIECKUX BbIPAYKEHHUIA,
3aBucAIMX OoT nepeMeHHoil K (a Takke h IpU HAJMYUM MATHUTHOTO TIOJIA), - (GOPMyJIa
(8) 6esycaoBuo npourpsiBaer (1). TakKe mepBUYHBbIE PE3YILTATHI 10 (3) MOJIYYaIUCH
OYEeHb TPOMO3JIKAMH, U UX MPUXOIMIOCH YIIPOIIATh, Hanpumep, B Maple 3mecs nosnesen
oneparop simplify ¢ onnumeit symbolic. . B cucremax KoMubioTepHOit asrebpol 6bl1a pea-
smsoBaHa ¢dopmyna Oncarepa (2). Hanpumep, B Maple, njst onTHMHE3anuy BEMUCTIEHNU,
CHAYaJIa COCTABJISIETCS BBIPAsKEHUE TOYHO 10 (2), HOCJIE Yero, ¢ IOMOIIbI0 BCTPOCHHBIX
Komamns subs, B bopmysy moscrasisiercs cuadana N = L2, a morom x = th(K). Tomy-
YeHHBbIE aHAJIUTHYECKUE BBHIPAYKEHUsI MOXKHO BH3YaJIU3WPOBATh, IIOCTPOUB IpaduKH B
sasucumoctu oT K. Ha puc. 1 npuseznens! rpacduku siorapudnma CTATCYMMBL, IOJLY Y€HHBIX
o popmyse OHcarepa u B pe3ysbrare TOUYHBIX Bbraucsenunii no dpopmyite (1). Kak BugHo
U3 pUCyHKa, pasnunins (0cOGEHHO py MajbiXx K, a 3HAUUT, IPU BBICOKUX TeMIIepaTypax)
3HAYUTEJBHBL; IpH Gosbmnx K pa3Huna B 3HAYEHHSX yMeHbInaercs. Kpome Toro, ¢
pocrom napamerpa L pacxoxenue Oyzaer emie 6oJiee COKpamaThes (Kak U JO0JKHO ObITh,
Benp pemenne OHcarepa - TogHoe npu L — 00). IIpu nocrpoernn rpadukos a1 pasHbIX
L, 6b110 3aMeYU€HO, YTO pa3pbIB HAOJIOIAETCA B OJHON U TOH K€ TOYKe, KOTOpas, O4ue-
BHJIHO, OyJleT ABIATHCA HyseM pemenus OHcarepa npu JioObx 3Hadenusax L (¢ pocTom
L rpadux Gyzer pacnosararbcsi BCe BBIIIE). DTa CHUHIYJISPHOCTb HAGJIIONAETC B TOYKE

K = 0,4407 u coryiacyercs ¢ paBuIbHbIM 3Hadenuem K. = J/kpT. = In(1 +/2)/2
[6]-
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Puc. 2. BaBucumocts ot napamerpos K u h jorapudma crarcymMMbl aBymMepHOn 4 X 4
PElIeTKN BO BHEIIHEM MAarHUTHOM II0JIE

IIpu pacuérax CTAaTUCTHYECKHUX CYMM JBYMEDPHBIX Mojeselr V3uHra B MarHUTHOM
I0J1e, €IMHCTBEHHON BO3MOYKHOCTBIO ABJIAIOTCA TouHble (hopmyisl Tuna (1). Haxoxnenue
KOHEYHBIX (POPMYJI JJIsI CTATCYMM Mojesieil VI3mHra BO BHEIIHEM MAarHUTHOM IIOJIE -
TpyJOoeMKasi 3ajlada, KaK IIPU PYyYHOM, TaK U IPU MAIIMHHOM cuyeTe. Yke npu L = 4
nosy4yaecss mHorowieH ¢ 80 ciaraembimu. Ha puc. 2 npuBenen rpaduk 3aBUCHMOCTH
siorapudma nosydeHHoi gpopmysisl or nmapamerpos K u h. CTOUT HOMHHTB, 9TO IIPU
cYeTe CTATCYyMM IIpU GOJIBIINX 3HAYEeHUAX L, Boraucsenus no dopmyste (1) sanumaror
KpaiiHe MHOIO BPEMEHH M IMaMSTH BBIYUCIUTEJHLHON MallWHbL. Takum obpa3om, Ipu
pacdére JBYMepHbIX Mojeseil VI3uHra BO BHEIIHEM MAarHUTHOM IIOJI€ PEKOMEHIYeTCs
HCIIOJIB30BaTh CIEIUAIU3NPOBAaHHbIE CYyIIEPKOMIIBIOTEPHI.

