Search for Hypergeometric Solutions of

g-Difference Systems by Resolving Sequences

A. A. Ryabenko

Dorodnicyn Computing Center,
Federal Research Center “Computer Science and Control” of RAS,
Moscow

A. A. Ryabenko g-Hypergeometric Solutions 1/16



We consider a homogeneous linear g-difference system
Ar(x)y(g"x) + -+ + Allx)y (g x) + Ao(x)y(x) =0,

where
> A(x),...,A1(x) € Mat,(K(x, q)),
» Ar(x) #0,A0(x) £0,
> me Z,
» K is an algebraically closed field of characteristic 0,

» g is transcendental over K,

> y(x) = ((x), s ym(x)) T
functions,

is a vector-column of unknown

> x=q" n€Z>0.
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For example (Maple 2017)

2
x G x
> 5= 2 5o 2 -y(qzx)+
2gx+x g x +x g
—g3x2+q2—qx —q3x3+q2x—qx2
42 33,3 3 43 3.4, 3 3 [rolgx)
g x5 —gx g —gx-gx —gx tgi—xg
—q4x+q3x2 —g3x2+q2x3 =0
cy(x)=0:
| —q5x+q3x3—g2x2 —q4x2+q2x4
>

e {(-q5X+x3qj—qzx2)y1(ﬂ + (-q4x2—x3q3+q3—q2ﬂy1(qx) +

(2gx +x2)y1(q2ﬂ + (-4 + qu))@(ﬁ) +

(-g'5’ =g’ s+ 5 —xgq]yz(qﬂ + (4°5 +x3q]y2(q2X]:0,
(-g*s+ quZ)yl(X] + (- +d = qx]yl(qﬂ +y1(q2XJX+

(-¢"5" + q2x3]y2(ﬂ + (2" + 4" a— qxz)yg(qxl +y2(9’2x] gx"=0 } :

| >
> (yl[x),yz(x]> = (LmearFuncfionalSystem:-PofynomczISofurion(S.Z, [yl(x],yz(x)“>;
(=) oy F
= (1)
yz(x) 0 g
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— S. Abramov, P. Paule, M. Petkovsek. g-Hypergeometric solutions of g-difference

equations, Discrete Mathematics 180, 1998, pp. 3-22.

h(x) is called a g-hypergeometric term over K if

h(q x) h(g") n
h(x) € K(x,q) <h(q”) € K(q ,q)>.
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h(x) = % . hax) 1

h(x) «q
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h) =2 %00 "
n n+1
o0 = hia) = qld) + M) g s
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— S. Abramov, P. Paule, M. Petkovsek. g-Hypergeometric solutions of g-difference

equations, Discrete Mathematics 180, 1998, pp. 3-22.

h(x) is called a g-hypergeometric term over K if

h(q x) h(g") n
h&)éﬂ&w <hwg€Kw,®>

For example,
1 h(gx) 1

MI=5 Tho " a
n n+1
h(x) = h(q") = q(2) : hl(:(?qn)) =q"=x
n—1 i n+1
h(x) = h(q") = h(g™) T ] r(q') : hl(:(]qn)) =r(q") = r(x)

i=ng
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— S. Abramov, P. Paule, M. Petkovsek. g-Hypergeometric solutions of g-difference

equations, Discrete Mathematics 180, 1998, pp. 3-22.

h(x) is called a g-hypergeometric term over K if

h(q x) h(g") n
h(x) € K(x,q) <h(q”) € K(q ,q)>.

For example,
= L. Plax) 1
X

h(x) «q
n n+1
o0 = hia) = qld) + M) g s
e~ h(g"t1)

h(x) = h(q") = h(q™) [ ] r(d') :

i=ng

by = 1@ =0

Denote by Ly, the linear space of finite linear combinations of
g-hypergeometric terms over K with coefficients in K(gq).
For example: ¢" 4+ (—1)" € Ly,
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A basis of solutions belonging to £} of
Ar(x)y(q"x) + -+ Ar(x)y(gx) + Ao(x)y(x) = 0
consists of elements of the form
h(x)R(x),
where h(x) is a g-hypergeometric term and R(x) € K(x,q)™.

