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1 Introduction

Let © = X; x X5 be a rectangle, where X; € RY', X5 € R5? are convex closed sets
from finite-dimensional Euclidean spaces, generally speaking, various dimensionality.
Let functions fi(z1,22) + ¢1(21), fa(1,22) + @2(x2) be determined on the product
space Ry x R3*. Consider a extreme mapping Y (x) = y1(x2) X y2(x1), which maps
any point x = (1, x5) € Q to some convex closed subset from (2

y1(xe) € Argmin{ fi(z1,x2) + p1(21) | 21 € X1}, 1)
y2(x1) € Argmin{ fo(z1, 22) + pa2(22) | 22 € Xo}.

The subset Y (z) represents by itself the direct product of optimal solution sets for
problem (1). If functions fi (21, x2)+¢(21), fo(z1, 22)+p(22) are continuous and convex
in own variables, i.e. the first function is convex in z;, the second one is convex in
2y for any x; and zo, X;, i = 1,2 are convex compact sets, then there exists a fixed
point x* = (z7, z%) of this mapping, Aubin, Frankowska 1990. This point satisfies the
system of extreme inclusions

x{ I~ Argmin{fl(zl,QCZ) + gOl(Zl) ’ z21 € Xl}; (2)
z3 € Argmin{fa(27, 22) + ¢2(22) | 22 € Xa}.
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The problem of computing a fixed point (2) was formulated by Nash 1950 as a
n-person game. The (2) is its particular case. In this game the set X;, i = 1,2 is
interpreted as the strategy set of i-th player, where z; € X is a individual strategy of
the player, fi1(z1,22) + v1(21) and fo(z1, 22) + wa(22) are payoff functions of players.
A characteristic sense of a fixed point z* of (2) is that any player is not interested
to disturb the equilibrium state as anybody of them cannot reduce value of its
payoff function in the one-sided order. Any solution of game (2) we shall call also
as equilibrium solution or equilibrium. This solution, in particular, means a condition
of compromise with a summarized prize fi(x}, %) + @1(a]) + fa(x], 25) + wa(x?).

After publication, Nash 1950 the efforts of researchers were undertaken to develop
solution methods for games. As the result the methods of solving for two person
zero-sum game were found out. Formally this game can be reduced to a saddle point
problem and, therefore, saddle point methods provide some tools to solve a zero-
sum game. We mark some papers in this topic. First of all it is the iterative method
for an evaluation of value of matrix game. The method was offered by Brown 1951,
the convergence of it was proved by Robinson 1951. Bakushinsky and Goncharsky
1994 extended the approach to convex-concave games and proved convergence of
it for two person zero-sum games. The number of the approaches uses idea of an
transformation of game to other type of problems. For example, Hansen and Scarf
1974 approximated a game by means of some mapping to calculate a fixed point of
it with the help of simplicial partitions of a set. Lemke and Hawson 1964 reduced
the game to complementarity problem and applied the pivoting-approach to solve it.
However from a point of view of game mathematical modelling the game methods
look more attractive on a comparison with approaches of a reduction them to other
types of problems. We pick out another paper, Mills 1960, where a bimatrix game is
reduced to non-convex quadratic programming problem.

In the present article the gradient descent idea for the solution of non-zero sum
game is used. Earlier, this gradient idea but in other form was considered and justified
for potential game by Rosen 1965. The outcomes obtained there follow as a particular
case from outcomes of the present paper. It is known, Nikaido and Isoda 1955 that
any game always can be presented in equivalent form of computing a fixed point of
extreme inclusion induced by normalized function of two vectorial variables of the
same dimensionality. If the initial problem was a zero-sum game, then the normalized
function is antisymmetric. In this paper the sizeable extension of class of games with
an antisymmetric normalized function (i.e. zero-sum games) is introduced up to a
game class with positive semidefinite (skew-symmetric) normalized function. The
introduced class of game problems includes itself all zero-sum games and this class can
be considered as analog of convex programming in the class of non-linear programming
problems. The theory of solution methods for bilinear games is developed and presen-
ted in Antipin 2002.



2  Discussion of the problem

Problem (2) represents a system of extreme inclusions, which it always is possible to
scalarize and to present in the form of problem for computing a fixed point of extreme
map. To that end we enter a normalized function of the kind

D(v,w) + p(w) = fi(21,22) + p1(21) + fo(@1, 22) + p2(22),

where w = (21, 22), v = (21, 22), v,w € Q = X; X X5. In terms of new variables the
problem (2) can be written in the shape

v* € Argmin{®(v*, w) + p(w) | w € Q} (3)
or that is the same
O (v*,v*) + o(v*) < (v, w) + p(w) Yw € Q. (4)

Uneasy to be convinced of equivalence of problems (2) and (3). Really, we present (4)

as
fi(z], 23) + o1(x]) + fola], 25) + @a(3) <
< iz, 25) + 01(21) + fo(@], 22) + p2(22), 21 € Xy, 2 € Xo.

By virtue of separability of function ® (v, w) and modularity of set €2 the last inequality
can be splitted on a system of inequalities

filz], 25) + @i(x}) < falz,235) + 01(21) V€ Xy,
fo(@7, 25) + 02(25) < foa], 22) + pa(22)  V2p € X,

i.e any fixed point (4) is the solution (2). The inverse proposition is true too.

If game (2) satisfies the condition fi(x1,22) + ¢1(x1) + fo(z1,22) + @o(x2) =
= 0 Vr; € Xy, x5 € Xs, then it is called a zero sum game. It follows from this
condition immediately that f(z1,x2) = — fa(x1, 22) = f(x1,22), p1(x1) =0, @o(x1) =
=0 Vx; € Xl, To € Xg, i.e.

xy € Argmin{ f(z,23) | z1 € X1},
xy € Argmin{—f(z73, 22) | 22 € X3}

(5)
Obviously that the problem can be rewritten in the form of a system of inequalities
f(x7, 29) < fa7,25) < f(z1,25) V2 € X1, 2 € Xs. (6)

In this case, pair of vectors x7, 3 is the saddle point of f(z1,z2) on set X; x Xo.

It is useful to mark that problem (3) also can be interpreted as two person game,
where the strategies of the first player are described by means of variable v € €,
and second one are in variable w € ). The choice of strategy of the first player
consists in presentation of specific vector v € €, the response of the second player is
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in presentation of set Y (v) C €. In this situation it is required to choice v = v* such
that v* € Y (v").

We have seen if v* = (27, x3) is a fixed point in (3), then the pair of vectors (x7, z3)
is the saddle point of function f(zq,x2) in (5).

Antipin 2001B exhibits that the saddle point property is the key property to prove
the convergence of various methods to fixed points of extreme maps. Therefore the
question arises on whether can pair v*, v* be a saddle point some function connected
with this problem, if v* is a solution of (3) ? To answer this question we enter a
condition, which is enough to describe the situation as a whole.

A function ®(v,w) is called positive semi-definite or skew-symmetric on € x € if
it obeys the inequality, Antipin 1995

O (w,w) — P(w,v) — ®(v,w) + P(v,v) >0  Vo,w e Q x Q. (7)

This condition can be considered, on the one hand, as generalization of antisymmetric
property, i.e. when the condition ®(v, w) = —®(w, v) is held, and on the other hand, as
generalization of concept of positive semi-definiteness of matrices. Indeed, if a function
has a bilinear structure ®(v, w) = (dv, w), where ® is a square matrix, then condition
(7) takes the form of positive semi-definiteness for matrix, i.e. (P(v —w),v — w) >
>0 V(v—w) € R". Easy to check up that if function ®(v, w) is positive semi-definite,
then ®(v,w) + ¢(w) is positive semi-definite as well. Positive semi-definite condition
(7) allows to mark out the class of equilibrium problems which may be considered as
analog of classes of convex and saddle point programming problems.

