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This work is performed in the framework of the
algebraic approach to the problem of synthesizing cor-
rect classification algorithms [1–6]. We use the basic
definitions and notions from these papers without refer-
ences. We introduce notions of the solvability and reg-
ularity radii of problems and the correctness radii of
algorithms. We establish relationships between these
notions, which, in particular, can be used to analyze the
quality of initial data in applied classification problems.
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 of classification problems. It
is assumed that all problems from 
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 are subject to a sys-
tem of universal constraints. Thus, each problem 
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 is completely determined by a pair of matrices (
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(an information matrix and an informational matrix);
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We also assume that the problem set 

 

�

 

 is endowed
with a metric 

 

r

 

 and the set 

 

�

 

 is compact. We denote the
set of all regular problems from 

 

�

 

 by 

 

�

 

R

 

 and the set of
all solvable problems by 

 

�

 

S

 

.

Throughout the paper, we require that the following
assumption hold.

 

General assumption.

 

 For any informational matrix
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, there exists an information matrix 
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such that the problem 

 

Z

 

( , )

 

 is unsolvable.

Note that, if the universal constraints for a problem
set 

 

�

 

 are expressed in terms of the category 

 

Φ

 

0

 

, then the
general assumption reduces to the requirement that the

space  contains no matrices consisting of pairwise
equal elements; obviously, the consideration of such
matrices is of no practical interest.

Î Î̃
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Definition 1.
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. The regularity radius of
the problem 

 

Z

 

0

 

 is defined as

and the solvability radius of the problem 

 

Z

 

0

 

 is defined as

Note that the inclusion 
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 directly implies
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In what follows, we assume that 

 

�

 

R

 

 and 

 

�

 

S

 

 are open
sets in the topology determined by the metric 

 

r

 

; thus, in
Definition 1, we take minima over the closed sets 

 

� 

 

–

 

�

 

R

 

 and 

 

� 

 

– 

 

�

 

S

 

. This assumption seems to be fairly nat-
ural. For example, if the system of universal constraints
is described in terms of the category 

 

Φ

 

0

 

, then

Note also that if a problem 

 

Z

 

0

 

 is unsolvable, then
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(
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) = 
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(
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 = 0, and if a problem 

 

Z

 

0

 

 is solvable but not
regular, then 

 

R

 

(
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 = 0.

We refer to problems 

 

Z

 

0

 

 for which 

 

S

 

(
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0

 

) > 

 

R

 

(
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 as
strictly regular and to problems 

 

Z

 

0

 

 for which 

 

R

 

(

 

Z

 

0

 

) =

 

S

 

(

 

Z

 

0

 

)

 

 > 0 as nonstrictly regular. It is easy to see that, for
nonstrictly regular problems, there is at least one
unsolvable problem among the irregular problems
nearest to them.
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�S Î Î̃,( )  Î{ Iij q l× �ql �( ),∈= =

Î̃  = Ĩ ij q l× �ql �̃( ),∈

∀ i1 j1,( ) i1 j1,( ): Ĩ ij Ĩ i2 j2
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Suppose that

(1)

this condition seems to be fairly natural. Then, the fol-
lowing assertion is valid.

Statement 1. Let Z0( , ) be a nonstrictly regular

problem, and let Z1( , ) be an unsolvable problem

nearest to Z0. Then,  = .

Proof. The problem Z1 is irregular. Since the regu-
larity of a problem is determined only by its informa-

tion matrix, it follows that the problem ( , ) is

irregular as well. If  ≠ , then condition (1) implies
r(Z0, ) < r(Z0, Z1). Since r(Z0, ) ≥ R(Z0), we have
r(Z0, Z1) > R(Z0) = S(Z0). Thus, the problem Z1 cannot
be an unsolvable problem nearest to Z0.