We propose an algorithm to find such basis.
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— S. Abramov, M. Petkovsek, A. Ryabenko. Hypergeometric solutions of first-order linear
difference systems with rational-function coefficients, 18-th worshop on computer algebra,
Dubna 2015, and CASC'2015, LNCS 9301, 2015, pp. 1-14.

— S. Abramov, M. Petkovsek, A. Ryabenko. Resolving sequences of operators for
linear ordinary differential and difference systems, Computational Mathematics and

Mathematical Physics 56, 2016, pp. 894-910.

For differential systems with rational-function coefficients to find all
formal exponential-logarithmic solutions and for difference systems
with rational-function coefficients to find all hypergeometric solutions,
the notion resolving sequence of operators (equations) was introduced.
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1. Compute a resolving sequence of equations for the given system.
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3. Let hi(x),..., ESZ(X) be all non-similar g-hypergeometric terms
from hy(x), ..., hs (x): hi(x)/hi(x) & K(x,q), i#j.

4. For each hj(x):

4.1 Substitute y(x) = h;(x)R(x) into the given system, where
R(x) is a vector-column of new unknown functions.

4.2 Find a basis of solutions belonging to K(x, q) for the new
system: Rj1(x),..., R ().

5. The set of all solutions

771(X)R171(X), ey 711(X)R1,t1(x),

ey

Sz(X)RS2,1(X)7 AR hsz(X)RS2,ts2 (X)

>

is a basis of solutions belonging to L, of the given system.
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1. Resolving sequences

For the g-difference system

Ar(X)y(q"x) + - + Ar(x)y(gx) + Ao(x)y (x) = 0,

where y(x) = (y1(x), - .., ym(x))7, with invertible leading and trailing
matrices: det A,(x) # 0, detAo(x) # 0, a resolving sequence of
equations is

Liyy(x)=0,..., Ljygj(x) =0,..., prgp(X) =0,

where
> Ll?"'aLp S K[X7 Q][Q],
> Qy(x) =y(9x),
> 61,...,€p€{1,2,...,m}, f,’#fj fori;éj.
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1. Resolving sequences

Proposition. Let

> L1y (x) =0,...,Lpy,(x) = 0 be a resolving sequence for the
system S;

» y(x) = h(x) R(x) be a non-zero solution of S, where h(x) be
a g-hypergeometric term and R(x) € K(x,q)™

Then there exists j, 1 < j < p, such that L;y,,(x) = 0 has a non-zero
solution of the form h(x)f(x), f(x) € K(x,q).
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1. Resolving sequences

[> REl = LaRS:-ResolvingSequence (51, y(x), select_indicator = 1),
RSl = [*qf xyy(x)+ (g + 2y lex) + yl(rf 2l (- x+g4) yylx) + (-* 2 +q— x) yyla %)+ xyg(rf ZJ] @

=> RS2 += LgRS:-ResohingSequence (51, y(x), select_indicator=1),
0.6 8 4

RE2 = [(—q‘l x +qu7+qué—qu —qux’s+2q xﬁ+q9x —2q1x5+qﬁx7—q8x4+ Zqéxﬁ—q5x7+q733 (3)
7qéx4+2q43372q3x47q412+43;+9233qu47q2x2+33q)y2(x)+(7qu77q9x6+q8x7
L P U e g - S . B J 0 .S e B O B B I
+2q7x4+q61;—2q5x6+9'8x2—247€+246x4—q52r5+q47.6—q633+q41;+qax4—q3xs+qsx2
—3q433+2q3x4—q5x+ anig—24313+q2x4—q12+Jg+qx—12]y2(qx)+ (q‘le?—qg;\'?-#q‘llx4
—quxj+qpxﬁ—qgaj+quﬁ+q7x7+q7xﬁ—qﬁx7+qg7.3—qu4+qTAj—2q6x6+2q213—4q7x4
+qézj+2fysxﬁf2(;83;+24‘713+29‘6137qsx4fqaxﬁfqézz+quijgx4+qzxij%ﬂfqzzg
+qx47q3)(+3q23272zjq+4372q2x+ 2(3197;&372q'x+29+q7x]yz(qtzx]+(c,\'m;rﬁfqllx4
+quf7quﬁ+q1ux4fquijw)g+quijng+2qjx47qﬁf+qgffZQT)ngqtéxafqdf.ﬁ
—q435+q3x6+QBJé—qug+q4£+q3x4—qzz;+q‘jx—q42.2+q4x—2q3x2+q3x—2q27.2+1\jq
—q3+3q2x—2q32+qx—1\2—q+x]y2(q3x]+ [—qﬁzj+q733—2q6xa+qjxj—qﬁxj+q5x4+q62.2
— g+ -2 Y - PP plets)|
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2. Bases of hypergeometric solutions for all equations from