The equilibrium problems subjected to the condition of positive semi-definiteness
have the important properties, namely, if v* is a solution of equilibrium problem (3),
then the pair v*,v* is the saddle point of shift function ¥(v,w) = ®(v,w) + ¢(w)—
—®(v,v) — @(v) (it is identically equal to zero on the diagonal of square 2 x 2).
Indeed, if v* is a solution, then at v = v* from (4) and (7) we have

O(w, w) + p(w) — ®(w,v%) — (V") = E(v*, w) + p(w) — S(V", V") —(v*) = 0
for all w € ). Thence
U(v,0") < ¥(v*,0v") < U(v*,w) Vo, w € 0 x Q. (8)

Thus, the v*,v* is the saddle point for the shift function (v, w). This function is
convex in w and, generally speaking, is not concave in v. Below we shall show that
saddle point condition of function ¥ (v, w) is crucial property in the substantiation of
convergence for many iterative methods to a equilibrium solution of (3).

The v*,v* may be a saddle point for another functions, too, for example, for
Uy (v,w) = (Va®(v,v),w — v), where Vy®(v,w) is partial gradient ®(v,w) in w
for any v. The last function is very convenient to use it for the substantiation of
convergence for gradient-type methods. Therefore we prove this property.



In this paper the function ®(v,w) + @(w) is supposed to be convex in w for any
v, i.e. it subjects to the system of inequalities

(Vf(z),y —x) < fy) = flz) < (V(y),y — ) (9)

for all x u y from a set. We use this system of inequalities for (7) for the case ®(v,w)+
+p(w)

O(w, w) + p(w) = ©(w,v) — p(v) = D(v,w) = p(w) + D(v,v) + ¢(v) 20  (10)
for all v,w € Q x €2, then we get
(V@ (w,w) + Vp(w) — Va@(v,v) + Vo(v),w —v) >0  Yw,veQxQ, (11)

i.e. gradient-restriction (V2@ (v, w) + V(w))|y—y is the monotone operator on the
diagonal of square €2 x €. We shall write out a necessary condition for problem (3)
in the form of variational inequality

(Va@(v*,v") + Vo), w —v*) >0  Yw e . (12)
Let us set v = v* in (11) and compare with (12), then
(Vo®(w,w) + Veo(w),w —v*) >0  Yw e . (13)

Under notation of function ¥y (v, w) = (V2®(v,v),w —v) both inequalities can be
recorded in the form of a saddle point condition

Uy (v,v") < Wy (v, 0") < ¥y (v, w) Yo, w € Q x (.

Hereinafter, we shall assume that objective function ®(v,w) + ¢(w) of (3) has two
main properties: it is convex in w for any v, and ® (v, w) is positive semi-definite. Both
properties guarantee the existence of saddle point property for a point v*, v* that, in
turn, provides convergence of majority iterative processes to equilibrium solutions.

The above reasoning are correct provided that the function ®(v,w) is positive
semi-definite. In case it is not so, it is true that any function always can be resulted
to the positive semi-definite kind. The latter circumstance is very important, as it
has universal character. We show that any function ®(v,w) can be splitted on two
components: symmetric and antisymmetric.

We select two linear subspaces in the linear space of the real-valued functions
® (v, w), which are determined by the following conditions

Q(v,w) — P(w,v) = 0 VYweQ, VYvel, (14)
O(v,w) +P(w,v) = 0 VYweQ, Ve (15)

The functions of the first subspace are called symmetric; those of the second class,
anti-symmetric.



Recall that a pair of points with coordinates w, v and v, w is situated symmetrically
concerning the diagonal of the square €2 x €0, i.e., with respect to the linear manifold
v = w. This allows us to introduce the concept of a transposed function, Antipin
1998. If we assign the value of ®(w,v) calculated at the point w,v to every point
with coordinates v, w, that is v, w — ®(w,v), then we obtain the transposed function
®"(v,w) = ®(w,v). In terms of this function conditions (14) and (15) look like

d(v,w) =" (v, w), d(v,w) = —d" (v, w).

Using the obvious relations ®(v,w) = (®T(v,w))", (®1(v,w) + Po(v,w))" =
= &/ (v,w) + & (v,w), we can readily verify that any real function ®(v,w) can
be represented as the sum

O(v,w) = S(v,w) + K(v,w), (16)

where S(v,w) and K (v, w) are symmetric and antisymmetric functions, respectively.
This expansion is unique

S, w) = ; (O(v,w) + 0 (0,w)), K (v,w) = ; (®(0,w) — &7 (v,w)) . (17)

Antipin 1998 had shown that the gradient-restriction VyS(v, w)|,—, coincides
with the gradient (1/2)VS(v,v) of the restriction for symmetric function S(v,v) =
= S(v,w)|y=p. The latter means that alongside with the function ®(v,w) + p(w) it
always is possible to introduce other function K (v,w)+ S(w,w) + ¢(w) = K (v, w)+
+¢1(w) such that gradient-restrictions of both functions are the same, and K (v, w)
is a positive semi-definite function. Thus, if it is assumed that ®(v,w) 4+ ¢(w) is not
positive semi-definite function, then there always exists an other positive semi-definite
function K (v, w) + ¢1(w) such that the gradient-restrictions for the both functions
are the same and, certainly, a solution sets of both equilibrium problem generated
both functions are the same as well. Therefore, it is possible approve that the positive
semi-definiteness condition is not restraining very much, though under transition from
one function to other there will be difficulties with fulfilment of the second condition:
convexity condition of K (v, w) + ¢1(w) in w for any v.

3  Extragradient game methods

In game (2) each of the participants has to decide a minimization problem with convex
functions in own variable under fixed values of parameters, which are simultaneously
variables for each contenders. There is the question, when methods developed for
solving convex problems can be transferred for solving a system of such problems.

First of all we note that the game (2) has several equivalent formulations. For
example, in the form of variational inequalities

(Vifi(at,25) + Veu(x}), 21 — 27)

>0
(Vofo(zt,x5) + Vo(as),zo —a) >0 Vzo € X, (18)
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or in the kind of operator equations

,’L"lk = 7TX1(1'>{—Oé<vlfl<x>{7x§)+V901(x>{)))7

5 = 13— a(Vafa(aha3) + Ve(a3))). (19)

where Vi fi(x1,22), Vafa(x1,22) are partial derivatives of functions fi(z1,z5) and
fo(x1, z2) in first and second variables accordingly, Vi (x1), Vo(xs) are gradients of
appropriate functions, 7y, (...), i = 1,2, are projection operators of vectors onto a set
X;, a > 0 is a parameter like steplength. Conditions (18), (19) represent necessary,
and in the convex case, sufficient conditions of a minimum in (2). Recall that the
solution set of positive semi-definite equilibrium (game) problems introduced above
is convex closed set, Antipin 2002

For the solution of system (19) the extragradient method is used. It includes two
half-steps Antipin 1998

the first half-step

71 = mx, (27 — (Vi fi(af, 23) + Ve (a7))),

75 = my (73 — a(Vafolaf, 23) + Vio(e2))), (20

and second half-step

o =y (27 — a(VfL(ET, Z8) + Voo (ZD))),

i =, (0 — a(Vafo(a, 75) + Valag)). (21)

A steplength o > 0 in this process is determined from some condition, which will be
mentioned below. The first half-step is treated as a calculation of prediction point
where direction of the future motion can be determined and then the second half-step
implements the motion in computed direction.

