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1. INTRODUCTION

Let us consider an illustrating example. The problem is to minimize the Euclidean norm in a

finite-dimensional space
x* € Argmin{|z| : z € R"}, (1.1)

where the function f(r) = |z| = (22 + 22 + ... +22)"/? is differentiable everywhere except for the
origin and its gradient is V f(z) = z/|x| (this can easily be checked by direct differentiation of
the Euclidean norm). At the point 2* = 0 the goal function has a sharp minimum. The gradient
V f(x) generates a vector field at each point of which the unit vector is directed to the origin along
the radius vector. The subdifferential at the point of minimum is the unit ball centered on the
origin. The vector field has a finite jump at the point of minimum.

We pose a problem to find a trajectory such that at each time moment its tangent is parallel
to the corresponding vector of the field. In terms of differential equations this is equivalent to the

system
dx x
—_— = —a—, a >0, z(ty) = 2.
dt 2| (to)

The trajectory of the process x(t) exists for all ¢ > t,. There is a question about its behavior as
t — oo and, in particular, about its convergence to the point of minimum.

First notice that as it follows from (1.2) all tangent vectors to the trajectory have the same
length for all ¢ > t;, namely,

(1.2)

|dx/dt| = . (1.3)
We take the inner product of Eq. (1.2) by dx/dt and find

dz|* d d
f a2 5 — s, - L (14)
where @ = dz/dt. Comparing (1.3) and (1.4) we get
A 1) (15)
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We now integrate (1.5) from t, to t and derive

[@) = f@) +a [dr = 1) = f(a),

or

f@) = f(@*) + alt —to) = f(2°) — f(a¥). (1.6)
Since f(x) — f(z*) > 0 as t —t; — oo and the right-hand side of Eq.(1.6) is a constant, we arrive
at a contradiction. The quantity f(x) — f(z*) vanishes at the point ¢ =ty + o ! (f(2°) — f(z*)),
therefore the trajectory x(t) passes through the point of minimum z*. Thus the optimal value on
the trajectory is attained in a finite time but unlike smooth processes the velocity at the optimal
point can take any value of the unit ball centered at the origin.

Since the velocity at the optimal point is nonzero, the trajectory does not terminate at the
point of minimum (like in smooth process) but leaves it in any direction. In this case the point of
minimum is unstable. Instability also appears when the time corresponding to the optimal point
of the process is computed not exactly. A small error in this time may lead to the case in which
process (1.2) passes through the optimal point. The divergence can be close to unity.

Hence, there are two characteristics of the problems with a sharp minimum. On one hand,
these problems are of interest because gradient, proximal, and other methods can converge to the
solution to such a problem in a finite time. On the other hand, these processes are extremely
unstable, i.e., the trajectory of the solution in equilibrium can be chaotically deviated (we assume
that the velocity at a point of equilibrium can be either zero or take any other value from the unit
ball centered at the origin). To make the equilibrium state of process (1.2) rough it is useful to
use regularization, which is developed in [1, 2].

Considered example shows that if the gradient is bounded from below by a positive constant,
then the process comes to the equilibrium state in a finite time. Another situation is much more
difficult.

Consider the problem

z* € Argmin{|z|""" : z € R"}, (1.7)

where 0 < v < 1. The goal function is differentiable everywhere including the origin, and its
gradient is V f(z) = (1+v)|z|[*z/|z| = (14+v)x/|z|*"". The goal function has a smooth minimum
at the point x* = 0, where the first derivative is sharp and the second derivative is discontinuous.
It is important to emphasize that the vector field generated by the gradient of this function
is smooth in a neighborhood of the minimum point although the second derivative of the field
is discontinuous. The intuition suggests that when moving along the gradient trajectory in a
neighborhood of the point of minimum the process infinitely slows down because the gradient is
small and the trajectory comes to the point of equilibrium in an infinite time.