Bruu npoBeieHbl pacdeTsl [Uisi TPEXMEPHBIX Mojeseit Vsunra. B ommdne ot aBymep-
HBIX MOJIeJIE, JIJIsi HUX He CYIIeCTBYeT (POPMYJI TOYHOI'O PENIEHHs JaXKe B OTCYTCTBHUH
MarHUTHOTO IIOJISI, 9TO, BMECTE C 3HAYUTEIbHO PACTYIIEHl CIIO’KHOCTHIO, CO3JaeT Ipobiie-
MBI IIpH uX pacuére. B mannoit pabore paccmorpensr L X L X L npocrtbie KybudyecKue
pemerku npu L paaoM 2 u 3. Tak ke Kak U B JBYMEPHOM CJIydae, [IPeIIoJIarajuch
HUKJINYECKHe IpaHuyHble yciaosusd. PopMyia i BbIYUCIeHus aHajorundna (4):

L L

S=Y"exp[K > (0ij,mOit1,j,m+0ij,mOij1,m+0ij,mTijmt1)+h D i jm]
(o) ,j,m=1 i,5,m=1
(4)

Jst 3navennit L=3 u Bbliie (0COGEHHO, B MArHUTHOM IIOJIE) 3a/ada, sIBJISIETCS BECHMa
CJIOZKHOM U IPAKTUYECKHU HeperraemMa 6€3 UCrnosb3oBanusa MOmHbIX DBM. O6bsacusercs

2
9TO TeM, UTO AByMEpHAasl KBaJpaTHas peIleTKa OygeT HMeTb 2(L%) KOHMUryparni

CIIMHOB, a TPeXMepHasi Kybudeckast - (L), Hamnpuwmep, yxe s L = 2 pasnuane Oyaer
3HAYUTEJIbHBIM - 16 y aBymepHoit npotus 256 y TpexmepHoit. [ToMHst mpo creneHHO
POCT WHCIa KOHMUIYPAnUil CINHOB, a 3HAUNUT, U CJIOXKHOCTH IIPOrPAMMBI, CTOUT €Il
pa3 HATIOMHHUTD, 9TO JJIA YCKOpeHns paGoTh Buipaskerns e = exp(K) u e = exp(h)
HeoOXoauMo 3aMeHuTh Ha mnepemennble "ek'"u "eh". s cnygas L = 2, . e. s
2 X 2 X 2 pelIeTKy ¢ MUKJINIeCKIMU I'PAHUIHBIMA YCIOBUSIMY, IIOJIYYIaeTCsI CIIEYIOIee
BBIpaKEHUE:

Sh :=32+24/ck*/eh? + 24 x ek* x eh? 4 24 % eh? Jek* + 12 x ek® x eh* +-8/ek12 Jeh? +
8% eh?/ek1? + 8 x ek'? x ehb 4 24 x ek* /eh? + ek /eh® + 8 x ek'2 /ehS + 12 x ek®/eh* +
ek?* x eh® + 30/ekB + 16/eh* + 6 * ek® + 16 * eh* + 2/ek?4.
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Puc. 4. BaBucumocts 3Ha4deHus jjorapudma CTaTCyMMbl TPEXMEPHOH 2 X 2 X 2 pelieTku oT
napamerpos K u h, K € [0..50], h € [0..50]

I'paduk sorapudma 31Ol cTaTCyMMBI B OTCYTCTBHM MarHuTHoro mnoss (eh = 1)
npuseieH Ha puc. 3. OH SKCIOHEHIMATIBLHO BO3PACTAET C YMEHBIIEHUEM TEeMIIEPATYDbI, U
€ro IMoBeJ[eHNe MaJIO OTJIMYAETCsI OT COOTBETCTBYIOIIEH 3aBUCUMOCTH JJIsI JBYMEDHOMN
pemerku (rpaduk 6e3 CHHIYJISAPHOCTH Ha pUC. 1).