Note that the ordinary gradient method like type

o = (af = a(Vai(e].28) + Vr(at),
ab = wx, (2 — (Vo fo(a?, 22) + Vio(z})))

does not converge to a solution of (19). But, in the particular case, if the operator

Vo@ (v, w)|p—w = (Vifi(@1, 22), Vo for1, 22))

is potential (i.e. Jacobian of Vo®(v,v) is the symmetric matrix), then the ordinary
gradient method is converging, Rosen 1965. In this case the equilibrium problem is
equivalent to optimization problem, Antipin 2001B.

From (20), (21) we have estimates

Z0 — 21| < ol Vi fi(al, 28) + Vi (aF) — Vi fi(Z7,75) — Ve (Th)],
|

Pt n n n n SN AN N 22
5 — o] < | Vafalah,o}) + Voo(a) — Vafa(@hay) — Voo(z).



We present process (20), (21) in the form of variational inequalities. Equation (20)
rewrites accordingly with definition of the projection operator as

<i7ll — 33711 -+ oz(Vlfl(x’f, LUS) —+ V@l(ﬁ?», 21 — .1_711> 2 0 Vzl c Xl,

2
(5 — ab + a(Vafo(al, 28) + Vipa(2h)), 20 — T5) > 0 V2o € Xo. (23)
Equation (21) presents as well as
(x?“ — ZL’? + Oé(vlfl(ﬂ_??,.fg) + V(,Ol(i’?)), Z1 — 17711+1> >0 Vzl € Xl, (24)

<CL’3+1 — 13721 + Oé(VQfg(Zf’?,!fg) + VQDQ(J_IS)), zZ9 — Z‘g’+1> Z 0 VZQ € XQ.

Under discussing questions of convergence of game method (20), (21) it is impor-
tant to underline that two players are a whole system, which in due course evolves to
equilibrium state and character of this evolution is determined, in main, by system
properties, i.e. system properties of the players, as a whole unit. These system proper-
ties we formulate in terms of the normalized function.

(v, w) + p(w) = fi(z1,22) + p1(21) + fo(@1, 22) + p2(22), (25)

rie w = (21,22), v = (z1,22), v,w € Q = X; x Xy. They include: the positive
semi-definite property of ®(v,w), the Lipschitz condition of gradient-restriction of
this function and convexity property of ®(v,w) in w for any v. Certainly, all these
properties, in turn, are determined by properties of functions fi(z1, z2), v1(21), fo(z1,
29), v2(22). For example, if these functions are convex in z; and z; for any values z;
and xq, then ®(v, w) + ¢(w) is convex in w for any v.

Theorem 1 Suppose that a solution set of game (2) is non-empty, normalized func-
tion of this game ®(v,w) + @(w) is positive semi-definite and convex in w for any
v, its gradient-restriction Vo®(v,w)|y=yw + Vp(w) satisfies the Lipschitz condition
with constant L, Q@ C R"™ is conver closed set. Then, the sequence z7, x5 generated
by method (20), (21) with steplength o chosen from condition 0 < a < 1/(v/2L)
converges to a game Solution, i.e. x, x5 — x7,25 as n — oo monotonically in the
norm.

PROOF. By putting z; = x}, 20 = 3 in (24), then

(@77 —2p + (Vi i3, 75) + Vi (7)), 27 — 217h) > 0, (26)
(@5 — a5 + a(Va fo(T1, 75) + Via(T5)), 25 — 237") > 0.
By setting z; = 27, 2, = 25 in (23)

(Z0 — 2™ + (V1 fi (27, 27) + Ve (7)), 23+ — z7)
(T — a8 + a(Vafoal, a5) + Vo (Th)), a5 — 25)



From here

(@ — 2, 2™ = 27) + (Vi fi(T, T5) + Ve (27), 27 — 21+
+ Vi fi(al, x5) + Vi (a7) — Vi (3], T5) — V@l(@) it =) >0

or taking into account of (22)

(@) — 27, 7™ = 20) + (Vi (T}, T5) + Ver (1), 21 — 27+ (27)
+ &?IVyfi(al, 28) + Vi (af) — Vi f1(Z7, 75) — Ver (27) ]2 > 0.

We get analogous inequality with respect to variables z

(@5 — o, 25" — 35) + a(Vafo(T7, 75) + Vipa(73), 25 — 25)+

e _ 28
b a2V falal,af) + Viea(ad) — Vafa(@h 7) - V(@) > 0. (28)
We add systems pair of inequalities (26) and (27),(28)
< - xy, x] — $?+1> < T =”E17=T711Jrl - f?)‘{’
+ < ot — Ty, Ty — $3+1> +(Ty — $27$;+1 — Ty)+
+ 0‘<v1f1($1ax2>+v¢1( ?)yff_xl) (29)
+ Vo fo(TT,75) + Via(Th), 5 — 5)+
+ o?IVifi(al,a8) + Vi (2h) — Vi fi(ZT, 75) — Ve (77) ]2+
+ a?Vafolal, ah) + Vo (25) — Vo fo(Z1, 75) — Vo (75)[* > 0
Represent (29) in the vector form
n n n x] — $n+1 -n n =n n xn+1 — 7
(2P — 27, ah ™ — a) ( x; wéﬂ + (2} — 27,75 — %) xr;wrl _3—37;1 +

b VA @ E) + V(). Vafal@h 23) + Vio(a)) ( 7 - ) s

Zl? _:UQ

+ 2| Vifi(al,ah) + Vi (ah) — Vi fi(Z}, 5) — Ve (Z7) P+
+  ?|Vafoal, o) + Vo (ah) — Vo fo(T, T5) — Vo (75)|* > 0.

Recall notations for vectors introduced previous to v = ( il ) , vt = ( il ) If
2 2

we differentiate function ® (v, w) + ¢(w) in w for any v and take the restriction of
gradient for this function onto the diagonal of square Q x Q, (i.e. at v = w) then we
get from (25)

Gart o vty = (L) (Tl



In particular, at z; = Z7, 22 = T we have
) 1> 2

vaee)ev) = (GEER I ) @

In view of entered notations we copy the last inequality in the form

<Un+1 . ’Un,’U* _ ’Un+1> + <@n _ Un’ ,Un—l—l _ ,Z—}n>+
+ a(Va®(0™,0") + Vp(o™), v* — ™)+ (31)
+ a?|Vy®(v™,v") + Vp(v™) — Vod(0", ") — V(o™)]? > 0.

If operator Vo®(v,v), V(v) satisfies the Lipschitz condition, then the estimate is
correct

[Va@(0",0") + Vp(v") = Vo @(0",0") = Vp(o")| < Ljv" — 0"

On the other hand, third addend from (31) is nonpositive by virtue of estimation (13)
at w = v". With regard for above inequality (31) takes the one

(" — o™ v* — ™) (B — " 0™ — ™) 4 (al)? o™ — 9" > 0. (32)
By means of identity
lv1 — vs|* = |v1 — va|* + 2{v1 — vy, vy — v3) + |v2 — v3]?, (33)
we split of the first two scalar products in (32)

+2(aL)?|o™ — v")|* < |o" — v*]?.