Consider from this point of view the gradient method for the solution of problem (1.7). The
process has the form

dz x
- —a(l+ V)w, a>0, z(ty)=a" (1.8)
We take the inner product of Eq. (1.8) by x and obtain
1d d
= {Gm) = e (19)

We differentiate the latter equation and cancel |z| in both its sides to get
d
7 |z| + a(l +v)|z|” = 0. (1.10)
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We separate the variables and single out the total derivative:

1 d
1_y8ﬂﬂP”+au+uy=Q (1.11)

Let us integrate Eq. (1.11) from ¢ to ¢ and find
2| + a1l — V) (t —ty) = co. (1.12)

If one of the positive term in Eq. (1.12) is increasing, then the other must be decreasing. When
ty = to + [a(l — v*)] teo, then |z|'” vanishes. This implies that the trajectory comes to the
equilibrium state z(t;) = z* at t = ¢;. This example shows that in vector fields with the smooth
minimum but sharp derivative at the point of minimum the equilibrium state is attained in a finite
time.

The equilibrium state in this problems has advantages of a smooth solution (the equilibrium
point is a fixed point) and those of a sharp solution (the equilibrium is attained in a finite time).

If we set v = 0 in Eq. (1.10), then we obtain the gradient method (1.2) for the solution of
problem (1.1) with a sharp minimum, namely,

d

Comparing Eq. (1.10) with Eq. (1.13), we see that outside any neighborhood of the origin {z :
|z| > e, x € R"} the value of |z|” is close to unity for small v. This implies that the trajectory of
Eq. (1.10) is close to that of Eq. (1.13), and converges in a finite time. Moreover, the fast drop of
|z]” to zero in the e-neighborhood of the point of minimum cannot make the process worse and it
remains finite.

2. A SHARP MINIMUM AND A SMOOTH MINIMUM WITH A SHARP
DERIVATIVE

Consider the minimization problem for a function on a convex set
" € Argmin{f(z) : z € Q}, (2.1)

where f(z) is a convex goal function, @@ C R", R" is the finite-dimensional Euclidean space, and
@ is a convex closed set. Different necessary conditions, depending on the smoothness of the goal
function, are satisfied at the point of minimum. If the function is nondifferentiable, then we can
formulate these conditions using a proximal operator

z* € argmin {27z — 2** + af(2) : z € Q}. (2.2)

For a differentiable goal function necessary conditions of minimum can be formulated using a
projection operator
t* = mo{a’ — aV f(2")}, (2.3)

where V f(z*) is the gradient of f(z) at the point z*, mo{...} is the projection operator taking a
vector onto the set ), and o > 0 is a parameter like the step length.

We introduce the concept of a sharp minimum and a smooth minimum with a sharp derivative.
Following [3], we define the sharp minimum as a point where the inequality

f@) = f(@%) Z y|le — 27| (2.4)
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is satisfied for all z € @ and for a positive parameter . For example, the function f(z) = |z| has
a sharp minimum on R".

Following [4], we extend the concept of a sharp minimum to include the set of sharp minima.
The set of solutions to minimization problem is a set of sharp minima if the inequality

f(@) = f(rxe(x)) 2 y]w — mx- (z)| (2.5)

is satisfied for all x € @), v > 0, where X* is the set of solutions to the original problem, 7y« (x)
is the operator of projection of a vector x onto the set X*.

Let us now show that if a system of linear equations Az = b is solvable (i.e., there exists an
x* such that Az* = b), then the function |Az — b| satisfies Eq. (2.5). First, we consider the case
of a nonsingular matrix, in which

Az bl =|A(x —2%)] = JJA@@—2)P = J(ATA@@ - 27), 2 — 2%) > (2.6)
> \fule =P = alz— 2.

Here p is the least eigenvalue of the nonsingular matrix A" A. If the matrix A" A is singular, we
decompose the space R" into the direct sum R" = H; + H,, where H; is the kernel of the matrix
AT A and H, is the orthogonal complement of H;. In this case each vector z — z* € R™ has the
representation @ — z* = hy + hg, where hy = 7y, (r — 2*) and hy = 7y, (z — 2*) and, in addition,
ATAhy = 0, AT Ahy € H,. Taking this into account, we derive the bound (2.6) for the singular
situation:

|Az —b] = \/<ATA(x —x*),x — ) = \/((ATA)1/2(37 —a*), (ATA)Y2(z — a*)) =
= I(ATA)2(hy + ha), (ATA)2(hy + hy)) =
= (AT A) 2y, (AT A)2hy) = \[(AT Ahy, hy) > \Julhal? = (27)
= Vilhe| = iz — 2 — h| = |l — 2" — 7 (2 — 27)| =
= Jplr — 2" — 7wy (2) + 7g, (27)] = /ol — 7 ()]

Here p is the minimal nonzero eigenvalue of the singular matrix AT A. When deriving the bound
(2.7), we used the existence of a square root of the symmetric nonnegative matrix A" A and the
linearity of the projector operator 7y, (x — z*), moreover 7y, (z*) = x*.