IIpu HaIMYMU MarHUTHOrO 1OJIsi TPadUK 3aBUCUMOCTHU JIorapudMa CTaTCyMMBI OT
napamerpoB K u h TakKe aHAJOIMYEH JBYMEPHOMY ciy4aio (puc. 2), OJHAKO IpU
PaCIIMPEHNH UANIa30Ha MOXKET IPOSIBUTCSL CTPAHHAsI aHOMAaJIbHAasl 00JIaCTh, KAK BUHO
u3 puc. 4. Ananornunblii 3¢pdekT HabMOIAeTCA U Ui pelIeTKU GOJIbIIEro pasMepa
L = 3, npuyeM TaM OH UMEET MECTO JijIsi MEHbINUX 3HadeHuil K u h, a 3HAYUT, IpU
GonpmMX TeMIeparypax (CTarcyMMa MpeACTaBseT COG0H MHOTOUJIEH, COCTOAIIAN U3
270 cnaraeMblx, rpaduk Ha puc. 5). Taxkum o6pa3oM, MOXKHO CHEJIATH IPEIIOIOKEHIE
O CYIIECTBOBAHUM CHHIYJISIPHOCTEH (YTO FOBOPUT O BO3MOXKHOCTH (ha30BBIX MEPEXOJIOB)
B rpadukax JiorapudMOB CTATUCTUYECKUX CYMM TPEXMepPHbIX Mojeseil Mzunra npu
HAJIMYUU MAarHUTHOIO I0JIsi. TaKuMU OOJIACTSIMY SIBJISIFOTCSI YYACTKH [IOBEPXHOCTH, e
3HAYEHUs CTATHUCTUYIECKON CyMMbl GECKOHEYHO MaJjibl. Kak BuaHO u3 puc. 4 u 5, 3T0T
3ddekT nmeeT MecTo B ciiydae HEHYJIEBOTO MArHUTHOIO IIOJIsl U IIPHU OOJIBIINX 3HAYEHUSAX
K, 1. e. 1pu HU3KUX TEMIIEPATYPAX, IPUYEM UEM CUJIbHEE II0JIE, TEM BBIIIE TEMIIEpaTypa
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Puc. 5. BaBucuMocTb 3HaUeHus1 Jiorapudma CTaTcCyMMbl TpeXMepHOit 3 X 3 X 3 pemerku or
napamerpos K u h, K € [0..10], h € [0..10]

nono6HOTO nepexona. BriosHe BO3MOXKHO, KOHEYHO, ITO 9TO JIUIIb HEKUN BBIYHCIUTEIb-
Helii apredaxt. B camom Jiesie, TpyZAHO IPEIIIONIOKATD, 9TO B TAKOH NPOCTOi (ecsn He
CKa3aTh IPUMHUTUBHON) CHCTEME, KaK KyOndeckas 2 X 2 X 2 pemeTka (IpOCTO OAMHOTHBII
KyOUK) BO3MOXKEH (Da30BBIil IEPEXOJ, IIyCThb JaKe NP HAJIMYIMUA MarHUTHOrO mojst. Tem
He MeHee, IOIBITKU TOCTPOUTH rpacduku puc. 4 u 5 B 60j1ee KPyIIHOM MaciiTadbe, BOIU3U
aHOMaJIbHOM 06JIaCTH, IOKA3bIBAIOT, YTO TaM JIEeHCTBUTEILHO "4To-TO ecTh". Boamoxkuo
BBIUHC/INTD 3HAYEHNE JorapudnMa CTaTCyMMBbI B KaKO-In00 BHIOPAHHOM TOUKE BHYTPHU
aHOMaJIbHOM obJiacTu. OMHAKO IIpU MONBITKE IOCTPOUTH I'padUK B JUaNa30HEe, KOTOPBIi
COJIEPKUT YyYaCTOK ITON 06JIaCTH, - CHCTEMa OTKA3BbIBAETCS ITO JEJIaTh. DTO TOBOPHUT O
TOM, YITO B 9TOH 06JIACTH CYIECTBYeT MHOXKECTBO TOUYEK, B KOTOPBIX CTATCyMMa BCE Ke
obpamaercs B HOJIb. UTO 9TO 32 MHOXKECTBO (KOHeYHOe, 6ECKOHETHOE) M KaK MHTEepPIIpe-
THPOBATH JAHHBINA 3 @EKT - BBIXOAUT 32 PAMKHU JAHHON paboThl U TpebyeT HaIbHEeHIInxX
UCCJIeJOBAHUA.