From here, we yield
|,Un+1 . U*|2 + |,Un+1 - @n|2 + (1 - Q(QL)Z)W” . ,Un‘2 S |Un — 2‘ (34)

Let us sum up inequality obtained fromn =0ton =N

N 2 N k2 dk:N—k_ k12 < 0,0 %2
v PP+ D o P Hd ) 07— oF)P < 0 =0t
k=0 k=0

where d = 1 — 2(aL)? > 0 under the theorem conditions. From the gained inequality
the boundedness of trajectory follows

OV < o — o,
- [k |2 S S
and the series are convergent 3 [vFT! — %2 < 00, 3 |vF — 0v*|? < 0o. Consequently,
k=0 k=0

values tend to zero |[v"™ — "> — 0, [v" — v"|*> — 0, n — oo. We have too that the
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sequence v" is limited. It means, there exists a point v’ such that v™ — v’ as n; — oo,
and o™t — v 2to0.
We put n = n; in (23) or (24) and passing to the limit as n; — oo, we get

<V1f1(l',1,56'/2) + v§01(x,1)721 - l'/1> > 0 V21 c )(17
(Vafo(xh, xh) + Vo (zh), 20 — ah) >0 V2 € Xs.

ng

2,0, [ —om

The obtained ratios are similar (18), therefore z/, 2}, = zi, 25, i.e. any limiting
point of sequence z7, x5 is a solution of problem. The monotonicity condition for
decrease of value |v™ —v*| guarantees the uniqueness of the limit point, i.e. convergence
provides v" = (2, 2%) — v* = (xF, x3) as n — oo. The theorem is proved.

4 Extragradient game methods using Lagrange
function

We consider now convex two person non-zero sum game, where each players of the
game has, in addition, functional constraints

xy € Argmin{ fi(z1,25) + ¢1(21) | g1(21) <0, 2z € X1},

. 35
x5 € Argmin{ fo(x3, 22) + @2(22) | g2(22) <0, 2z € Xo}. (35)

Each of participants of the game decides a convex programming problem in an own
variable at fixed values parameters. We introduce the Lagrange functions for each of
the players. These functions depend on parameters v = (1, x2)

Li(z1,22,p1) = fi(z1,22) + 1(21) + (p1,91(21)) V2 € Xy, p1 >0,

36
Lo(x1, 22,p2) = fo(x1, 22) + @2(22) + (D2, g2(22)) V2 € Xy, p2 > 0. (36)

We assume that under equilibrium conditions, i.e. at x; = 27, x2 = x5 points 7, pj
and z%, p5 are saddle points for Lagrange functions L£q(z1,x3,p1) and La(z7, 29, pa).
The latter means that inequality system is held

£1($>{,$;,p1) < El(l’}(,l’;,pi) < ‘Cl(zlal;api) vzl > 07 vpl > 0> (37)

52(1'){73:;7]92) S £2($9{7$37p;) S *CQ('I;Z?ap;) VZZ 2 07 va Z 0. (38)

We rewrite inequalities (37), (38) in the form of the system of problems

xy € Argmin{ fi(z1,25) + ¢1(21) + (P, 91(21)) | V21 € X1},
pr € Argmax{(pi,gi(x])) | p1 >0}, (39)
xy € Argmin{fo(a], 22) + pa(22) + (p3, 92(22)) | V22 € Xo},
Py € Argmax{(ps, g2(23)) | p» > 0} (40)
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or in the form of variational inequalities

Vfi(xs as) + Vo (ah) + Vol (@0)pt, 21 —23) >0 Yz € Xy,

(Vifi(

—(91(27),p1 —p1) =20 Vp1 >0, (41)
(Vafo(a], 235) + Vipo(a3) + ng (25)p3, 22 — 25) > 0 V23 € Xy,

—(g2(x3)

G2(x3),p2 — p3) >0 Vpy >0,

where Vg (1), Vg, (r2) are m; x n and my X n matrices, and Vg ;(z1),
Vo i(z2),i=1,2,...,my, j =1,2,...,my are vector-lines.
We differentiate the Lagrange functions (36) in w = (z1, 22)

ViLi(z1,22,p1) = V1 fi(21,22) + Vi (21) + Vi (21)p1,

42
VaLo(1, 29, p2) = Vafa(x1, 22) + Vipa(22) + Vg, (22)pa, (42)

and present the system of variational inequalities (41) in the equivalent form of
operator equations

T =Tx, (f{ - O‘(V1£1<x>{7 x;pT))? pi = 7T+<p>{ + agl@ﬁ))? (43)
Ty = Tx, (xz - O‘(VQEQ(CC; 953,175)), p; = 7T+(p§ + ag?(xg)%
where 7, (...) is projection operator of some vector into the positive orthant R,
a > 0 is a parameter like steplength.
For the solution of system (43) we use the extragradient method with respect to
primal and dual variables, Antipin 1997, Antipin 2000, Antipin 2001A. The method
includes two half steps:

the first half-step

pp = o (pF + agi(x})), T = 7x, (2] — aViLy(af, 25, pr)), (44)
iy =m0 +oga(e3)), 75 =7y, (af — aVala(af, a3, 7)),

and second half-step

Pl e ban(@), ot = ma(d —a VL (@B gy
Py =m0 + aga(T5)), wy =T, (2 — aVa Lo (T, T4, 1Y)

The steplength a in (44), (45) is determined from a interval 0 < a < ag, where
right-hand side of this segment will be determined later.
For the justification of correctness of selecting out parameter o we receive evalua-

tions of deviations for vectors 27,75 and 2}, 25 and p7,p5 and pi*t, phtt from

(44), (45)
57 — P < algi(at) — g1 (37)],
55 — p3t] < alga(a) — g2(T3)] (46)
’jl - $1+1| < a|v El(x17$27ﬁ711) - vlﬁl(f?va_:g?p?”u
)

|z — 372+1| < a|VaLy(ay, 28, py) — Vo Lo (77, 75, p5)|.
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We rewrite process (44), (45) in the form of variational inequalities. According
with the definition of projection operator we present equations from (44) in the kind

(pF — pt — agi(2}),p1 —pt) >0 Vp, > 0,

(Dy — Py — aga(xy),p2 —p3) >0 Vpy >0 (47)
and
<i'7f —$71L+Oévlﬁl(x?,x§,]§?),21 —.i'?> Z 0 Vzl - Xl, (48)
(T5 — oy + aVaLly(at, 25, p5), 22 — T5) > 0 Vzp € Xo.
We rewrite equations (45) as
<p711+1 - p? - Oégl(j?)’pl p7ll+1> Z 0 Vpl > 07 (49)
(P — ph — aga(T5),p2 — ™) > 0 Vp2 >0
and
(a7 — o+ oV L (Z0, 25, 1), 21 — 7T >0 YV € X1, (50)

)
(™ — 2B 4+ aVoLo(TD, 25, %), 20 — 25T >0 V2 € X
3),

In theorem 1 we used inequality (13), which is the corollary of monotonicity
property for gradient-restriction Vo®(v,v) + V(v). In the considered situation we
generalize this inequality for the case when functional constraints of equilibrium
problem are taking into account by means of Lagrange functions. To this end we
put z; = ZY, zo = &% in the first and third inequalities (41)

(Vifi(a],23) + Vi (1) + le (x7)p], 27 —27) >0,
<V2f2($17 xz) + VSO2($2) + V92 ($2)p2,$2 - I2> > 0.
From here

(Vifu(at, 23) + Vi (a7), 71 — 27) + (p7, Vo (1) (77 — 27)) =
(Vafa(at, 23) + Va(a3), 75 — 25) + (p5, Vga(a3) (75 — 23)) >

Using the convexity of vector functions g;(z1), g2(x2), we add both inequalities

(Vifi(ay, 25) + Vi (27), 27 — 27) + (Vo fo(a], 3) + Vo (), 25 — x5)+
+ (01 91 (@) — 91(27)) + (p3, 92(T%) — ga(x3)) > 0.