Sharp minima occur in a lot of problem classes, e.g., in linear programming problems. For
example, condition (2.5) for the problem

r* € Argmin{(c,z) : Ax <b, = >0} (2.8)

becomes
(c,x) — (c,mx=(T)) > 7|z — mx~(2)] (2.9)

for all « of the admissible set. It is proved [3| that inequality (2.9) holds. Some smooth problems
of convex programming also satisfy the sharpness condition [5].

Let us introduce a new concept of a smooth minimum with a sharp derivative. The set of
solutions to a minimization problem is called a set of smooth minima with a sharp derivative at a
point if the inequality

f(@) = fmx (@) = vl — mx () (2.10)

is satisfied for all x € @), v > 0, and 0 < v < 1, where X™ is the set of solutions to the original
problem (2.1) and mx«(z) is the operator of projection of a vector z onto the set X*.



Repeating the reasoning of (2.7), we can show that function |Az — b|'™ satisfies inequality

(2.10), namely,
Az = 6 > ] (L ) 2 — 7, (@) 2.11)

for all z € @, provided the solvability condition for the equation Ax = b. Here p is the minimal
nonzero eigenvalue of the singular matrix A" A and H; is its kernel.

If the function f(z) is differentiable, then a smooth minimum with a sharp derivative can be
defined by the following inequalities

f(@) = f(rx-(2)) = (Vf(rx+(2)), 2 — mx- (7))
(Vf(z) = Vf(rx-(2)), x — mx-(2))

Y| — 7x- ()7, (2.12)
Yo — 7x- ()M (2.13)

(AVARVS

forallz € Q, v > 0, and 0 < v < 1. Taking into account the convexity of f(x), it is easy to show
that (2.12) yields (2.10) and (2.13).

Now we verify, for example, that inequality (2.13) is satisfied for the function of the form
f(z) = |Az — b, We write its gradient Vf(z) = (1 + v)|Azx — b]"AT(Az — b)/|Az — b| =
= (1 +v)AT(Ax — b)/|Az — b|*7", then we use (2.11) and get

(Vf(z) = Vf(rx-(2)), 2 — mxe(2)) = (1 + 1) <m,x - x> _

1+v . 1+V

= (1—|—V)|Ax—b|1+” > \/u(l+v) |917—7TH1 |1+”

for all z € Q. Here u is the minimal nonzero eigenvalue of the singular matrix AT A and H, is its
kernel.

3. CONVERGENCE OF THE PROXIMAL CONTINUOUS METHOD IN A
FINITE TIME

We can consider a residual argmin {27z — z|? + af(z) : 2 € Q} —  as a transformation of
R"™ into itself. This transformation generates a vector field in the space R". We start at any point
2% and draw a trajectory along the directions of this field, which is described by the system of
differential equations

d”; + o= argmin {27z — 22+ af(z): 2 € Q) x(ty) = 2°. (3.1)
Since the proximal operator is non-expanding, the trajectory z(t) exists for all ¢ > .

Before we discuss asymptotic stability of method (3.1) for the solution of problem (2.1), let
us prove a very useful inequality, used below in the proof of convergence of the proximal method,
namely [6],

27z — 2Pt af(z) <27z — 2] +af(z) — 27 2 — 2% (3.2)

where 2 € @ and 2, is the point of minimum of the function ¢, (z) = 27|z — z|?> + af(z) on Q for
a fixed vector x. This inequality can simply be proved. Indeed, let z, be the point of minimum of
©z(x) on Q. Then, by the necessary condition, the subdifferential 0, (2) at the point of minimum
2, contains a positive subgradient

(2. —x+aVf(z),z2—2,) >0 (3.3)



for all z € ). We combine the inequality
f(2) 2 [(z) + (0¢(2), 2 — 22), (3.4)
which implies that f(z) is a convex function, and the identity
27z —aP =27 e — 2P (2 — 2y 20 — 1) + 272, — ) (3.5)

According to (3.3), we get inequality (3.2).
Let us represent Eq. (3.1) as an inequality (3.2), namely,

2o +i— 2P +af(zr+2) <27z -z +af(z) -2 o+ 0 — 2 (3.6)

for all z € Q). Now we show that process (3.1) allows us to find the solution to the original problem
in a finite time ¢ = ¢y, moreover, the solution has the form z(t;) + &(t;) = 2* € X*.