Note that, for strictly regular problems, Statement 1

is not generally true. Suppose that a problem Z0( , )

is strictly regular and Z1( , ) is an unsolvable prob-

lem nearest to Z0. Clearly, the problem ( , ) is

irregular. Under condition (1), we have r(Z0, ) ≤ r(Z0,

Z1). Obviously, if  = , then the problems Z0 and 

coincide; thus, r(Z0, ) = r(Z0, Z1). If  ≠ , then r(Z0,

) < r(Z0, Z1). The question of what conditions ensure

the equality  =  for the unsolvable problems Z1
nearest to Z0 is of obvious practical interest. It is intu-
itively clear that this condition holds if the contribution
to the metric r of the difference between informational
matrices substantially exceeds that of the difference
between information matrices. Rigorous results are as
follows.

Definition 2. The diameter of the compact set of
information matrices is defined as

where the maximum is over pairs of problems with any
common informational matrix.

Definition 3. The quantum of variation for informa-
tional matrices is defined as

∀ Î1 Î̃1,( ) Î2 Î̃2,( ): Î̃1, Î̃2:  r Î1 Î̃1,( ) Î2 Î̃2,( ),( )≠
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Î̃1 Î̃0

D r Z1 Z2,( ),
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∆ r Z1 Z2,( ),
Z1 Z2,( ) �
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where the minimum is over all pairs of problems with
any common information matrix and different informa-
tional matrices.

Statement 2. If ∆ > 2D, a problem Z0( , ) is

strictly regular, and Z1( , ) is an unsolvable prob-

lem nearest to Z0, then  = .

Proof. Let  ≠ . Suppose that Z2( , ) is the
unsolvable problem that exists by the general assump-

tion. Consider the problem Z3( , ). It follows from
Definition 2 that r(Z0, Z2) ≤ D and r(Z3, Z0) ≤ D. By Def-
inition 3, r(Z3, Z1) ≥ ∆. Thus, r(Z1, Z0) ≥ r(Z1, Z3) – r(Z0,
Z3) ≥ ∆ – D. Moreover, r(Z1, Z0) ≥ ∆ – D > D ≥ r(Z0, Z2),
which contradicts the assumption that Z1 is an unsolv-
able problem nearest to Z0.

Definition 4. A metric r on a problem space � is
said to be additive if there exist metrics ρ1 and ρ2 on the

spaces �* and , respectively, such that r(Z1, Z2) =

ρ1( , ) + ρ2( , ) for any problems Z1( , ) and

Z2( , ) from �.

Statement 3. If the metric r is additive, ∆ ≥ D, a

problem Z0( , ) is strictly regular, and Z1( , ) is

an unsolvable problem nearest to Z0, then  = .

Proof. Suppose that  ≠  and let Z2( , ) be the
unsolvable problem that exists by the general assump-

tion. We have r(Z0, Z2) = ρ1( , ) ≤ D. Moreover,

r(Z0, Z1) = ρ1( , ) + ρ2( , ), and by Definition 3,

ρ2( , ) ≥ ∆. Since the problem Z1 is unsolvable and,

hence, irregular, while the problem Z3( , ) is regu-

lar, it follows that  ≠ . Therefore, ρ1( , ) > 0.
Thus, r(Z0, Z1) > ∆ ≥ D ≥ r(Z0, Z2), and Z1 cannot be an
unsolvable problem nearest to Z0.

The notions of the diameter of a compact set of
information matrices and the quantum of variation of
informational matrices can be localized for particular
problems.

Definition 5. The depth of a problem Z0( , )
with respect to its information matrix is defined as

where the maximum is over all problems Z( , ) for

which  = .
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Note that the depth of any problem Z does not
exceed the diameter of the compact set of information
matrices.

Definition 6. The quantum of variation for the infor-

mational matrix of a problem Z0( , ) is defined as

where the minimum is over all problems Z( , ) such

that  ≠ .

Note that the quantum of variation for the informa-
tional matrix of any problem Z is no less than the quan-
tum of variation of informational matrices.

Statement 4. Suppose that a problem Z0( , ) is

strictly regular and Z1( , ) is an unsolvable problem

nearest to Z0. If ∆(Z0) > D(Z0), then  = .

Proof. Suppose that  ≠  and Z2( , ) is an

unsolvable problem with  = , which exists by the
general assumption. It follows from Definition 5 that

r(Z2, Z0) ≤ D(Z0). Definition 6 and the assumption  ≠

 imply r(Z1, Z0) ≥ ∆(Z0). Since ∆(Z0) > D(Z0), we
have r(Z1, Z0) > r(Z2, Z0), which contradicts the assump-
tion that Z1 is an unsolvable problem nearest to Z0.