We use the obtained estimate in proving the following

07
0.
(51)

Theorem 2 Suppose that a solution set of game (35) is non-empty, Lagrange function
of each player has got a saddle point, normalized function of this game ®(v,w)+
+o(w) is positive semidefinite and convex in w for any v, its gradient-restriction
V@ (v, w)|y=w + Vip(w) satisfies the Lipschitz condition with constant Ly, vector and
matriz functions g(w), Vg'(w) satisfy the Lipschitz conditions with constants Lz u
Loy, sequence p* < C' is limited for all n, 0 C R™ is convex closed set. Then, the
sequence ', xh, pt, py, generated by method (44), (45) with steplength o chosen from

condition 0 < a < 1/(\/2(L% + (CL2)?) 4+ L3 converges to a game solution, i.e. m.e.
oy, xy — x], 75, pY,ps — pi,p5 as n — oo monotonically in the norm.
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PROOF. We put z; = z7, 2o = x5 in (50), then

(iH! — 2t + oV Ly (T, 75, PY), o — 2ty >

<l’g+1 - CL’S + Oév2£2('frll7 j%aﬁ?)? ZL’; - xgH_l) Z

(52)

We set z; = 27, 2y = 20 in (48)

<‘f? - myll + &vlﬁl(x?7 $3,ﬁ?), $?+1 - j?> >

) VoL no.nosn nt+l _ Zny (53)
(73 — xy + aVaLlo(xy, 23, Py), 5 T3) =

Hence
<j7f - ZE?, x?+1 - j?) + @<V1£1<j7f7 jgaﬁ?)v x?Jrl - j?>+

+ oz(Vlﬁl(x?,mg,ﬁf) - Vlﬁl('f?afgaﬁl%)’m?Jrl - 'i.rll> >0,
taking into account (46), we have

(@) — 2t e = 2Y) + o(ViLy (7], 75, pY), 2T — 2+

(54)
+ Q2|V1£1(l’?,l‘g,p?) - Vlﬁl(f?ngvp?)|2 > 0.

We receive the similar inequality with respect to variable 2o

<jg - QL’S, ZL’EH_l - fg) + (1<V2£2([i’?, jgvpg)v $3+1 - jg>+

(55)
+  a?|VoLy (2}, 2%, p3) — Vo Lo(Zh, 75, p3)|? > 0.

Add systems of pairs of inequalities (52) and (54), (55)

< n+1 n+1

n .k 0 n ,nt+1 =N
Ty — 21,0 — I + (@7 — a2 — 7))+
+

< n+1

no .k =1 n ,nt+l =11
Ly T T, Ty — Ty (75 —ay, 23" — T5)+

)
i ntly
+ oViLy (27, 73, 1), 21 — I1) + o(VaLa(TY, 73, 1), 25 — T3)+
+ 0| ViLa(af, 5, pY) — ViLa (a7, 75, o) [P+
+ ?Valy(at, 2y, py) — VaLo(a), 25, p5)* = 0.
In view of convexity g¢i(z1), ga(z2) we estimate separately the fifth and
sixth term in obtained inequality

(Vili(ay, 73, p1), a1 — @7) + (Vo Lo(T1, 23, P5), 25 — Ty) =
= (Vifi(@,75) + Vi (37), 27 — 77) + (V] (T1)pT, 27 — 77))+
+ (Vafo(@1,75) + Vipo(75), 25 — T5) + (Vg, (T5)p5, x5 — 75) <
< (Vifi(@], 73) + Ve (1), 21 — 27) + (01, 91(27) — g1(27))+
+ (Vo fo(@1, 23) + Voo (23), x5 — T3) + (D5, 92(23) — 92(Z3)).



Then

n+1 n+1 n n+1 -n
(7T — a2t o] —277) + — o,y = I+
+

(zy
+ (o™ = wy = ap ) + (35— 2, eyt - )+
+ a(Vifi(@],73) + Ver (27), ] — 27) + (01, 91(2]) — 91(271))) + (56)
+ a(Vefo(7),25) + Vo (73), 75 — T5) + (05, 92(23) — 92(73))+
+ &?Vili(at, 25, pY) — ViLa (2t 75, pY) [+
+ ®|VaLo(27, 25, py) — VaLa(z7, 75, P5) [ > 0.
Using notations (30), we add inequality (51) and (56), then
(7™ — 2 = 2t + (@) - af, 2t -2+
+ (™ -y — e (T - af,ap ! - a5+
+ (Va®(07,03) + V(1) — Va@(v,v3) — V(ur), vf — 07')+ (57)
+ (7 — o1, 91(@]) — 91(7)) + (D3 — P2, 92(23) — 92(75)) +
+

a?|Vi Ly (2t oy, py) — VL (@t 75, pp) P+
+ Oé%VQEQ(.T?,.T?,pg) - v2[’2(j7117j37ﬁg)|2 > 0.

To the obtained inequality we return back later and now consider inequalities (47)
and (49). Let us put p; = pj, p2 = p; in (49)

(i = prpt — i) — g (&), pt — pi) >0, (58)
(5™ = p5, o5 — ™) — alga(@5), p5 — ps ™) >0
and pp :p?ﬂ, = pSH (47), then
(7 — ottt =P + algi () — i (2h), pi ™t — Py —
— g (@), pi™ = p}) >0, (59)
(05 — py, o5t — PB) + alga(Z5) — go(ah),p5 ™" — Py)—
— a(ga(Fy), pi™ — py) > 0.

We combine both inequalities (58) and (59)

(i = ptpt — i) + (5t —py, oy — 5T+
+ <ﬁ? 7p711+1 1> < p2>pg+l pn>+
+ o )~ ole) P - )

P
91(71) = ga (), it = BY) + afga(@s
- ag(ry py) =

g1(T1), P71 = P1) — alga(T%), p5 —

{
{
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Using (46), rewrite the last inequality in the kind

(P = ptpt — o) + (5t = py, s — P+

+ Py —pn et = D)+ (P8 — Py ph T — P+
+ P (x]) — g1 (@) + 2| g2(25) — go(25)]*—
- Oé<gl(jrll)7pylK _pyll> - Oé<92(j721)7p; _ﬁg> Z 0.

(60)

We put p; = pY, p2 = p§ in second and fourth inequalities (41) and add both ones
o (60), then
i =t e =P + (o — g ps — P+
+ (P = ol = DY)+ (B8 - s ps - pE)+
+ g1 (@]) — g1 (2]) P + a?[ga(a) — ga(a)*+
+ algi(@}) — (@), pi — P1) + alga(23) — 92(75), 05 — p) = 0.

(61)

At last, we combine inequalities (57) and (61) and take into account the monotoni-
city condition (11) of the operator Vo®@(v,v) + Vp(v), then

—ay,r] — x?H) + <331 - $1:x?+1 - j?)"‘

—ptp; — ity 4+ (o5t — P s — pyth+

< n+1

(@5 ™ —af,af — ay ™) + (75 — af, 23T — T5)+

< n+1

(P — ot it — Py +
pY) —
py) —

(p5 — P53, 05" — Py)+ (62)
o?|V Ly (27, 25, py VL (7, 25, PP+
a?|VaoLo(27, 25, py) — VaLo(77, 75, p3) [+
a®|gi(}) — gi(x) [ + a®[ga(75) — ga(a3)[* > 0.