Theorem 1. If the set of solutions to problem (2.1) is nonempty and satisfies sharpness
condition (2.5) or (2.10), the goal function f(x) is conver, and the set Q is conver and closed,
then the trajectory x(t) of proximal process (3.1) with a parameter a > 0 converges to the solution
in a finite time, i.e., there exists ty such that x(ty) + @(ty) = z* € X*,

Proof. We put z = z* in (3.6) and obtain
2o+ d — P +af(r+3) <27 o* — )P +af(a) - 27 o + 3 — 2*? (3.7)
where x* is an arbitrary point of the solution set X*. Hence,
27 o — 2P+ 2782+ (d e — o) 427 2P Faf (x4 1) < 27He — 2 + af(2Y),
or

2 e P i 4 af e+ )~ f)} <0 (3.8)

Since the third term in the left-hand side of (3.8) is nonnegative, we can integrate it from ¢, to ¢
to get

t
|z — z*|* + 2/ |&2dr < (2% — %) (3.9)
to

It follows from (3.9) that Jim |#(t)| = 0. Indeed, if this were not the case, i.e., [#(t)|* > ¢ for all

t > to, then we arrived at a contradiction with convergence of the integral. Hence there exists a
subsequence of time moments ¢; — oo such that |Z(¢;)| — 0. This implies

lim |%(t)| = 0, t;i — oo. (3.10)

t—o0
We return to the inequality (3.8) and rewrite it as
(t,x+z—a")+a{f(z+1)— f(z")} <0 (3.11)

for all z* € X*. In particular, this inequality holds for z* = 7x«(z + &), whence, because of
sharpness condition (2.5) or (2.10), we derive

(i,0+3 —7mx-(x+ )+ aylz + & — mx-(z +2)|'T <0,



where probably v = 0 (a sharp minimum). Therefore,
|z + & — mx(x + )| < 3] x4+ & — mxe(z + 7)) (3.12)
Assume that |z + & — mx-(z + )| # 0 for all t > to, i.e., x + 2 # mx+(2 + ). Then (3.12) yields
ayle + & — mx(x + )" < |z (3.13)
In particular, if » = 0 (a sharp minimum), we have
ay < |- (3.14)

We compare inequalities (3.10) and (3.14) and arrive at a contradiction. If the parameter v
belongs to the interval (0, 1), we transform inequality (3.13) as follows:

|| v—a* il

2+ & — mxe( + 3]

ay < [l =l

I

[ |2

where ©* = mx+«(x+1). In the latter inequality the expression in parentheses is bounded and does
not depend on the behavior of (z — z*)/|%| as t — oo and |2]'™ — 0 as t; — oco. Consequently,
we also arrive at a contradiction.

To get out of this, we should not require the condition |z +& —7x+(z)(x+x)| # 0 for all t > 1.
Consequently, the condition x(ty) + @(ty) = mx«(x(ty) + &(ty)) = * € X* is satisfied with some
tr. In other words, process (3.1) allows us to find the solution to the problem in a finite time (in
the sense of the quantity of z(¢;) + @(t)). The theorem is proved. O

4. CONVERGENCE OF THE CONTINUOUS METHOD OF GRADIENT
PROJECTION IN A FINITE TIME

We consider the residual mg(x —aV f(z)) — x as a transformation of the space R" to R". This
transformation defines a vector field. We pose a problem to find a trajectory such that its tangent
vector coincides with the field vector at the same point. Formally, this problem is described by
the system of differential equations

— 4z =mg(x —aVf(z)), x(ty) = 2°. (4.1)

The continuous right-hand side of system (4.1) provides existence and uniqueness of a trajectory
on an infinite interval, i.e., for all ¢t > %y, as it follows from general theorems.
Recall that the operator m(b) projecting a vector b onto the set () satisfies the inequality

(mo(b) — b,z —mg(b)) >0 (4.2)

for all z € Q.
We represent Eq. (4.1) as an inequality (4.2), namely,

(t+xz—(r—aVf(x),z—c—x)>0 (4.3)

for all z € Q.
We also represent the original problem (2.1) as a variational inequality

(Vf(x"),z—2") >0 (4.4)
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for all z € @ and all x* € X*.