3. 3akiroyeHue

CuMBOJIbHBIE AHAJIUTHYIECKHE CHCTEMBL HIMEIOT KpaliHe OrPAHUYEHHOE IPUMEHEHNEe
IIPU UCCJIEJOBAHAN PEMIETOYHBIX CIHHOBBIX MOJEJEH B BBHIYUC/IATEIBHOM ACIEKTE, BBHLY
9KCIIOHEHIMAIBHOIO POCTa CJIOXKHOCTHU IIPU yBEJHYEHUN Pa3MePOB CHCTEMBL. 34€eCh 3d-
dexTuBHBEI HMETaMORHEBIE MeTOoabl MonTe-Kapio [8] (B ToMm 4mene ¢ ncnonp3osannem
Bugeokapt). OnHaKo,KaK [IOKa3all pacCMOTPEHHbIE IIPUMEPBI B JJaHHOi pabore, aHa-
JIATUYECKNE METO/bI HE3aMEHMMBbI IIPH MOIBITKAX OJLyI€HNsI HOBBIX TOYHBIX PEIIeHuil,
[IpY aHAJM3E CYIIECTBYIONMX AHAIUTUYECKUX DEIIeHHi, a TaK»Ke IIPH IIOUCKE HOBBIX

3¢ deKToB.
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In this work some examples of computer algebra calculations of partition functions of Ising
models, including in the case of nonzero magnetic field are given. Various algorithms for
finding partition functions of two- and three-dimensional Ising models (with square and cubic
lattices) are considered. The values obtained as a result of calculations using exact and
approximate formulas are compared. The Onsager formula for the partition function of the
two-dimensional model was calculated using some computer algebra systems. It is verified
experimentally that the Onsager formula is divergent with exact calculations (including
Kaufmann formulas) for small lattice sizes. Symbolic analytical systems have extremely
limited application in the study of lattice spin models in the computational aspect, in view of
the exponential growth of complexity with increasing system sizes. Monte Carlo imitation
methods are effective here (especially when using video cards). However, as the examples
examined in this paper have shown, analytical methods are indispensable when trying to
obtain new exact solutions, when analyzing existing analytical solutions, and when searching
for new effects. For example, in this paper we have discovered the existence of singularities
on some graphs of the logarithms of the partition function of three-dimensional Ising models
with nonzero magnetic field. Finding out whether this is a computational artifact or talking
about the possibility of phase transitions requires further research.

Key words and phrases: two-dimensional Ising model, three-dimensional Ising model,
partition function, computer algebra systems.