+ + + + + o+

Further, following logic to the theorem 1, we scalarized the obtained inequality
and pass to the variables v = (z1,22)", p = (p1,p2)". To this end we consider three
last addends in (62) in more details. We expand convolution (25) with the help of
scalarization of two Lagrange functions (36)

‘C(Ua wap) = CD(U’ w) + gp(w> + <pag(w)> = 'Cl(Zl:anpl) + £2($1, 227p2) =
= fi(z1,22) + 01(21) + (P1, 91(21)) + fa(21, 22) + pa(22) + (P2, 92(22))-

Differentiating function £(v, w, p) in w, we consider gradient-restriction of this function
VoL (v, w,p)|y=w on the diagonal of square 2 x

ViLi(z, xa,
VL0010 = T, 0) o V)9 (w0 = (Gt )

2z9 = T2
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In particular, at z; = Z7, 290 = 75, p1 = P, p2 = Py we have

V1'61 (j?v jgvp?) )

Vo® (3", ") + V(" +VT@"%=< T
OO VAT VG O =N 9, L a1, 2, )

Using the conditions
Vg (v+h) = Vg'(v)] < Lofh],
lg(v +h) —g(v)| < Ls|h|, [p"|<C, n— oo
estimate three last term from (62)
|V1£1(:E’f,x§,p1) \Y ‘Cl( 711 g ﬁll)|2+
+ [ Valo(af, oy, 03) — VaLo(T7, T3, 13)
= |Va®(v",v™) + Vp(v™) — Vo @(0", 0") — Vp(o™)+
+ (Vg' (") = Vg' (@")p"* <
< B - TR 4 (CLoP " — 0 = (L + (CLy) " — 7
and
l9(") = g(@")* = |g1(77) — g1(@7)* + 92(75) — g2(a3)[* = L™ — 0",
In view of said above we present (62) as
<Un+1 . Un,U* - vn+1> + <1—)n - Un7vn+1 _ 2—]n>+
R A e e i AN S (R S
+ (L3 + (CLy)?)|v™ — o"| + @? LE|v™ — o™ > > 0.
Applying identity (33), we bring the obtained inequality to the kind
|Un+1 . U*|2 + |Un+1 - 1—}n|2 + dl@n _ vn|2 + ’pn—i-l _p*|2 + |pn+1 _ﬁn|2+ (63)
|ﬁn _pn|2 S |Un _ U*|2 + |pn _p>s<|27
where d = 1 — 2a?(L} + (C'Lg)?) + L%) > 0 is under conditions of the theorem, as

1
(V2(L3 + (CL2)?) + L)

The inequality (63) is exact analog of (34), therefore if we continue reasoning
of the theorem 1, then we easily establish the monotone convergence of sequence
o, xf — xf, x5, pt,py — pi,p5 as n — oo to game solution of the problem. The
theorem is proved.
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5 Game problems with coupled constraints

Let the objective functions fi(z1,x2) + p1(x1), fo(z1, 22) + @2(x2) and the functional
vectorial constraint g(z1,x2) < 0, where g(x1,22) = (g1(x1,22), ..., gm(T1,22)) be
defined on the product space Ry' x R32. It is supposed that functions fi(z1, 22)+¢(21),
fa(x1, 22) + ¢(z2) are continuous and convex on the own variable. The constraint
functions g(z1, ) are convex in variables x1 and x5 separately and, generally speaking,
are not convex in these variables jointly, for example, it can be a saddle-type function
g(x1,29) = (x1, X2).

We consider the following extreme map. Let G = {1,229 | g(x1,22) < 0, 27 €
€ Xi, xy € Xy} be a admissible set. Having taken a certain point x = (z1,25) € G
in this set we take two cross-sections of a kind Gi(z) = {z1 € X | (z1,22) € G}
and Gy(x) = {2z € Xy | (71,22) € G}. Assuming that the objective functions are
convex in the own variables for any values of other variables, we consider a pair of
optimization problems each of them is on its cross-section

yi(w2) € Argmin{ fi(z1,22) + p1(21) | g(z1,22) <0, 21 € X1},

1) | g
. 64
y2(x1) € Argmin{ fo(z1, 22) + pa2(22) | g(x1,22) <0, 25 € Xo}. (64)

The system of problems (64) determines the operator Y (x) = y;(22) X ya(x1), which
maps any point z = (x1,23) € G into some convex closed subset from mG x G,
where m,G is a projection of set G onto space of variable x; and m,G is a projection
of a set GG onto space of a variable x,.

The subset Y (x) represents a direct product of optimal sets of problems (64). If
functions fi(z1,x2) + ¢(21), fo(1,22) + p(22) are continuous and convex in the own
variables, and X;,7 = 1,2 are convex compact sets, then the map has a fixed point

*

x* = (27, 2%), Aubin, Frankowska 1990. It is a point satisfies a system of extreme
inclusions

I‘T S Argmin{fl(zl?$§) + 901(2/1) | g(Zl,.’L';) < 07 Z1 € X1}> (65)
x5 € Argmin{ fo(27, 22) + @2(22) | g(a7,22) <0, 22 € Xo}.

The problem (65) represents by itself a two-person game with coupled constraints
dependent on parameter xq,xs. For certain values of parameters each of the game
participants try to solve the convex programming problem in own variables. Both
problems of this system have, actually, the same constraint but with respect to
different variables: the first problem in variable x;, the second one in variable x,.
In this game situation both players are hardly coupled both objective functions and
constraints. The level of independence of players in this situations not high, therefore
it is natural to consider the problem in scalarized form. To this end we enter two
normalized functions of a kind

(v, w) + p(w) = fi(z1,72) + p1(21) + fo(@1, 22) + p2(22),

G(v,w) = g(z1,x2) + g(@1, 22), (66)
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where w = (21,29), v = (21,22), v,w € Q = X; X Xo. In terms of new variables
problem(65) can be presented in the form

v* € Argmin{®(v*, w) + p(w) | G(v*,w) <0, w e N} (67)
or that is the same
O (v*,v") + @(v*) < P(v*,w) + p(w), G, w) <0  Ywe (68)

Uneasy to be convinced of equivalence of problems (65) and (67) or (68). Really, we
present (68) as

fi(xl, 23) + ei(a]) + fo(a], 25) + @a(x3) < fi(z, 25) + @1(21) + fa(a], 22) + pa(22),

g(z1,25) + g(x7, 22) <0, 21 € Xy, 29 € Xo.

The objective function and functional constraint in this problem have the separable
structure. This circumstance used to split the problem and to reduce it to two-person
game. To this end we introduce the Lagrange function

L(x1, 9,21, 29, \) fi(z1,m2) + 01(21) + fo(21, 22) + @a(22)+

I <>‘79(Z17 -1'2) + g(l’l, 2’2)>, (69)

where x1 € X5, 20 € Xo, 21 € X1, 20 € X5, A > 0. Assuming that the optimization
problem from (68) subject to constraint qualification, it is possible to assert that
x7, x5, \* is saddle point for Lagrange function in the state of equilibrium, that is

L(xy, x5, 27, x5, ) < L(x7, x5, 27, x5, N*) < L(x], x5, 21, 29, A7) (70)

for all z; € Xy, 290 € X5, A > 0. The right-hand side of inequality for this system
represents by itself the optimization problem for separable function on square X; X X5.
By virtue of separability of objective function in z; and 2o and block structure of
constraints the problem is splitted on two independent subtasks, each of them is
determined in own space, namely:

Ji(z], 23) + ou(x}) + (N, (27, 23)) < fi(z,25) +@1(21) + (A g(21,23)), 21 € X,
fa(@}, 25) + o2(a5) + (N g(27, 23)) < fa(x], 22) + p2(22) + (N, g(27], 22)), 22 € Xo.

Obviously that these problems can be rewritten as

fi(@y, x3) + o1(a]) < fi(zr, 23) + 1(21) + (N, (21, 23) — g(2], 23)), 2 € Xy,
fa(xt, 23) + @a(25) < fo(a], 22) + @a(22) + (N, g(27, 22) — g(a1, 23)), 2z € Xo.