We now cite a theorem on finite convergence of the gradient projection method, assuming that
f(z) is a convex function differentiable everywhere in its domain. Moreover, the gradient of this
function satisfies the Holder condition [7]

IVf(y) = V(@) < Lly — 2| (4.5)

for all z and y of some set, where L is a constant and 0 < k > 1. When x = 1, we have the
Lipschitz condition. The class of function with a sharp minimum whose gradients satisfy the
Lipschitz condition is narrow. The Hélder condition allows us to consider a wider class.

Theorem 2. Assume that the set of solutions to problem (2.1) is nonempty and satisfies the
sharpness condition (2.5) or (2.10), f(x) is a conver and differentiable function whose gradient
satisfies Holder condition (4.5), where k > v, and Q is a conver closed set. Then the trajectory
x(t) of the gradient projection method (4.1) with a parameter o > 0 converges to the solution to
the problem in a finite time, i.e., there exists t; such that x(ty) + &(t;) = 2* € X*.

Proof. We put z = 2" in (4.3) and z =  + & in (4.4) and combine the resultants. Then we
get
(& +a(Vf(r) = Vf@"),2" —z—i)) >0 (4.6)

for all * € X*. We represent (4.6) as
(#,2" —2) + a(Vf(2) = Vf(2"),2" —2) — |2]* — a(Vf(z) = Vf(2"),2) > 0.

Since the gradient is monotonic, the latter inequality yields

d *(2 -2 d * * *
g [T =Pl e (fle) = f(27) = (VF(2"), 2 —27)) < 0. (4.7)

Let us integrate inequality (4.7) from t, to ¢. Since f(x) is a convex function, i.e., (f(x)— f(z*)—
—(Vf(z*),z — z*)) > 0, the latter inequality can be rewritten as

t
& — 22 + / i |2dr < Cp. (4.8)
to

As shown in Theorem 1, inequality (4.8) implies that

lim |3(t)] = 0. (4.9)

t—o00
We return to the inequality (4.3), put in it z = 2*, and then rewrite it in the form
(T,x+1—2") +a(Vf(x),r+z—2z%) <O0.

We add and subtract V f(z+1) to the left-hand side of this inequality and then set 2* = mx«(x+%).
This is possible because the inequality holds for all x* € X*. As a result, we obtain

(o +d—7mx«(x+2)+a(Vflzx+1)+Vfr) -Vflx+i),2+1—7mx(x+1)) <0. (4.10)

On the other hand, using the sharpness condition for the minimum (2.5) or (2.10) and convexity
of the function f(x) we write

Yo+ i —mx-(x+2)|" < flo+ )~ flrx-(x+2) <(Vf(x+2),2+3—mx(x+ 1)), (4.11)
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where probably v = 0 (a sharp minimum). We compare (4.10) and (4.11) and use the condition
(4.5) to derive

(T2 + & —7x-(x+2)) +aylr+ i —7x-(z+ )" < aLllz|*|z + & — 7x-(x + 1))
Therefore,
|z + i — mx(x + )| < @] o+ & — mxe(z + 3)| + L] e + & — mxe(z+ 3)]. (4.12)
Assume that |z + & — 7x-(z + )| # 0 for all ¢t > t, then from (4.12) we have
ayle + & —mx(x + 2)|” < || + aL|z|". (4.13)
In particular, if v = 0 (a sharp minimum), we obtain
ay < |%| + aL|z|". (4.14)

Comparing inequalities (4.9) and (4.14), we arrive at a contradiction. If the parameter v belongs
to the interval (0, 1), then we transform (4.13) in the following way

+ @L‘ﬁt"njy . |‘/L‘| . —
v |z + & — 7y (z+ )|

ay < @]tV - ;
v < |+ & — 7y (zv+ 2)|
e

)

— S| 1—v s | k—V

it +alap= |l
where 2* = myx«(x + &). The second factor in the obtained inequality is always bounded and does
not depend on the behavior of (x — 2*)/|%| as ¢ — oo. Since |#| — 0 as t; — oo, we also arrive at
a contradiction in this case.