172

Kowmmbiorepnas anrebpa — 2017

ABTOpCKuUii ykazareJjb

A
Abpamo C. A. ... 54
b
Bapraty M. ...... ... ..ol 11
Barxun A.B. ... 61
Bormanos JI. B. ...... ... ...l 68
Bprono A JI. ... 17
B
Bemesa T.P. ...l 75
Bununkuit C. ........................ 89
Bykmua JI. ... 30
N
Tepopkstr M. H. .................... 75
Tepar B.IL ...t 82
Tepar B. ... 89
TorumoB P.P. ... ool 11
Dyxmx Ao oo 89
TyceB A oo 89
Tyramx C. A ..o 96
pil
Hemmposa A.B. ................... 75
HepboB B. .. ... 89
Huxycap B.B. .................... 102
Hpeitbroc T. ... 52
Hioma @. ..o 52
2K
Kykos T A, oo 109
3
Bo6uua A. WM. ... 46
K
Kmmvakos A.B. ... 118
Kozepa P. ... 23
Kopusak B.B. ..................... 124
KopompkoBa A.B. ............. ... 75
KpacoBumkmit I1. ............ ... ... 89
Kysus .10, ..., 131

Kymaoos . C. ..................... 75

Koirmanos AL A, ..o 137

Kerrmanos AL M. ...l 137
M

Mambix M. I oo 131

Mapmanos B.B. ... 165

Meszapo66a M. ...................... 52

Muxamés A. A. ...l 118

Mpmmkuna E. K. ... 137
(o)

Omenés H.H. ..................... 102
II

TTandépos A. A. ................... 144

IlerkoBmek M. ...... ... ... .. ... 30

TIpokomenss A. H. ................... 23
P

Pabenko A. A. ...l 151
C

CagpikoB T. M. .................... 109

CapbraeB B. A, ...l 96

CeBactbsroB JI. A. ............ 75, 131

CemmsepcroB A. B. ........... ... 158
T

TeenmeBa E. A. ... 165

Tecebe JI. ..o 38

Tuxomoa M. U. .................... 46

TperpskoB H. IL. ........ ... . ... 165
9

Yymyyubaarap I'. ............... ... 89

Yymyyubaarap O. ............cooo.. 89
T

Muzak @. ... 52
A

duko A, oo 102



Author index

173

Author index

A
Abramov S. A. ...l 54
B
Barkatou M. ............. ... ... ..., 11
Batkhin A.B. ...................... 61
Bogdanov D. V. ........ .. ... 68
Bruno A.D. ...l 17
C
Chuluunbaatar G. .......... .. 89
Chuluunbaatar O. .......... ... 89
Chyzak F. ... ... 52
D
Demidova A. V. .................... 75
Derbov V. ... 89
Dikusar V. V. ...l 102
Dreyfus Th. ...t 52
Dumas Ph. ... 52
G
Gerdt V.P. ... 82
Gerdt V. ... 89
Gevorkyan M. N. .............. ... 75
Gontsov R.R. ........... .. .. L1
Gozdz A. ....... .89
Gusev A, ... 89
Gutnik S. A. ... 96
K
Klimakov A. V. .................... 118
Kornyak V. V. ... 124
Korolkova A. V. .................... 75
Kozera R. ...... ..o o oo 23
Krassovitskiy P. ..................... 89
Kulyabov D.S. ..................... 75
Kuziv Ya. Yu. ...l 131
Kytmanov A. A, .................. 137
Kytmanov A. M. .................. 137
M

Malykh M. D. ..................... 131

Marshalov V. V.
Mezzarobba M.

Mikhalev A. A. ...l 118

Myshkina E. K. .................... 137
(o)

Olenev N.N. ..., 102
P

Panferov A. A. .................... 144

Petkovsek M. ....... ... ..ol 30

Prokopenya A.N. ................... 23
R

Ryabenko A. A. .......... .. ... 151
S

Sadykov T. M. .......ocoooieiii., 109

Sarychev V. A. ... 96

Savastianov L. A. .................. 131

Seliverstov A. V. ... ... ... ... 158

Sevastianov L. A. ................... 75
T

Teveleva E. A. ..................... 165

Teyssier L. ...l 38

Tikhonova M. I. .................... 46

Tretyakov N.P. ....... ... 165
A%

Velieva T.R. ... 75

Vinitsky S. ... 89

VukSié L. oo 30
Y

Yatsko A. ... 102
VA

Zhukov T. A. ............. .