Or

zy € Argmin{ fi(z1,23) + ¢1(21) | <0, 21€Xi},
x5 € Argmin{ f2(27, 22) + ¢2(22) | (A", (27, 22) — g(27,23)) <0, 2 € Xo}.



We carry through some transformations of constraints for obtained problems. From
the left-hand side inequality (70), we get (A — A*, g(x7, x3) + g(z7,25)) > 0 VYA > 0.
Assuming, at first A = 0, and then A = 2)\* in this inequality, we obtain (\*, g(x7,
x3)) = 0 and A\* > 0. In view of said the last two problems get a kind
2j € Argmin{ fi(z1,23) + ¢1(21) | (A", g(21,23)) <0, 21 € Xu}, (71)
xy € Argmin{ fo(27, 22) + @2(22) | (A", g(27,22)) <0, 22 € Xo}.

The obtained statements mean that x] and z3 are optimal points for functions
filz1,23) + @1(z1) and fo(27, 22) + @2(22) on sets {21 | (A", g(21,23)) <0, 21 € Xu}
and {zo | (\*,g(z7,22)) < 0, 25 € Xy} in equilibrium state. Uneasy to see that
these points are optimal solutions of the same functions on sets of a kind {z; |
| g(z1,25) <0, 2z € Xq} and {22 | g(a}],22) < 0, 22 € Xo}. Otherwise, under
some regularity condition for these sets it is easily to receive inconsistency supposing
that there exists another point 2/, for example for the first condition, such that
fl@,xs) + pi(x)) < filz],x3) + @i(zf) and g(2f,23) < 0. Multiplying the last
inequality to non-negative vector A*, we get at once an inconsistency with above
assertion. Thus, from (71) we have

xy € Argmin{ fi(z1,23) + p1(21) | g(z1,23) <0, z € Xy}, (72)

xy € Argmin{ fo(z7, 22) + pa2(22) | (27, 22) <0, 20 € X}

The equivalence of (65) and (67) is established.

6 Extragradient coupled constraints game methods

To solve the game (72) it is enough to solve the equilibrium problem (67). With this
purpose we present the Lagrange function for (69) in new variables

L(v,w,\) = ®(v,w) + p(w) + (A, G(v,w)), (73)

where v € Q, w € 2, A > 0. The system of inequalities (70) in these variables looks
like
L 0" N) < L(v* 0", A7) < L(v*,w, \") YweQ, X>0. (74)

We rewrite this system of inequalities in the equivalent form

v* € Argmin{®(v*, w) + ¢(w) + (X\*, G(v*,w)) | w € Q},

N; € Argmax{(\, G(v*,v*)) | A > 0}. (75)

The obtained system of problems generates in turn necessary (sufficient in convex
case) condition of a minimum both in the form of variational inequality and in the
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form of operator equation. Of course, both forms are equivalent, first of them looks
like

(Vo®(v*,v*) + Vo (v*) + VoG (v*, 0" )N\, w —v*) >0 Yw € Q, (76)
0

— (G v*), A=) > YA >0,

where Vy®(v,w), ¢(w) are a partial gradient in w for any v and a gradient for
functions ®(v,w), ¢(w) respectively. VoG (v, w) is my x n matrix, where Vag;(v, w),
1=1,2,...,m are vector-lines.

The second form of necessary conditions for (74) takes the form of operator
equation

v = ma(vt — a(Va® (v, v*) + Vo (v*) + VoG (vF,v*)A%)),

o= (V4 (0f/2)G(v%,v7)), (77)

where mq(...), m1(...) are projection operators of some vector into € and the positive
orthant R’} respectively, o > 0 is a parameter like steplength.

Before to pass to discussing to solution methods of the system of equations (77)
we consider properties of function G(v,w) in more details . First of all we mark
properties of symmetry for this function. Indeed, from G(v, w) = g(z1, 2)+g(x1, 22) =
= g(x1, 22) + g(21, x2) = G(w,v) it follows

G(v,w) = G(w,v) Yo eQ, wel. (78)
Differentiating identity (78) in w, we receive
VoG (v,w) = V1G ' (w,v) Yo eQ, weq, (79)

where VG (-,-), VoG (-,-) are partial gradients (derivatives) in first and second
variables.

We prove a key property of symmetrical function G(v,w), namely: private in w
gradient-restriction of function G(v,w) on the diagonal of square 2 x ) is equal to a
half of gradient of restricted function G(v,w) onto this diagonal

2VoG " (0, 0) ]y = VG (v, 0) Yo € Q. (80)

Indeed, by the definition of the differentiability for function G(v,w) we get, Antipin
1998

G+ h,w+k) = Gv,w) + VG (v,w)h+ VoG (v, w)k +w(v,w, b, k), (81)

where w(v,w, h, k)/(|h|? + |k|*)Y/? — 0 as |h|? + |k|*> — 0. Let w = v and h = k be,
then using (79), we get

G+ h,v+h) =G(v,v) +2VoG " (v, w)|ywh + w(v, h), (82)
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where w(v,h)/|h| — 0 as |h| — 0. Since (82) is a particular case of (81) it means that
gradient-restriction 2VoG" (v, w)]y=y is the gradient VG (v,v) of G(v,v), i.e. (80) is
true.

If the function G(v,w) is convex in w for any v, then the operator VoG (v, w)
is monotone in w for any v but the gradient-restriction VoG (v, w)|y—w, generally
speaking, is not monotone one. To make sure the monotonicity of gradient-restriction
(is not mandatory for symmetrical functions) we introduce a class positive-semidefinite
functions. To this end, we mark in

go(v,w) = ®(v,w), G, w) = (g1(v,w),...,Gp(v,w))

and for each functions g;(v,w), i =0,1,...,m, we extend (7), Antipin 1995.
A function g;(v,w) is called positive-semidefinite onto 2 x Q, if it obeys the
inequality

gi(w,w) — gi(w,v) — g;(v,w) + g;(v,v) >0  Yw,v €. (83)

The condition of positive-semidefiniteness of (83) is sufficient to guarantee the
monotonicity of gradient-restriction Vag;(v, w)|y=y, if the function g;(v,w) is convex
in w for any v. Indeed, using the system of inequalities (9) from (83) we get the
monotonicity of gradient-restriction

(Vagi(w,w) — Vagi(v,v),w —v) >0 Yo, w € Q. (84)

Using inequalities obtained, we transform separately third term in the first
inequality (76). Taking into account the key property of symmetric functions (80)
and convexity of vectorial function G(v,v) componently, we have

(VoG T (v, v )N w —v*) = —(\*, VGT(U*, v ) (w — ")) <

1
2

< -\, G(w,w) — G(v*,v")) > 0.

1
2
In view of an obtained evaluation we rewrite the first inequality from (76) in the form
(V@ (v*,v")+ Vo), w—v")+(1/2) (X", G(w,w)—G(v*,v")) >0  Yw € Q. (85)
If the operator Vo®(v,v) 4+ ¢(v) is monotone, then by virtue of (84) we get from (85)
(Vo®(w, w)+ Ve(w),w—v*)+ (1/2)(\", G(w,w) —G(v*,v*)) >0 Yw € Q. (86)

These estimates are underlying the convergence analysis of gradient-type methods to
the equilibrium solutions, Antipin 2001 A.
To solve system of equations (77) we use the extragradient approach

o= (A (@/2)G (0, 0),

" = (v — (V@™ o) + V(v?) + VoG (v™, 0™)A)), (87)
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P\ - 7T+(/\"—|—(Oz/2)G(@n7@n>)7

VL = (6 — a(Vad(@", ) + V() + VoG T (@0, am)any), (&)
The steplength « in (87), (88) is determined from the interval
0<e<a<1/y2(L+LO)2+ (1/2)L3,  €>0, (89)

where constants L, Lo, L, C' are determined in below.
For the justification of correctness of selecting out parameter a we receive
evaluations of deviations for vectors o™ and v" ™!, A" and A" in (87), (88)

A" = N < (af2)|G(07, ") = G(O",0")] < (a/2)Lsp" — o7, (90)
07— 1] < a(|Vad(", 07) + V(o) — Vo (0%, 57) — Vip(a) [+
+ VoG T (0™, 0") — VoG (07, 0™)||A?]) < a(Ly + Ly|A™)) |0 — o] < (91)
< a(Ly + Ly,O)|o"™ — v",
where
(IV22(v", 0") + Vp(u") = Vo @(0", 0") = Vp(0")| < Lo — o7,
(VoG T (v, 0") — VoG (07, 07)| < Lo|o™ — o™, A" <C Vn— .