the resolving sequence

— S. Abramov, P. Paule, M. Petkovsek. g-Hypergeometric solutions of g-difference

equations, Discrete Mathematics 180, 1998, pp. 3-22.

> 5= time( ) :
QDzjj’grem(c;Equatzcns:-QHypgrgeomtrchalutwn(RSJ [11.3y(x), cutput = C’emﬁmre);
time( ) — st
{a}
0.123 @
(> o= tima( ) :
QDJ_]_’feremeEquatwns:-QHypergeometrchclutwm(RSJ (2] yo(x), cutput = C’emﬁcafe);
time( ) — st
{gx}
0.080 8]
(> st= time( ) :
QDzjj’erenceEquanons:-QHypergeomrricSo!utzcn(RSQ[ 1], yq(x), cutpit = Certzﬁcare);
tima( ) — st
{1, gx}
5.857 )
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A normal form for rational functions

[APP, 1998] Theorem 1.

a(x) c(gx) d(x) V(qx)
2500 et ) 2 Vg
where
» z € K(q);
» a(x), b(x), c(x), d(x) € K(q)[x] are monic polynomials in x;
» a(x)Lb(q" x) for n € Z;

(
(

» a(x)Lc(x)d(gx); b(x)Lc(gx)d(x);
(

> U(x) =2, v(x) = 58
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3. Similar hypergeometric terms

Let a set of hypergeometric terms hi(x),..., hs (x) be given in
the previous step. All terms are presented by their certificates
ri(x),...,rs(x). For j=1,... 51,

n—1 n—1
hi(q*) = hi(g™) I ] () = G 27 Vi(a") H Ui(q").-

i=ng
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Let a set of hypergeometric terms hi(x),..., hs (x) be given in
the previous step. All terms are presented by their certificates
ri(x),...,rs(x). For j=1,... 51,

n—1 n—1
hi(q*) = hi(a™) ] () = G2/ Vi(e") [ Ui(d).

i=ng i=no
For i # J,
hi(x) ~ hj(x) <= Uj(x) = Uj(x) and ; = ¢ (ke).
J

hi(x) € K(x,q) <= Uj(x) =1 and zj = ¢* (k € Z).
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4.1 The substitution y(x) = h(x) R(x) into the system

For h(x) with the certificate r(x) = z g* U(x) V(E’ )) we substitute

where R(x) is a vector-column of new unknown functions, into the
system

Ar(x)y(q"x) + -+ Ar(x)y(gx) + Ao(x)y(x) = 0,
J
B.(x)R(qg"x) +---+ Bi(x)R(gx) + BoR(x) = 0,
where for j =0,1,...,r
Bi(x) = ZU(d'x)--- U(gx) U(x)Aj(x).



4.2 Rational solutions for g-difference systems

- S. Abramov. EG-eliminations as a tool for computing rational solutions of linear
g-difference systems of arbitrary order with polynomial coefficient, Computer algebra:

International Conference Materials. Moscow, October 30 — November 3, 2017, pp.54—60.
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The algorithm has been implemented in Maple 2017 as the procedure
HypergeometricSolution in a package LGRS (Linear g-Recurrence
Systems) (available on http://www.ccas.ru/ca/lqgrs).

(> st = timez( ) :

LqRS:-HypergeometrisSolution (51, y(x), n, "output'=basis');
time() = st

» 0
e
-q || 2
g
0.916 )
>
> LgRS:-RationalSolution (31, y(x), k)
x_oy
6]
- 0,q
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