The latter implies that our assumption is false, i.e., there exists a moment ¢, such that z(t;)+
+i(ty) = mx«(x(ty)+2(ty)) = * € X*. In other words, process (4.1) allows us to find the solution
to the problem in a finite time. Theorem is proved. [

The gradient method can be applied to optimize a convex function if this function is differen-
tiable. In the general case, it is necessary to use the generalized differential equation

CZ e molr —aVf(x)) — =, z(ty) = 2, (4.15)
to find the minimum, where V f(x) is any subgradient which belongs to the subdifferential. It is
difficult to examine convergence of this process. We note works [8, 9] for more detail. The method
of subgradient projection [3] is an iterative analog of (4.15). Advantages and disadvantages of the
proximal method are clearly seen in the above example. The proximal method is more universal
for complicated situations and that is why it is perspective for the solution of large-scale problems.
The gradient method is efficient in simple (smooth) situations.

5. ITERATIVE PROCESSES

In this section we consider iterative analogs of the above continuous processes. It is necessary
to emphasize that we consider iterative analogs rather than discrete approximations of conti-
nuous processes. There is an essential difference between them. The latter have a small step
of discretization with respect to time and, therefore, they approximate continuous trajectories
well. However, a small time step causes a low speed of the process outside a neighborhood of the



solution to the problem. Processes with large time steps (At = 1) converge fast to a neighborhood
of the solution, but their convergence should be established separately.
We first consider an iterative proximal method described by the recursion relations

2" = argmin {27z — 2" > + af(2) : z € Q}. (5.1)

Many authors investigated this approach applied in various situations. Of most interest are works
by Rockafellar and Ferris [10, 4] who proved finite convergence of the proximal method for the
minimization problem for a convex function with a sharp minimum. Let us prove this using a
technique for deriving bounds we developed in a series of works.

We first represent process (5.1) in the form of inequality (3.2), namely,

27 2"t — 22 +af (@) <27z — 2P+ af(z) — 27z — 2" (5.2)
for all z € Q.

Theorem 3. If the set of solutions to problem (2.1) is nonempty and satisfies the sharpness
condition (2.5) or (2.10), the goal function f(x) is convezx, and set Q is convex and closed, then the
sequence x" of the prozimal process (5.1) with a parameter o > 0 converges to the solution to the
problem in a finite number of iterations, i.e., there exists a number ny such that x™™' = z* € X*.

Proof. We set z = 2* in (5.2) to get
2_1|In+1 _ l’n|2 + af(xn—i-l) < 2_1|ZL'* _ l’n|2 + Oéf(l‘*) _ 2_1|l’* _ xn+1|2 (53)
for all z € ), where x* is an arbitrary point of the solution set X*. We take into account the
estimate f(z"™!) — f(z*) > 0 and sum up (5.3) from n =0 to n = N to obtain

k=N
R e N P A T L A A (5.4)
k=0

The partial sums in the left-hand side of inequality (5.4) are bounded for all N. Consequently,

o0
the series > |2%"! — 2|2 converges, which implies that

2"t — 22 — 0, n — oo. (5.5)

Let us transform the sum of squares in (5.3) to an inner product using identity (3.5). We thus

derive
<xn+1 o xn,anrl o 513'*> + Oé(f(ib’n+1) o f(ili'*)) S 0.

Since the latter inequality holds for all z* € X*, we put 2* = mx-(2"™!) and use the sharpness
condition for minimum (2.5) or (2.10), i.e.,

(2" — 2™ 2" — e (2™TD)) + ayla™T — mxe (2" TP <0,
where the parameter v is probably zero (a sharp minimum). As a result we get
ay|z™ — e (2" M < |2 — 2" |2 — g (2™ (5.6)
Assume that 2" — 7x.(2™*1)| # 0 for all n, then inequality (5.6) yields

Oé’)/‘$n+1 _ 7TX*($n+1)’V < ’xn—&-l _ $n|‘ (5'7)
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In particular, when v = 0 (a sharp minimum), we obtain

n+l

ay < |z z"|. (5.8)

Clearly, inequalities (5.5) and (5.8) contradict each other.
If the parameter v belongs to the interval (0, 1), we transform (5.7) in the following way:

’anrl - xn|1/ " — Txs (anrl) In+1 — —v

’xn—‘rl _ xn| |xn+1 _ $n|

n+l xn|171/ n+l xn|171/

_|LIT

ay < |z 2t — e (2|

The expression in brackets in this inequality is bounded and does not depend on the behavior of
(2" — mx (x™1)) /|2 — 2| as n — oo, moreover |z"T! — 2|17 — 0 as n — oco. We also arrive
at a contradiction in this case.