We rewrite process (87), (88) in the form of variational inequalities.
(bar\" — X" — (a/2)G(v™, v"),A = A") >0 VYA >0,
(0" — 0"+ (Vo ® (", 0™) + Vp(v™) + VoG T (0™ v™)A), v —2") >0 Yo € Q, (92)

and
V), A= A" >0 YA >0,

(W™ — " 4+ a(Va®(0", 0") + V(") + VoG T (0", 0")A"), 0 — ™) >0 Ve € Q,

(93)

We show that the process (87) — (89) converges monotonically under the norm to
one of equilibrium solutions.

Theorem 3 Suppose that a solution set of game problem (72) is non-empty, function
O (v,w), G(v,w) are positive-semidefinite and convex in w for any v, G(v,w) is a
symmetric function, the Lipschitz conditions hold in (90), (91), dual sequence |\"| <
< C is bounded for all n, Q C R™ is conver closed set. Then, the sequence v™, \",
generated by method (87) — (89) converges monotonically under the norm to one of
the equilibrium solutions, i.e. V™, A" — v* \* € Q* X Rf as n — oo.

PROOF. By putting w = v* in (93), we get

(T — o v* — ")+ (V@ (07, 0") + Vi (™), v* — o™ )+

+ (VG (@, AR, vt — v > 0. (94)
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Take w = v" ™ in (92)

(0" — 0" + a(Va®(v", ") + Vo (u™) + VoG (v

v, 0" — ™) > 0.
Hence

" — Un’ ,Un+1 — "

) + a(Va2(", ") 4 Vip(o"), 0"

— an>_
— Vo ®(0",0") + V(") — Vod(v™,0") — V(™) o™ — 07)
+ (VLG (0", )N T =) —
— (VoG (0, 0") — VoG T (v, ™)) A, oL — o™) > 0,

or taking into account (91)

(0™ — v o™ — ™) + (V@ (0", 0™) + Vip(o™),

+ (VoG (0", o)A ot — o)

0Ly + LyC)2f5 — v > 0. ()
We add inequalities (94) and (95)

(V"L —u™ v* — L) 4 (g — ™ o — )+
+ a(Va®(0",0") + V(") v* — ™)+
+ (VLG (0™, o)A v* — o)+ (96)
+ a?(Ly + LyC)?o™ — v"|? > 0.

Using (80) and convexity of function G(v,v) by virtue of (84), we transform apart
the fourth term from (96)
(A", VLG (0" v”)(v — " )
< (1/2)(\, G, v
then
<,Un+1 _ Un’ ¥ — Un+1> +
+ a(Vo®(0",0") + V(") v
+ (04/2)@” G(v",v7) = G(0",0")+
+ *(Ly + LC)? o™ — v™)?

We put w = 0" in inequality (86)
(V@ (0", 0") + Vp(o"), 0" —v*) + (1/2)(\", G(2",0") — G(v*,v")) > 0.
Add two last inequalities

v

(a/2)( )\* (v ,U%) — G( )} + a?(Ly + Ly,C)?o™ — v"|? > 0. (97)
Consider first inequalities from (92) and (93). Put A = A\* in (93)
(AT AN A — (a/2)(G (0", 0), A = AT >0 (98)
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u = \"" g (92)

(A" — AT AT A 1 (/2)(G(o", 57) — G(u™, ™), A — Ay —

— (/2)(G(T, 5, A — AR > 0, (99)

Second term in this inequality can be estimated by means of (90), and then we add
both inequalities (98) and (99)

<)\n+1 _ )\n7 2\ — )\n+1> + <;\n _ )\n’ )\nJrl _ 5{L>+
+ (a/22L5[0" =" = (/2){G(0", 0"), A" = A") > 0.

Using the relations (A", G(v*,v*)) < 0, (\*, G(v*,v")) = 0, we rewrite the latter
inequality in the form

<)\n+1 o )\n’ A\ — )\n+1> + <5\n o /\n’/\n+1 o /_\n>+
2 _ 100
- <g> L%l'f}n - Un’2 + %<G(U*,U*) - G<Q_}n7@n)7 A" — )\n> = 07 ( )

We add inequalities (97) and (100)
<Un+1 . Un’ ¥ — Un+1> + <@jz . Un) ,UnJrl - @ﬁ)_’_
+ <>\n+1 _ )\n, N — )\n+1> + <)\n _ )\n’ )\n—l—l _ >\n>+
+ (L + LyC)?o™ — v"|? + (a/2)? LE|o"™ — v"|? > 0.
By means of identity (33) we expand first four scalar products into the sum of squares

1 1 1 1
7‘Un+1 _,U*’2 4 5’)\nJrl _ )\*|2 4 §|,Un+1 _1—)n|2_|_ §|1—)n _Un|2+

2
1 n+1 |2 1 \n n|2
+ 5])\ —)\|—|—§|)\ — A"+
1\ 2 (101)
+ a2 ((L1 + L0+ (2) L§) " — o2 <
1 1
< 5]1}" —v*? + §|)\” — X2
From here
+ |/\n+1 _ /\n|2 + |5\n _ /\n|2 < |,Un _ U*|2 + |>\n _ /\*|2’
where d = 1 — 2a%((Ly + LoC)? + (1/2)?L2) > 0, by virtue of (89).
Summing (102) from n = 0 up to n = N, we obtain
k=N
|UN+1 _ U*|2 4 |)\N+1 _ )\*’2 + Z |1)k+1 _ 77k|2_|_
k=N k=N "0 N ~
e A R e D e N L D N e L D
k=0 k=0 k=0
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From obtained inequality it follows the boundedness of trajectory

1
|,UN+1 —U*‘Z + 7‘)\N+1 o )\*‘2 S ‘1}0 —U*‘2 + 5‘ o )\*‘2,

and the convergence of series

ZW“rl o*|? < o0, Z]U —v*)? < oo,

Z|/\k+1 )\k2<OO Z|)\k )\k2<OO

and, consequently, tend to zero of quantities

o™t — %

"0, [0 0" =0, AP AP =0, [AN"=A"* =0, n— .

Since the sequence v™, A" is bounded, there exist a point v/, A such that v™ — ¢/,
A" — X 1pu n; — oo.

We consider inequalities (92), (93) for all n; — oo and, passing to a limit we get

(Va® (v, 0') + V(v') + VoG T (v, 0 )N, w — ') >0 Yw € Q,
(=G, V),A=XN)>0 YA>0.

The inequalities obtained coincide to (76), then v/ = v* € Q" X = \* > 0, i.e.,
any limit point of v™, A" is an equilibrium solution to the problem. The monotonicity
condition of decreasing value |v™ —v*|4 |A" — A*| provides of uniqueness of limit point,
i.e. the convergence of v — v*, A\ — A\* as n — o0o. The theorem is proved.
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