Zobnin A. 1. .......... ... 46



Hayunoe nznanue

KOMIIBIOTEPHASA AJI'EBPA

Marepuainsl MexayHapoiHol KOHpEepeHITuU

Mockga, 30 okta0pst — 3 Hos10pst 2017 T.

Maket u kommnbtoTepHas Bepctka /. C. Kyna6o06

[Toammucano B meuats 05.10.2017. dopmat 60x84 1/16.
VYu.-m3a. 1. 16,34. V. neu. 1. 10,75. Tupax 150 3x3. 3aka3

OI'BOY BO «POY um. I'. B. IInexanosay.
117997, Mocksa, CtpeMsiHHBIH TiEp., 36.

Haneuatano B ®I'bOY BO «PDVY um. I'. B. IInexanosay.
117997, Mocksa, CtpeMmsiHHBIH TiEp., 36.

126619

[SBM 978-5-7307-1266-3

a7 730

g5

3 7



	Баркату М., Гонцов  Р.Р. =Малость формальных показателей иррегулярной системы линейных дифференциальных уравнений,  с приложением к проблеме разрешимости в квадратурах
	Брюно А.Д. =Вычисление сложных асимптотических разложений решений ОДУ
	Козера Р., Прокопеня  А.Н. =Компьютерная алгебра в фотометрическом стерео с двумя источниками света 
	Петковшек М., Вукшич Л. =Булевы функции и символьные вычисления
	Тессье Л. =Слияние комплексных особых точек
	Тихонова М.И., Зобнин А.И. =Применение методов машинного обучения для улучшения алгоритма F4 вычисления базиса Грёбнера
	Шизак Ф., Дрейфюс Т., Дюма Ф., Меззаробба М. =Построение решений линейных уравнений Малера
	Абрамов  С.А. =EG-исключения как инструмент построения рациональных решений систем линейных q-разностных уравнений произвольного порядка с полиномиальными коэффициентами
	Батхин А.Б. =Обобщённый дискриминант вещественного многочлена
	Богданов Д.В. =Вычисление амёб полиномов двух переменных
	Геворкян М.Н., Демидова А.В., Велиева Т.Р., Королькова А.В., Кулябов Д.С., Севастьянов Л.А. =Использование системы компьютерной алгебры SymPy для реализация метода стохастизации одношаговых процессов
	Гердт  В.П. =Сильно согласованные конечно - разностные аппроксимации систем ДУЧП
	Гусев А., Виницкий С., Чулуунбаатар О., Чулуунбаатар Г., Гердт В., Дербов В., Гуждж А., Красовицкий П. =Алгоритм вычисления интерполяционных полиномов Эрмита для метода конечных элементов высокого порядка точности
	Гутник С.А., Сарычев В.А. =Применение методов компьютерной алгебры для исследования динамики осесимметричного спутника
	Дикусар В.В., Оленёв Н.Н., ЯцкоА. =Применение факторного анализа при решении несобственных задач линейного программирования
	Жуков Т.А., Садыков Т.М. =Интеллектуальные методы синтеза грамматически правильного текста на русском языке
	Климаков А.В., Михалёв А.А. =Однородные почти примитивные элементы свободных алгебр шрайеровых многообразий
	Корняк В.В. =Алгоритм разложения скалярного произведения в перестановочном пространстве конечной группы на неприводимые компоненты
	Кузив Я.Ю., Малых М.Д., Севастьянов Л.А. =Необходимые условия существования алгебраического интеграла у обыкновенного дифференциального уравнения
	Кытманов  А.А., Кытманов  А.М., Мышкина  Е.К. =Алгоритм вычисления вычетных интегралов для класса систем алгебраических уравнений
	Панфёров  А.A. =Неприводимые дифференциальные системы и сателлитные неизвестные
	Рябенко А.А. =Поиск гипергеометрических решений q-разностных систем с помощью разрешающих последовательностей
	Селиверстов А.В. =Поиск точек на гладкой кубической гиперповерхности
	Третьяков Н.П., Маршалов В.В., Тевелева Е.А. =Символьные вычисления в моделях Изинга
	Авторский указатель