Consequently, the assumption |z""1 — mx«(z")| # 0 for all n is false, and there exists a
number n; such that 2™+ = wy. (2" 1) = 2* € X*. The theorem is proved. O

Now we investigate the behavior of the iterative method of gradient projection
2"t = 1o (2" — aV f(z™)), 1 € R, (5.9)
applied to problems with a sharp minimum. We write this method in the variational form as
(z" — 2"+ aVf(a"),z — ") >0 (5.10)

for all z € Q.

Let us formulate a theorem on finite convergence of the gradient projection method, assuming
that f(z) is a convex function differentiable everywhere in its domain whose gradient satisfies the
Lipschitz condition. A special case of this theorem was proved in [3].

Theorem 4. Assume that the set of solutions to problem (2.1) is nonempty and satisfies
the sharpness condition (2.5), f(x) is a convex differentiable function whose gradient satisfies the
Lipschitz condition with a constant L, and Q) is a conver closed set. Then the sequence x™ of
the gradient projection method (5.9) with a parameter a < 2/L converges to the solution to the
problem in a finite number of iterations, i.e., there exists a number ny such that x™' = z* € X*.

Proof. We set z = z* in (5.10) and z = z"™! in (4.4) and sum up both inequalities to find
("t — 2" + a(Vf(2") — Vf(z¥)), " — 2™ > 0. (5.11)

Hence,
(@ — 2" 2™ =) + oV f(a") = Vf(a7),2a™ —2") 0. (5.12)

We transform the first term in (5.12) using identity (3.5) and transform the second one using the
inequality [11]
(Vf(21) = Vf(ws), 25 — w2) < (L/4)]z1 — 2], (5.13)
which holds for all x1, x5, and x3 in ), where L is the Lipschitz constant. Then
|xn+1 . $*|2 i d|l’n+1 _ $n|2 < |In o I*|2, (5‘14)
where d = (1 — «L/2) > 0 because o« < 2/L. Let us sum up inequality (5.14) from n = 0 to
n = N. We thus obtain

N
|.1'N+1 . iL‘*’2 +dz |£L’k+1 o xk|2 S ‘xo . $*|2' (515)
k=0
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The partial sums in the left-hand side of (5.15) are bounded for all N. Consequently, the series

&)
> |zt — 2%|? converges, whence we conclude that |25 — 2% — 0 as n — oo.
k=0

We again consider inequality (5.10) and set z = z*. The inequality becomes (z"*! — 2", 2"+ —
—x*) + a(V f(z"), 2" — z*) < 0. Therefore,

(" =2 2" —2¥) 4 V(2™ + V(") = Vf(a"), 2" —2¥) <. (5.16)
On the other hand, condition (2.5) and convexity of f(z) yield
’7|$n+1 Ty (ZEn+1)| < f(ZEn_H) . f(WX* (l,n+1)) < <Vf($n+1),l‘n+1 — TMxx* (:pn+1)>. (517)

Since inequality (5.16) holds for all 2* € X*, we put z* = 7x«(x)(2"™) and compare (5.16) and
(5.17). According to the Lipschitz condition we obtain

a2 — mxe (")) < (1 + al)|z™ — 2" |2 — wxee (2. (5.18)
Assuming that [z"1 — 7x.(2"T1)| # 0 for all n in (5.18), we deduce

ay < (1 +aL)|z" — 2" (5.19)

Since |z — 2F|2 — 0 as n — oo, inequality (5.19) leads to a contradiction.

Consequently, the assumption |z""1 — mx«(z"1)| # 0 for all n is false, and there exists a
number n; such that 2™+ = 7wy (2" 1) = 2* € X*. The theorem is proved. O

The author is grateful to F.P. Vasiliev for a fruitful discussion of this work.
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