For strictly regular problems, there exist nearest
irregular solvable problems whose neighborhoods con-
tain unsolvable problems.

Definition 7. The depth of a problem Z0( , )
with respect to the informational matrix is defined as

where the maximum is over all problems Z( , ) with

 = .

Statement 5. If Z0( , ) is an irregular solvable

problem, then the (Z0)-neighborhood of Z0 contains
an unsolvable problem.

Proof. The regularity of a problem in the sense of
Zhuravlev [2] is completely determined by the informa-
tion matrix of this problem; a problem is said to be reg-
ular if and only if all problems with the same informa-

tion matrix are solvable. By assumption, Z0( , ) is

Î0 Î̃0

∆ Z0( ) r Z0 Z,( ),
Z �∈
max=

Î Î̃

Î̃ Î̃0

Î0 Î̃0

Î1 Î̃1

Î̃1 Î̃0

Î̃ Î̃0 Î2 Î̃2

Î̃2 Î̃0

Î̃

Î̃0

Î0 Î̃0

D̃ Z0( ) r Z0 Z,( ),
Z �∈
max=

Î Î̃

Î Î0

Î0 Î̃0

D̃

Î0 Î̃0

an irregular problem. Hence, there exists an unsolvable

problem Z1( , ) for which  = . It follows from

Definition 7 that r(Z0, Z1) ≤ (Z0), as required.
Apparently, for the first time, metric properties of

spaces in classification problems were studied in [1] in
relation to the stability of classification algorithms and
their models. Below, we establish a relationship
between stability in the sense of Zhuravlev and the
notion of radii introduced in this paper.

Definition 8. Suppose that Z0( , ) is a problem
and A is a classification algorithm implementing a map-

ping A: �* → . The stability radius of the algorithm
A at the point Z0 of the space � is defined as

where Z( , ) is any problem for which A( ) ≠ .

Definition 9. Suppose that Z0( , ) is a problem
and A is a classification algorithm implementing a map-

ping A: �* → . The correctness radius of the algo-
rithm A at the point Z0 of the space � is defined as

where Z( , ) is any problem for which A( ) ≠ A( ).
Obviously, if an algorithm A is incorrect for some

problem Z0, then RC(A, Z0) = 0.
Note that, generally, any relations between the sta-

bility and correctness radii are possible.
It directly follows from the definition of the quan-

tum of variation of informational matrices ∆ and the
stability radius RS(A, Z0) that, if an algorithm A is cor-
rect for a problem Z0 and RS(A, Z0) < ∆, then the algo-
rithm A is correct for all problems from the RS(A, Z0)-
neighborhood of the problem Z0. On the other hand, the
algorithm A is surely incorrect for any problem Z at
which the minimum in Definition 8 is attained; this, in
this case, we have RC(A, Z0) = RS(A, Z0).

Obviously, the relation RC(A, Z0) < S(Z0) always

holds. If  ≠  for a problem Z1( , ) nearest to

Z0( , ), then RS(A, Z0) < S(Z0). Indeed, if RS(A, Z0) ≥

S(Z0), then A( ) =  = , i.e., A is correct for the
problem Z1, which contradicts the assumption that this
problem is unsolvable.

Thus, in this paper, we have introduced and studied
the notions of the solvability and regularity radii of
classification problems. We demonstrated the special
role of the solvability radius; calculating it during an
analysis of data in applied problems, we can reveal sit-

Î1 Î̃1 Î1 Î0

D̃

Î0 Î̃0

�̃*

RS A Z0,( ) r Z0 Z,( ),
Z �∈
min=

Î Î̃ Î Î̃

Î0 Î̃0

�̃*

RC A Z0,( ) r Z0 Z,( ),
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min=

Î Î̃ Î Î̃

Î̃1 Î̃0 Î1 Î̃1

Î0 Î̃0

Î1 Î̃0 Î̃1
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uations in which the problem under consideration is
solvable (objects from different classes are discernible)
at the expense of, e.g., a inadequately exact measure-
ment of features.
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